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The fundamental mechanism of current dissipation in a Hall strip is investigated by searching for the
fastest process of charge relaxation between the edges. The tunneling rate of the fractional charge across
av = 1/3 Laughlin state of widthr on the cylinder is found to fit;;; « exd —a¥?/12A%], where A
is the Landau length, and = 1.0. This rate is exponentialllarger than the electron tunneling rate,
and can be interpreted by analogy to the tunneling of a vortex through a superfluid. Fractional charge
tunneling dominates current relaxation. It determines the Aharonov-Bohm oscillation period, and the
magnitude of quantum shot-noise. [S0031-9007(97)05065-5]

PACS numbers: 73.40.Hm, 73.40.Gk

In a superconducting strip, the elementary process gbarameter, which leaves the possibility that it might be
current dissipation is the transfer of a vortex from oneundetectable at experimental temperatures.
edge to the other, or the nucleation of a vortex pair and This Letter presents a microscopic calculation of frac-
its separation to opposite edges. In a quantum Hall strigjonal charge tunneling rates across a Hall fluid. The
dissipation is given by moving a charge between the twawumerical results show that the fractional charge tunnel-
edges. For bulk filling fractiony = 1/m (m is an odd ing rate is much larger than the electron charge rate at
integer [1]), there are low lying edge excitations whichlarge strip widths. Subsequently, we connect the micro-
carry fractional charg® = ve. At zerotemperature, and scopic tunneling matrix element to the interedge scatter-
low bias current, it is natural to wonder: Which tunnelsing parameter of KF theory, and discuss its experimental
faster, fractionally charged quasiparticles, or electronsimplications.
An impurity potential which breaks translational invari- Our domain is the open cylinder € [0,27R), — <
ance in the longitudinal directioallows both processes. y < o, with N electrons, and a radially penetrating field
For electrons, the tunneling rate is simply the matrix elep = % where ), the Landau length, is henceforth our
ment of the potential between single electron edge stateanit of distance. This geometry can describe a quantum
For fractionally charged quasiparticles, however, the tunHall liquid strip with two symmetric edges.
neling rates involve an overlap of correlated many elec- The free electron states of the lowest Landau level

tron wave functions. (LLL) are labeled by momenta = yn, n integer, and
Besides intellectual curiosity, there are experimentaly = 1/R. The wave functions are

implications which motivate us to find theelative rates kP k)2

of fractional versus integer charge tunneling: (i) Luttinger Ur(x,y) = \/7exp( ) 1)

liquid edge theory [2] predicts different leading powers

(of current and temperature) of the longitudinal resistance
for different elementary charges. (ii) The Aharonov-
Bohm (AB) flux periodicity A¢ of current oscillations
which was measured in resonant tunneling [3] depends on 1/m — l_[(eiy(xfﬂy,-) — YLytiy)ym l_[e—y?/2_ 2)

the elementary tunneling charge Ag) = ev¢o/0Q [4]. i<j i

(iii) The charges which dominate the backscattering curit is the ground state of a suitably defined pseudopotential

rent/s can be measured by the magnitude of the quanturpjamiltonian [1,9]. The expansion oF!/” in the LLL
shot-noiseS by S = 2QIp [5]. Recent experiments in the Fock basis is

v = 1/3 phase report excellent fits to fractional charge l/m

0 = e/316]. ZA[k/y]exp(Z k?) k), 3)
Kane and Fisher (KF) [7] calculated the renormaliza- (k] i

tion group flows of the tunneling coupling constants duewhere|k) = |ki,...,ky)andk; € [0,Y]. Y = my(N —

to low lying Luttinger liquid edge excitations. They found 1) is defined as thewidth of the Hall liquid strip (the

that for v < 1, electron tunneling becomes irrelevant atwidth of the area partially occupied by electrons depicted

low enough temperatures while fractional charge tunnelbetween the horizontal solid lines in Fig. 1.

ing flows to strong coupling as the infrared cutoff is re- There is an infinite family of other degenerate ground

duced. In KF theory, however, the tunneling rate is a freestates labeled by the total momentutn= > ; k;, which

The Laughlin state of filling fractiorv = % on the
cylinder was given by Thouless [8]
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total momentum of the Hall state Bl — P + Q, where

