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We present a microscopic derivation of the Fermi-liquid properties of the Anderson lattice.
Qur calculations suggest that the low-temperature state of the normal heavy Fermi liquid has a
number of universal features, for which there is good experimental evidence. Using the Kondo-
boson 1/N expansion, we find the Fermi liquid is characterized by the mean-field “‘bare”
particles (which are heavy} and their respective interactions. The latter are mediated by
fluctuations in the f-level position and valence-conduction electron hybridization. Our
calculations lead to the foilowing experimental predictions: (i) the low-temperature specific
heat behaves as C = yT o« T /Ty with corrections AC = (T /T ¥ In{T /Ty), (ii) the zero-
temperature spin susceptibility y oc 1/7, and (iii) the resistivity p o (7 /T )}°. These resuits
all contain a unique energy scale Ty whick is proportional to the inverse effective mass.
Experimental support for these predictions is provided by evidence of systematic scaling of y
and p with ¥ throughout the entire class of heavy-fermion compounds. In addition we analyze
recent pressure-dependent specific-heat measurements on UPt, combined with y and p data to
confirm the scaling of these quantities with 2 single strongly pressure-dependent energy scale.

This analysis provides evidence against current ferromagnetic spin-fluctuation theories.

Theoretical studies of heavy-fermion metals have been
rather diverse in style. Phenomenological approaches are for
the most part based on the description of Fermi-liquid the-
ory."? The microscopic picture underlying this Fermi liquid
has been assumed” to be very similar to that of liquid “He.
The dominant interaction between the quasiparticles is tak-
en to be through the exchange of ferromagnetic spin fluctn-
ations. The strongest support for this analogy is apparently
the observation® of a T3 In 7' term in the specific heat C in
UPt,. At the opposite extreme are theoretical approaches
which are more microscopically based.” There the lattice has
been viewed as a collection of independent Kondo impuri-
ties. In this latter viewpoint the connection to Fermi-liguid
theory is not obvious since coherence effects in the solid are
clearly ignored.

The purpose of this paper is to describe cur own ap-
proach to heavy-fermion systems, which represents (i) an
extension of the Kondo impurity theory to include effects of
the lattice and (ii) a merger of the Kondo lattice microsco-
pics with the langunage of Fermi-liguid theory. In this way
the two rather disparate viewpoints outlined above are com-
bined. OCur theory of the Kondo lattice is based on the 1/N
expansion® which has been successfully applied to the impu-
rity case. Here ¥ corresponds to the degeneracy of the local-
ized f levels in the Anderson Hamiltonian. Our emphasis is
on normal-state properties which can be directly measured
experimentally. It is cur contention®’ that many properties
of the Fermi-liquid state of heavy fermions are universal.
This observation, which can be made purely ou the basis of
an analysis of the data, is an important consequence of the
theory which we will present below. It is clear that phase
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transitions to superconducting or magnetically ordered
states are nonuniversal features of these heavy Fermi liguids.
However, our concern here is with the universal behavior of
the norma! Fermi liguid.

There are three types of measurements which give, per-
haps, the strongest evidence for universai behavior. These
are measurements of (i) the ratio of susceptibility y to the
linear specific-heat coefficient ¢, (ii) the temperature depen-
denceof C /Tatlow T, and (iii) the T? coefficient in the low-
temperature resistivity as a function of y. In Fig. 1 the linear
coefficient of the specific heat is plotted versus the magnetic
susceptibility y for a variety of heavy-fermion systems. The
data are taken from Ref. 8. There are a number of key con-
clusions which should be drawn from the data. It should be
noted that y and y are both strongly enhanced but that their
ratio is comparable to the free-clectron value (for spin )
which is shown by the solid line. This ratic can be interpreted
in the language of Fermi-liguid theory. In the absence of
compiications associated with contributions to y other than
those deriving from the Zeeman term or renormalizations of
the free-clectron magnetic moment, the ratio ¥/ is given in
dimensionless units by

Xv=1-4;5, (1)
where
AP =Fy/(1+F7*). (2)

Here 4 7 and F}° are the Landau scattering amplitudes in
the standard notation.® Thus it follows from Fig. 1 that 4 ¢ is
systematically negative but not large. The general physical
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picture that one derives from this figure is that the Fermi
liquid is composed of heavy quasiparticles but that the pa-
rameter 4 § is not strongly enhanced.

