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The long-standing problem of the Hall resistivityrxy in the Hall insulator phase is addresse
using four-lead Chalker-Coddington networks. Electron interaction effects are introduced via a
dephasing length. In the quantum coherent regime, we find thatrxy scales with the longitudinal
resistivity rxx , and they bothdiverge exponentially with the dephasing length. In the Ohmic lim
(where the dephasing length is shorter than the Hall puddle size),rxy remains quantized and independen
of rxx . This suggests a new experimental probe for dephasing processes. [S0031-9007(99)084

PACS numbers: 73.40.Hm, 72.20.My
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The ideal quantum Hall (QH) effect can be defined
the simultaneousquantization of Hall conductance an
vanishing longitudinal conductance:

Gxy  ne2yh, Gxx  0 , (1)

where n, the filling factor, is some integer or odd
denominator fraction. Consider a perfect QH sample w
four Ohmic leads. By Kirchoff’s laws, it is easy to se
that, while themeasuredGxy, Gxx, and Rxx depend on
the lead resistances, the Hall resistance is independen
them and is precisely quantized at

Rxy  hyne2. (2)

This robustness ofRxy generalizes to large circuits, a
proven by Shimshoni and Auerbach [1] for the tw
dimensional Ohmic puddle network model. However,
we shall see below, the quantum interference betwe
different tunnel junctions (absent for the Ohmic transpo
spoils the quantization ofRxy [2].

Quantum interference also drives localization and r
lated T  0 QH-to-insulator transition [3,4]. This has
been confirmed by explicit calculations of the localizatio
length exponents, in quasiclassical approximation [5] a
numerically [6,7] on Chalker-Coddington (CC) networks

There is no consensus, however, about interferen
effects on the Hall resistivity; its value in the insulatin
phase is still controversial. Several theories expect it to
finite [8,9] rT0

xy , `, or even quantized [10,11]rT0
xy 

hye2 (“semicircle law”). Experimental observations als
vary: some data can be fit by the Drude form [12,1
rxy ~ B, while others see a weaker magnetic fieldsBd
dependence, withrxy nearly quantized [14].

In contrast, Entin-Wohlmanet al. [15] pointed out that
rT0

xy is not a self-averaging quantity in the insulato
Using a model of local hopping in an external magne
field, they concluded thatrxy diverges in the limitT !
0. Unfortunately, the applicability of this model to QH
systems is somewhat questionable.

The purpose of this paper is to determine the low te
perature Hall resistivity in the magnetic field driven insu
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lating phase. Differing from a previous calculation [11
we directly compute the four-terminal resistancesRab ,
a, b  x, y for random CC networks using the Landaue
Büttiker quantum transport theory. Distributions ofRab

are obtained for different linear system sizesL and mag-
netic field parametersu, defined below.

Our key result is that, at largeL, the Hall resistance
Rxysu, Ld of the CC network changes from the asymp
totically approaching quantized valuehyne2 in the QH
phase to anexponential divergencein the insulator [16].
Second, effects of inelastic scattering due to electro
electron and electron-phonon interactions are introduc
via a phenomenologicaldephasing lengthlw [3,17] (for
convenience, we measure all physical length in the un
of typical puddle sizelV ). For lw shorter than the
puddle size (phase-incoherent limit), we map the chi
network to the Ohmic puddle network model [1], whic
has a quantized Hall resistance. In general, the mac
scopic resistivity is approximately given by an Ohmic re
sistor network formed by elements of sizeL  lw with
the computed distributions ofRab . The Ohmic network
problem is solved using percolation theory following Am
begaokar, Halperin, and Langer [18] (AHL). This ap
proach, justified by the wide distribution ofRxx, yields the
ensemble of elements which determine the Hall voltag
The macroscopic Hall resistivityrxy is obtained as an av-
erage over this ensemble. We show that the diverge
of both Hall and longitudinal macroscopic resistivities i
the insulator is consistent with one length scalejsud. We
conclude with the suggestion thatrxysT d could serve as
an experimental probe of the dephasing length.