Q =Ny.
§ For a weak impurity potential, the tunneling rate of a
AN =+v UT‘IJ fractional charge is thus given by
tiym = (PIVU|V) = ka,k+QMk,k+Q
1 k
¥ Migrg = > Alk/YJALK /y]ex ")
k,k’
AN1=—V N
' x [Tk + Q). k' = y1],  (9)

n=1

whereZ = <\I' | \I’>, Q,(n) = 06;,, andl; = 1. Mk,k+Q
reflects the many-body overlap of the relatively dis-
FIG. 1. Fractional charge tunneling depicted by two displaced?/aced Laughlin states. Its weighted sum(Q) =

Laughlin states of bulk density on the cylinder. AN, are the V™' > Vix+oMii+o was computed numerically for
edge charge differences, amdis an impurity potential which |ocal impurity potentialsV§(x) and V§(x)8(y — Y/2).

enables a transition between the states. The calculation was carried out for = 1/3 states with
five up to eight electrons. As shown in Fig. 2 at large
widths we find the asymptotic decay

are given by uniformly shifting the momentg mov-

ing the electron density up or down the cylinder. A |M(0)| = ex;(—iQ2>, (10)

weak (v — 0) confining potentialV(y) = 5(y — Y/2)? 2

selects (3) as the ground state. wherea =~ 1.0, and independent of the number of elec-
The expansion coefficients are given by [10] trons. Combining (10) wittVe o = exp(—10?) yields the

tunneling rate’s asymptotic dependence on width
t13 ~ exp(—a¥?/12). (11)

,,,,,

wherer! is a permutation of the sé1,...,N — 1, and
P is the parity of a permutation.

The coefficients A have a complicated structure
[11], but it is useful to note that the components with 1 =(Y|VU|¥) = niv(0,Y). (12)
Alk/y] # 0 can be derived from a single parent Tao- . : _
Thouless (TT) state [12] For a localized potentlazl of the f(z)rMS(s)B(y Y/2),

k™"y =10, my,2my,...,Y). (5) ho~ yTexp=Yt/4), (13)
For this stateA[k’”/y] = 1. All other |k) components Wheréng = y# is appropriate for a density profile which
are given by successively squeezing pairs of moment4anishes as a power law; ~ kP at the edge. [The
toward each other. Rezayi and Haldane have shown [gjumerical results for, of the Laughlin state (3) up to
that in the regimel < Y < N the occupation number ?Igsh:_ partl(l:les 'ng =1.0] Thtgsl,th?htunr;elln? ez(ponent
; : _ .t \_ is3times larger for quasiparticles than for electrons.
|ls/::nog)srtzimt<f2rk<fz;r f_rOT the edges, i.eni = {cxcw) . th reSl_JItf (11) fc:t(?]uldf bet.undter}_slt?lodhusing tng hsuper-
- - o .. fluid description of the fractional Hall phase, which can
An impurity potential in the LLL Fock representation is be derived by the Chern-Simons Ginzburg-Landau func-
V= ZVk,k’CI:er’, (6) tional [13]. At the mean field Ieveil, the ground state is
k! a Bose superfluid of density, = ,-B/¢o. The dissi-
pation of current involves tunneling of vortices between
opposite edges, where a vortex of unit circulation carries
a fractional electric charge of/m. Ignoring auxiliary
gauge field fluctuations, and interactions at the core length

In comparison, a unit charge tunneling rate, which is
proportional to the potential matrix element, is

where cZ creates an electron in stat®,. The ground

state to ground state tunneling rate of chaggebetween
the edges, to leading order iV, is

ty = (V| VU™|¥), (7)  scale, the vortex dynamics are governed by a Magnus
whereU is the unitary phase operator which translates alforce e¢opsv X 2. Thus they are quantized as particles
the single particle momenta by one interval with chargee in the lowest Landau level of an effec-