Additional evidence for universality is shown in Fig. 2.
Figure 2(a) plots the specific heat divided by temperature in
CeCu,Si, and UBe,; as a function of 7%, This same plot is
shown for UPt, in Fig. 2(b). The data for the Ce compound
corresponds to samples which do not become superconduct-
ing at low temperatures. Both figures are from Ref. 3. In
UPt, this specific-heat behavior has been fittedtoa 73 In T
dependence over a wide range of temperatures. As can seen,
all three heavy-fermion systems exhibit a rapid upturn in
C /T at low 7. However, the scale of this upturn varies from
system to system. Similar behavior is observed in UAl, and
to a lesser extent in CeCug and USn,. It should be noted that
the best low-temperature measurements’” in CeAl, do not
show this behavior. Based on a simple analysis of the data,
the temperature range over which C /T increases rapidly
with decreasing 7 is correlated with the size of . Interest-
ingly enough, the two systems shown in Fig. 2(b) have es-
sentially the same ¥ values and the C /T ratios appear to scale
together over the entire temperature region shown. Both
Figs. 2(a} and 2{b) suggest that the low-temperature behav-
ior of C /T is similar throughout the heavy fermions. On this
basis one may expect that the 7 °In 7 law applies to a large
aumber of heavy-fermion systems.!!

What is important to stress is that the cbservation that
the specific heat varies as 7° In T is characteristic of Fermi-
liquid theories, in general.’? The temperature dependence is
set by the characteristic energies of the system. Thus in para-
magnon or spin-fluctuation theories the energy scale is relat-
ed to the spin-fuctuation energy; for electron-phonon sys-
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tems the scale is set by the Debye frequency. In the absence
of any other lower energy scale, the Fermi energy itself char-
acterizes the 7°% In Tbehavior, The temperature dependence
of the specific heat contains important information about the
boson which is exchanged by the interacting electrons. More
precisely, this behavior arises formally when the interaction
between the quasiparticles is mediated by a screened boson
with propagator I{g,w) which depends on (@/Ty) (ky/g).
Here T, and &, are the characteristic energy and wave num-
ber of the interaction.

Additional evidence for universal behavior is the
Kadowaki and Woods®? plot of the coefficient of the T% term
in the resistivity, called 4, as a function of 3°. Their rather
remarkable plot illustrated in Fig, 3 shows that for a large
number of heavy-fermion systems the 77 coefficient varies as
%, The coefficient of proportionality appears to be relatively
insensitive to the details of the system. The existence of a 7>
term in the resistivity is a signature of strong electron-elec-
tron interactions. One may presume that these same interac-
tions are responsible for the 77 In T term in the specific heat.
This same resistivity behavior is seen in paramagnon systems
where this anomalous low-temperature specific heat is also
observed.'* However, there is no reason to assume that the
underlying microscopic mechanism for the interaction
between clectrons in heavy-fermion systems can be de-
scribed by the simple paramagnon model.

With these experimental insights we now review the the-
ory of the Anderson lattice Hamiltonian which serves as a
microscopic basis for our Fermi-liguid theory of heavy-fer-
mion metals. We have shown elsewhere®” that this Fermi-
liquid theory has the universal features plotted in Figs. 1-3.
While the temperature dependencies in the specific heat and
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FIG. 2. Temperature dependence of the specific heat C divided by T for various heavy-electron systems in the normal state. Solid lines are guides to the eye.

The data are from Ref. 3.
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FIG. 3. Coefficient of the T contribution to the resistivity, p = ATi, for
various heavy-fermion systems as a function of y. The straight line corre-
sponds to 4 ~ 7. Data are from Ref. 13.
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resistivity are rather similar to paramagnons, our treatment
of the Anderson or Kondo Hamiltonian makes it clear that
the electron-electron interactions do not derive from ex-
change of simple spin fluctuations as in paramagnon sys-
tems. The Anderson Hamiltonian on a lattice is given by

H=Y elk)el e, + E € bufim + Z Vic! fi. +c.c)

km

+ U 3 Fhind i - (3)

imm’