Four-terminal CC network.—Consider a square CC
network in Fig. 1, with corner puddles serving as exte
nal leads. Carriers, described at a given energy by co
plex amplitudeshAa

p j, wherea, p are the edge and puddle
labels, respectively, can propagate only in one directi
around the puddles, as indicated by arrows. The cor
sponding currents are justIa

p  jAa
p j2. Edge amplitudes

across each tunnel junctionpq are related by a unitary
© 1999 The American Physical Society 1253
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FIG. 1. (a) Four-terminalL  6 CC network. QH puddles
are shaded. Edge currents with amplitudesAa

p propagate along
the arrows. (b) The incoming and outgoing amplitudes at th
tunnel junction between puddlesp and q are related by the
scattering matrix (3).

scattering matrixss pqd,

Aout
r 

X
r 0p,q

s
s pqd
rr 0 eif

in
r0 Ain

r 0 ,

ss pqd 

√
cosupq sin upq

2 sin upq cosupq

!
,

(3)

where upq [ fu 1 d, u 2 dg, and edge phasesfa
r [

f0, 2pd are independent random variables; we have chos
[7] d  0 to reduce the statistical errors. The magnet
field parameteru can be tuned across the QH-insulato
transition atuc  py4. In the QH regimeu , uc the
neighboring leads are connected by highly transmittin
edge states, while the insulating phaseu , uc consists
of weakly connected puddles without global edge state
Near the transition,u 2 uc ~ B 2 Bc. Away from the
transition, tunneling across saddle points yields asympto
cally tansud ~ e2AsB2Bcd [19].

The scattering relationships provide a set of linea
equations for allAa

p which depends on the incoming
amplitudesAin

i in the external leadsi  1 4. The global
scattering matrixSijfur , fa

r g relates the amplitudes at the
external leads,Aout

i 
P4

j1 SijAin
j , so that the current

transmission matrixTij  jSijj
2 defines the probability of

scattering from incoming channeli to outgoing channel
j. We assume that the external leads, also formed
an incompressible QH liquid, are in equilibrium, which
implies that the chemical potentials of their edges are [2

ma
i  shynedIa

i . (4)

The resistance tensor is now given by a compactifie
version of the Büttiker-Landauer formula [21]:

R̃ab  shyne2dLt
as1 1 T dPfPs1 2 T dPg21PLb ,

Lt
x  s1, 0, 21, 0d, Lt

y  s0, 1, 0, 21d ,
(5)

where the vectorsLt
a are transposedLa , and the operator

P projects out the zero eigenvectors1, 1, 1, 1d of the
matrix 1 2 T (matrix S is unitary). It is easy to show
that the field-antisymmetrized Hall resistance isRxy 
sR̃xy 2 R̃yxdy2.

Numerically, we calculated theL 3 L transfer ma-
trix relating the amplitudes onL open wires at the left
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and right sides of the sample (see Fig. 1). We us
the transfer-matrix technique with intermediate orthog
nalizations [22] to reduce numerical errors for large sy
tems. Then the closed edges were “linked” by eliminati
the corresponding pairs of incoming and outgoing amp
tudes. This resulted in a reduced4 3 4 transfer matrix,
with which the full scattering matrixSij was computed.
The numerical accuracy was controlled by checking t
unitarity of Sij, and by test runs at quadruple accuracy.

To obtain the distributions ofRxx and Rxy for differ-
ent values ofu and the system sizeL, we repeated each
calculation up to106 times, takingsR̃xx , R̃yyd as two dif-
ferent members which have the sameRxy . In the insu-
lating phaseu . uc, Rxx has a very wide, resembling
log-normal, distribution over several decades, as gener
expected in a localized insulator phase [15]. The Hall
sistanceRxy is seen to have a much narrower distributio
but with mean and variance also increasing exponentia
with the size of the system in the insulating phase.