f ot 4 tive field B = ¢op,, and Landau length = /m A, with

UlerU = Cay- (®)  wave functions given by (1). Fom = 3, the matrix
Ut moves a fractional chargé/m from the p = —1 element of V between two vortex wave functions at the
to the p = +1 edge (see Fig. 1), and thus increases thedges readily recovers (11), with= 1.
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V=3(x) pplq) are
0.0 ( [pp(Q)» Pp'(f]l)] = Opp'Og.—q' Z epkep,kJrq(np,k - np,k+q)
i ON=5 k
)] N=
o é“% + 8,pda # —4'}. (16)
n < N=i
o Since excitations in the bulk have an energy dap the
Ne] N o low energy sector includes only particle-hole excitations
2 88 g5 4 8 g near the edges, i.ec,fdkw\lf with k = Y,, and energies
s 1 w, = vq, where v is the gradient of the confining
S potential. {g # ¢’} terms in (16) create excitations deep
g in the bulk which introduce corrections suppressed by
factors ofw,/Ap andgq/Y. Also, in this sectom,  is
approximately diagonal
(a) v p(Y, — k)>1,
-1.0 : npk = (17)
0.0 Q 2 100 b 0 (Y, —k)>1.
Thus, Wen’'s Kac-Moody algebra of edge bosons [2] is
V=3(x)8(y-Y/2) recovered: Yo ’ 2
00 s ' [pp(Q)’ pp’(q/)] = (Spp’Bq,—q"y_lVQ- (18)
o on-s The edge charge operator 4§, = > ; 6,xn,«, Which
a ON=7 is conjugate to the edge phase operatdys
<O N=8
. o [N, UIT= pnpypUl = prUf. (19)
=4 a8 64 g + _ gt
3 B 8 @ o The total phase operator (8) 8" = U; U-,. The edge
S 05¢ © 1 quasiparticle creation operator is constructed following
:’8‘, Haldane [14]
_; ) e*iqx
bp = py|aN,/2 + i > 6(—pg) Pr(q) |,
q#0 q
. 1 .
(b) ’,b;(X) — ﬂelypxel(ﬁ/’(x)U;el¢1J(x)’ (20)
19,5 ) 100 where /A is an undetermined normalization constant.
Q lp; (x) creates a localized edge excitation of extra

FIG. 2. Numerical evaluation of the asymptotic decay ofcharger as evidenced by the commutator with (x) =

the many-body factoM(Q); see Eq. (10) for ther = 1/3 Zq e p,(q):

Laughlin states. (a) and (b) show similar dependence for two Fo, ot

different localized impurity potentials. Lop(x), ‘/fpf(x )] =v8,p6(x — x )¢p’(x)' (21)
The impurity potential operator in the low energy sector

. . simply transfers a localized fractional charge between the
How do tunneling matrix elements couple to edge

o . . . ' edges. It must therefore be proportional to the normal
ﬁgi%@\ggns? A half-strip density operator is defined as , qaraq operator

@ Y, 27R e y) Vx) =: w;(x)w_,,(x) :+ H.c.
pplq =[ dy[ dx e p(x,y o - 4 ,
Y/2 0 — ﬂZeleelZpP¢p(l)U-[-elZpP¢p(*) + He. (22)

~ > 0px0pirqcisgcr + O, (14)  The normalizationA? is precisely the bare fractional
k charge tunneling parameter amplitude in KF theory [7].

wherep = =1, Y, = (1 + p)Y/2 are the two edge It can now be determined by sandwiching both sides of
coordinates, and Eq. (22) between the relatively displaced ground states

1 plk —Y/2) >0, leading to

Opr = (15) 2 _ _

0 plk —Y/2)<0. A = (V| VUIV) =ty . (23)
The last approximation in (14) applies to the long wave- We make the following two comments: (i) Tao and
length regimeg < 1. The commutation relations of Haldane [15] have shown that in the absence of an
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impurity potential, the quantum Hall ground state of measured the discrete fractional charge tunneling in and
v = 1/m on thetorushas arw: fold degeneracy. A time out of an antidot from the edges [4].
dependent AB flux threading the torus moves the ground Finally, the quasiparticle charge which dominates the
state between then different states of this manifold, backscattering current between the edges can be measured
and the Hall conductance is precisedy, = %(e2/h). by quantum shot-noise at zero temperature and bias
An impurity potential couples between degenerate grounfb]. Recent experimental reports of measuring fractional
states, as it does on the cylinder, opening a minigap charge in quantum shot-noise of fractional quantum Hall
between the ground state and the first excited state [165ystems [6] are consistent with the expectation that
The quantum Hall effect can be observed provided thdractional charges tunnel faster than electrons.
flux does not vary extremely slowly [15], i.eA/h < The author gratefully acknowledges discussions with
b0/ V., whereV, is the induced electromotive force. E. Shimshoni, D. Haldane, and M. Milovanovic. This
(i) For the infinite plane geometry, the tunneling expo-work was supported by a grant from lIsrael Science
nent between twdocalized quasiparticle states centered Foundation, and the Fund for Promotion of Research at
on delta function impurities at;, r, is [17] Technion.
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