Here ¥ represents the constant hybridization matrix element
and U is the Coulomb potential which is taken to be infinite,
compared to all other energies in the system. The index m
corresponds to one of N different spin channels and N is
assumed to be large. We may assume that we are in the
“Kondo” limit so that the dimensioniess exchange param-
eter

pl=Vpy/(pt —€) <1, (4)

and the number of felectrons at a site is close to unity. Here
P is the conduction-electron density of states. The infinite-U/
limit has been successfully treated for the single-impurity
case by the introduction of the “Kondo boson,” which im-
poses the constraint that the number of f electrons at a site
never exceeds unity. With the introduction of this boson the
Hamiltonian can be simply written as
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H = Z €(k)czmckm + Z 6ff}-mf;'m

km

+ % Vel fimb ! +cc)

+ DA bl + 810~ Qo). (5)

where b, is the boson destruction operator at site /. The pa-
rameter A, is introduced so as to constrain the lecal number
of felectrons to be less than 1. (In actuality, in order to be
consistent’ one replaces unity by the parameter N, in the
constraint condition. At the end of the calculation {, is tak-
en to be 1/). The effects of this boson are quite physical if
one applies the notions of mean-field theory.'® Then b, can
be replaced by a constant c-number b and the Lagrange mul-
tiplier A, is also taken to be a constant A. The effects of infi-
nite U are as expected. There is a large reduction in the effec-
tive hybridization matrix element because large ¥/ inhibits
hybridization. Similarly it causes a shift in the position of the
local f level. In order to accomodate no more than one f
electron at a site, the f level is moved upwards from the low
lying “bare” level position to slightly above the Fermi level.
In a mean-field decoupling scheme the Hamiltonian is given
by
HY =% e(k)CnCim + 3, Ef bufim

km

+ S Vcinfln +ee) +A(BE—1),  (6)
ki

where the renormalized f~ievel position and hybridization
are given by

These two renormalized parameters can then be obtained
from the variational conditions

OF _OF _4

gb 3%
where F is the mean-field free energy. The resulting Hamil-
tonian in Eq. (6} thus describes noninteracting elecironsina

hybridized band structure given in terms of the renormal-
ized parameters as

E* (k) ={[ek) +5]/2} £ 1V[E —e(b) >+ 477

(%)
A key parameter in the theory is T, which sets the scale for
coherence effects as we will see shortly. T, also determines
the degree of enhancement of the conduction electron den-
sity of states: N(0) ~{, po/ T . Here N{Q) and p, are the
density of states at the Fermi energy for the mean field renor-
malized band structure and the conduction-electron compo-
nent, respectively, and
Ty =& —p=pqexp( — 1/pJ) <1 (10)
Thus N(0) is strongly enhanced relative to the conduction
electron contribution p,,. Here i, is the chemical potential of
the conduction electrons in the absence of f electrons. That
such a mean-field approach makes sense at all can be argued
on the basis of experimental observations. This approach has
a number of successes. It explains why the ratio y/y is close
to the free electron value as shown in Fig. 1. Because the

(8)
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density of states at the Fermi energy is enhanced by a factor
of T ;! in this renormalized band theory one can under-
stand the large enhancements in both y and y. Finally it can
be seen that ¥ which varies as T ;' is expected to be strongly
pressure dependent since T, depends exponentially on the
parameters of the theory. Presumably any small change in
these bare parameters under pressure will be greatly magni-
fied in the exponential. This strong pressure dependence in y
in seen experimentally. For example,'® in UPt, dlny/
dln V=57

Despite these successes this mean-field approach is
clearly insufficient. (i) It cannot explain the 77 In 7 depen-
dence observed in the low-temperature specific heat in a var-
iety of heavy-fermion systems. (ii) It willnot giverisetoa T2
dependence of the resistivity, since in mean-field theory
there are no residual electron-electron interactions. (iii)
Finally, it cannoct explain why the Landau parameter 42

= | — y/yisnonvanishing, and in particular systematically
negative.

Because of the inadequacies of mean-field theory, we
have studied the leading fluctuation or correction terms.
This can be done in a systematic fashion within the context
of the 1// expansion, from which mean-field theory is de-
rived at the leading order. The general scheme is to write

H=HM + (H -H")y=H™F | §H (11)
and treat SH as in the random-phase approximation (RPA)
asin electron-phonon or paramagnon thecry. It is important
to stress that this RPA-like theory is formally justified on the
basis of the /N expansion. The Kondo boson which plays
the role of the phonon or paramagnon in analogous theories
is described by the propagator D{g,e0) whichisa 2 X2 ma-
trix. Paysically this boson can be viewed as coherent fluctu-
ations in the effective hybridization and renormalized f-level
position.

