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Part II
Microscopic Models for 

Cuprates



Microscopics (High Energy Physics)
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Band Structure Effective Single Electron Theory
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CuO2 model on  decorated Square Lattice (Emery)

dε pε
dε



)()()()(
||2

1 2
33 xyyx

yx
eyxddH elel ψψψψ





−

= ∫∫−

qj
qj

qjqkkqq
kq

kq
phononel naaH ω++ψψ+γ= ∑∑ −−

− )
2
1()(

Interactions

Long range Coulomb interactions are screened 
(Bohm &Pines)
−−−−>  >  >  >  Short Range Hubbard Interactions

)(intersite

''
'

+⇒

=

↓↑

−

∑

∑
d
i

i

d
i

lsksjsisijkl
ijklss

elel

nnU

ddddUH

plasmaω<ω

Electron phonon coupling  −−−−>>>>
effectively suppressed at large U

tU ≥Strong Coupling Regime



CuO2 or One Band Model?

At large U/t ;   <n>     1  ≤

One Band Hubbard 3 band CuO2 model

t2/U

34 )/( dppdt ε−εundoped: superexchange

symmetry n -> 2-n NO symmetry n -> 2-n

hole state



d-wave order parameter (Tsuei&Kirtley (‘00))

Electron & Hole Doping

Supporting: One Band Model



2D Hubbard Model

<n>=1<n>=0

U/t

U=0

Mott Insulator

x=0
FLFL

Perturbative RG (Shankar)
low density (Mattis)

Quantum 
Antiferromagnet

(Anderson)

Nagaoka ferromagnet

SDW?
SC?
CDW?

``Holes in the quantum antiferromagnet’’



Renormalization Group
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Obtain an  effective Lagrangian

RG flow : 0),,( →ΛΛgg eff

Perturbative RG
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Integrate out  high Fourier components
Wilson, Shankar



One Step Renormalization
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P0 is a projector onto a subspace

A known matrix identity is:
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Choose a decomposition of H

The reduced resolvent
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(Not a true Hamiltonian, E dependent !)

'
1

' )(
)(
)'(1)()()'( Λ

∞

=
Λ





















Λ

Λ−
Λ−Λ−Λ=Λ ∑ PV

HE
PVHPH

n

n
eff

H −−−−>>>> Heff can be iterated by choosing 
successive projectors to lower eigenvalues of H0
Explicitly, for two cutoff energies
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Is H(Λ(Λ(Λ(Λ’) simpler than H(Λ(Λ(Λ(Λ)?

Sometimes, when V effectively shrinks with ΛΛΛΛ

Brillouin Wigner RG



From Hubbard to t-J





=∃
<∀

=

+−== ∑∑
><

↓↑

2,0
2,1

.

0

0

i

i

js
sij

isi
i

i

n
n

P

cHcctVnnUH !

Gutzwiller projector :
Space of no double occupancies

P0 1-P0
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Heisenberg model
Hole hopping

Hubbard Regime:   t>J



Half Filling
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Continuum: 3D Non Linear Sigma Model

T
Neel order

Dimer singlets?
Plaquette singlets?
RVB?

1st order

critical

paramagnet
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No charge fluctuations: Mott Insulator

Spin ½ Quantum Heisenberg Model
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Magnetic  moment

Reminder: Antiferromagnetism at x=0
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1/correlation length

Chakaravarty, Halperin,Nelson

Arovas, Auerbach



Negative U Hubbard Model
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UH is a half filled positive-U Hubbard model

At large U/t, the effective Hamiltonian in 
the singly occupied supspace is

( ) ∑∑ µ−+−=
><

−−

i

z
i

y
j

y
i

x
j

x
i

x

ij

z
j

z
i

zxzx SSSSSJSSJH 2

!!!

!

iiii

iii
z
i

accS

aanS

==

−=−=

↓↑
+

2
12/)1(

pseudospin

electrons
hard core boson
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Solid to Superfluid  transition

SCCDW

T

µµµµ

K<0: first order: spin flop
K>0: frustrated lattices: supersolid 
mixed phase 



The Doped Antiferromagnet

t<J, semiclassical effective H:
Spin polaron, hops on one sublattice, coupled to
Neel gauge field. Kinematic Pairing Mechanism
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Weigmann’88, Wen, Lee, Shankar ‘89
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Single hole dispersion

same sublattice 
hopping

24 x 24

t’’ ~ 0.1 t’
t’ ~ J

Quanmtum Monte-Carlo

ground state



Single hole ARPES

ground state momentum



Two Holes in a Cluster

Pair binding on finite clusters LxL 
Signature of pairing for L>ξξξξ

02 21 <+−≡∆ ++ NNNN EEE

Pair binding

U/t

∆∆∆∆/t

Pair binding was found for Hubbard and t-J 
clusters close to half filling!
(Hirsch et.al., Fye et.al 89.)

432 2 EEE +−≡∆

Even for the 2x2 Hubbard Plaquette:



N(holes)

E(N)

(0,0)(0,0)(0,0)(0,0)
(0,0)(0,0)(0,0)(0,0)

(0,0)(0,0)(0,0)(0,0)

(π/2,π/2)(π/2,π/2)(π/2,π/2)(π/2,π/2)
(π/2,π/2)(π/2,π/2)(π/2,π/2)(π/2,π/2)

(0,0)(0,0)(0,0)(0,0)

(π/2,π/2)(π/2,π/2)(π/2,π/2)(π/2,π/2)

3 pairs in a 
condensate

Holes in pockets

Pair  binding

2 hole pairing

Pair  correlations in t-J model by 
DMRG (White&Scalapino)

short pair 
coherence length

44×



2D Hubbard Model : Status Report

t-J Model:  spins and holes are 
strongly entangled on lattice scale.

We need to derive  a lower  effective H!

UndopedUndoped
Heisenberg model, Neel phase.

Single hole:Single hole:
ground state momentum (π/2,π/2)π/2,π/2)π/2,π/2)π/2,π/2), ε(ε(ε(ε(k)))) .

::::Two holesTwo holes
Pair binding on small clusters (numerical). 
Will they bind in large lattices?

Many holes:Many holes:
Phase separation/stripes?  
Superconductivity?
What destroys Neel order? 
Conflicting mean field theories…..



Part III
Derivation of Effective Hamiltonian 
using Contractor Renormalization