An important msight inito the treatment of the fluctu-
ation corrections for the single impurity case was made by
Read and Newns.” These authors noted that there can be no
divergences in physical observables resuiting from Gold-
stone bosons in the Anderson Hamiltonian. The mean field
prescription b, b corresponds to breaking a loca! gauge
symmetry. This forbidden “broken™ symmetry must be re-
stored by the fluctuations. By applying a local time-depen-
dent gauge transformation

o
by—b=be",

fifi=Fe" (12)
the phase of the boson 8, can be absorbed by that of the
valence electrons and the constraint field at each site. The
price one pays for this gauge transformation is that the trans-
formed Hamiltonian contains a time-dependent constraint
field arising from &,. All these features can be readily han-
dled by a functional integral formulation similar to that of
Ref. 5 where the single-impurity case is treated.

The description of the Fermi liquid is straightforward.
The “bare” parameters are defined at the mean-field level.
These bare particles are those linear combinations of the ¢
and f states which diagonalize H™¥ in Eq. (6) or more
physically correspond to the renormalized band structure.
The bare particies interact by exchange of a single boson (or
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hybridization fluctuation}. The usual Fermi-liquid identi-
ties are given with respect to the mean-field reference values
by, for example,

YAV =1+ (Sm/m)1(1 ~A42), (13)

where Sm is the relatively small mass enhancement that
arises from the self-energy correction due to quasiparticle
interactions. In Eq. (13) y™" is the “bare” particle suscepti-
bility which is given by the mean-field result. Following
standard many-body theory® the Landau parameters 4 3°
can be computed directly from the interaction term or vertex
function

A, (kphpy=1m lim T, . (kokip

lg] ~0 a/ig| ~C
=D(0)—$6, Dlky—k), (14)
where, as above, m, m’ correspond to the generalized spin

index. The parameters 4 7° can be obtained by Legendre ex-
pansions of D(kp — k). Wefindfor/=0

s=1,

1 0.08( QO)
= —— A — =1 (15)
° N N HoPo

Thus 4 ¢ is small and negative and since 4 § =1, it follows
from Fermi-liguid identities that dn/du is approximately the
same as that for the noninteracting system. Both these obser-
vations are consistent with experiment.

What is particularly satisfying about this Landau theory
is that one can also derive the Landau identities such as that
in Eq. (13). In particular, a direct calculation’ of y using
y = §*F /3H * yields the same answer as that obtained from
Eq. (13), using Eq. (14) for 4 §. This represents an impor-
tant microscopic check on the Landau theory. That such a
consistent Landau theory can be constructed is a conse-
quence of our controlled approximation scheme. Further-
more, because they are microscopically derived the Landau
parameters 4, automatically satisfy the forward scattering
som rule (which can be readily generalized to the case
N #£2).

Because this RPA theory is formally similar to para-
magnon theory one can follow the paramagnon formalism'’
to deduce the finite temperature contributions to C — yT
and the resistivity p. It follows that

CmyT+ (T/T VP (T /Tg) + O(T?) (16a)

and

p~T*T%L. (16b)
T can be viewed as the ““coherence” energy scale. Note that
the temperature dependence of Cin Eq. (16a) corresponds
to a decrease in C /T with increasing T as is observed experi-
mentally in the examples shown in Fig. 2. Equation (16a) is
not compatible with experimental results in CeAl,, however.

Despite all the formal similarities with paramagnon the-
ory the differences are important and should be emphasized.
In Table I we contrast the general characteristics of para-
magnon theory and our Fermi-liquid theory of the Kondo
lattice. This table emphasizes the fact that in the Kondo
Iattice case there is a single energy scale y whereas in the case
of spin fluctuations there are two characteristic energies T
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FIG. 4. Scaling of thermodynamic and transport coeflicients with pressure
dependent y. For the latter see Ref. 16. y data are from Ref. 17. Resistivity
data are from Ref. 20. The symbols + and X correspond, respectively, to
the coefficient y of T3 In 7 term in C and the coefficient € of 73 in C (from
Ref. 16). The data points are ratios of the coefficients with respect to their
value at ambient pressure.

and Tgs. These correspond to the Fermi energy and spin-
fluctuation temperature, respectively. Thus while T sets
thescale for the 7" contributions topand the 7> In T termin
C, there is no simple dependence of these quantities on ¥, as
there is in the Kondo lattice case.

An important means of determining the microscopic
mechanism for the interactions in the Fermi liguid comes
from pressure dependent studies in UPt,. In Fig. 4 are plot-
ted the dependence of ¥ and 4 = p/T ? and &, the coefficient
of the 73 In 7 term, as a function of ¥ which is varied under
pressure.'® The v, 4, and § measurements are from Refs. 19,
20, and 18, respectively. The solid lines represent the theo-
retically predicted dependence on y as shown in Table I, for
the three pressure-dependent quantities, y, 4, and & normal-
ized by their ambient pressure values. As can be seen the data
points fall on the theoretical curves with the exception of 8 at
the largest pressure values. The position of this last data
point is rather uncertain so that the deviation from the curve
may not be meaningful. It should be stressed that good
agreement with experiment would not obtain for a spin-fluc-
tuation model where p, C, and y do not depend on simple
powers of y.

Additional evidence against the paramagnon descrip-
tion of UPt, comes from inelastic neutron experiments
which show a tendency towards antiferromagnetic order-
ing.*! Furthermore the data summarized in both Figs. I and
3 shows clearly that the so-called “ferromagnetic spin fluc-
tuators” UPt,, UAL, and USn, all lie on the universal
curves. They do not appear to be particularly distinct from
other heavy-fermion systems. We maintain that because

TABLE I. Comparison of paramagnon and Kondo lattice theories.

Paramagnon systems Kondo lattices

4§ small, y ~y

In T din T,
~O1 y~Tih X

(H) 14 K diny

l45) large, y> v J
~(n T )T 7Y
r=n L) leh -
p~T/Th #PT?

C, — T (T/Te)’In T
£PT In T

~10-10°

p~vT?
C, —~yT~yT*InT
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these three compounds have intermediate values of ¥ they
are optimal for observing the 77 In T contributions in the
specific heat over a wide range of temperatures.

In summary we have presented a microscopic basis for
Fermi-liquid theory in heavy-fermion systems. We use the
1/N theory of the Anderson lattice as a basis for this Fermi-
liguid description. The leading 1/N contribution corre-
sponds to a mean-field description.’® Mean-field theory de-
fines the heavy “bare particies” of the Fermi liquid.
Basically these correspond to the eigenstates of a renormal-
ized band structure of noninteracting ¢ and (localized) f
electrons which hybridize weakly with each other. The cor-
rections t¢ mean-field theory arising from ccherent hybridi-
zation and f~level fluctuations are important and formally
resemble RPA theories of the electron-phonon and electron-
paramagnon type. The hybridization and f~level fluctuations
lead to interactions between the bare particles whickh can be
represented by the Landau parameters {4 °}. Landau iden-
tities such as the relation between y and 4 § can be derived in
this theory because it represents a controlled expansion in a
small parameter 1/N. As in paramagnon theoriesa T In T
contribution to C and a 72 term in the resistivity all derive
from the fluctvation term. Their energy scale is set by 7,
unlike their counterparts in paramagnon theory.

This microscopic Fermi-liguid theory appears to be in
semiquantitative agreement with experiment. More impor-
tantly it suggests that in terms of the linear specific-heat
coefficient ¥ many properties of heavy-fermion systems are
universal. Indeed the relations y~y, C—y7
~(¥T) In(Ty), and p~*T? appear to be satisfied for a
wide class of materiais and within a single system (UPt,) as
a function of pressure. Although N is probably not particn-
larly large (the data for y/y suggest V = 2) the gualitative
features of this theory are presumably more general.

The possibility that Kondo-boson mediated pairing
drives the superconductivity in some of the heavy-fermion
compounds may be the most interesting extension of this
theory. The /=2 Landau parameters in Eg. (14) were
found to be attractive. A simplistic deduction®® of the transi-
tion temperature and order-parameter symmetry from the
Landau (@ = 0) limit of the vertex function would yield d-
wave pairing. However, it might not be applicable as in *He,
since it uses a spherical Fermi surface and it assumes that the
frequency cutoff scale in [ is much smaller than the charac-
teristic variations in the electronic energies. In the present
theory both relevant frequency scales appear tc be of order
Ty
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