Phase-incoherent network model.—In the opposite
limit, we consider a network where inelastic mechanism
completely destroy quantum interference between d
ferent tunnel junctions. In this case, different tunnelin
events happen independently, and the incoming a
outgoing currents are related at each junction,

Iout
r 

X
r 0p,q

js
pq
rr 0 j2Iin

r 0 , (6)

where the tunneling matrix elementsss pqd are given by
Eq. (3). According to Eq. (4), local chemical potentials
each edge are proportional to the corresponding curre
Thus, the dissipative and Hall voltages at each junct
are related to the tunneling currentIpq as

V dis
pq  RpqIpq, V H

pq  signsBd shyne2dIpq , (7)

whereRpq  shyne2d cot2upq is symmetric under the re-
versal of the magnetic field. These local relations redu
the network model to the Ohmic puddle network mod
of Ref. [1], for which Rxyslw # lV d  shyne2d for any
realization ofhu, fj. This model equally applies to in-
teger and fractional QH regimes. Equations (7) also i
ply that the phase-incoherent network model has an ex
current-voltage duality [2,10,11], which interchanges t
QH and insulating regions and simultaneously inverts
resistanceRpq associated with each junction. This dua
ity also inverts the macroscopic dissipative resistance
the system, determined, according to the AHL percolat
argument [18], by the median of the distribution ofRpq.

To describe the regime of intermediate dephas
length, lV , lw , `, wherelV is a typical puddle size,
we use finite-size four-lead CC networks. In the simu
tion, the phase breaking occurs only at the leads, and
defineL  lw. Square blocks of linear sizeslw or larger
connect as Ohmic resistors, with the resistancesRabsL 
lwd chosen from the numerically determined distributio
Ignoring relatively small Hall voltages at this stage, w
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notice thatRxx is exponentially widely distributed. So, we
can again follow AHL and insert all resistors in increas
ing order ofRxx until the percolation threshold is reached
Here, we assume a percolation threshold of 50%, app
cable for self-dual lattices. Thus the last resistors t
connect the percolating cluster (PC) have the media
valueRmed

xx . Since all higher resistorsRxx . Rmed
xx trans-

port negligibly little current, they can be discarded. By
AHL, and subsequent numerical confirmations [18], th
macroscopic resistivity of the network is simplyrxx 
Rmed

xx slwd.
The Hall resistivity rxy can now be determined as

the weighted average over the PC. Since, numericall
jRxyj ø Rxx, and we draw no current from the Hall leads
it is safe to assume that the Hall voltage fluctuations acro
the PC are averaged out by secondary local currents, a
the macroscopic Hall resistivity can be estimated by th
averager,med

xy  kRxylRxx#Rmed . As an upper bound, we
also calculate the average Hall resistance of the necks
the PC given byrmed

xy  kRxylRxxøRmed , which gives similar
results as shown below.

Results.—In the localized regime,u . uc, both rxx

[7] and rxy diverge exponentially at largelw. Both
resistivities fit very well [see Fig. 2 for the fit ofrxysLd] to
an exponential scaling function with finite-size correction

rsLd , AuLg expfLyjsudg , (8)

whereg is a u-independent exponent determined by th
geometry of the system, andjsud is the localization length
(both quantities are defined separately forrxx and rxy).
As illustrated in the inset of Fig. 2, the divergence of bot
correlation lengths asu ! uc is consistent withjsud ,
suc 2 ud27y3. This form for jxx is in agreement with
previous studies [6,7,23]. The fact that the correlatio
length for rxy also diverges with the same exponen
implies that the transition is actually governed by a singl
length scalejsud, and asymptoticallyrxy , srxxdk ! `

FIG. 2. QH to insulator transition in finite-size scaling. Solid
lines are the best fits of Eq. (8), and dashed lines are guid
to the eye. Inset: The resulting inverse correlation lengths a
consistent with the critical exponentn  7y3.
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with k ø 0.32 0.35 (Fig. 3). This divergence, one of the
primary results of this paper, contradicts the expectation
[8–11] of finite Hall resistivity in the insulator atlw !
`. Our results agree with the conclusion of Ref. [15]
although here we have used a different model, applicab
for transport in quantizing magnetic fields.

Figure 2 also showsrxy in the metallic QH phase for
u . uc. In this phase, as expected,rxysLd approaches
the quantized value at large system sizes. We did n
attempt to determine the corresponding correlation leng
since our geometry has narrow leads (see Fig. 1). W
did, however, check that our results are not limited t
systems with narrow leads by making a limited set of run
for a special self-dual network geometry, which remain
identical under the interchange of QH and insulatin
regions and the replacementu ! 2uc 2 u.

We also attempted to suppress the quantum interferen
by calculating the ensemble averagedkTijl, which is for-
mally equivalent to considering the same noninteractin
system at very high temperatures. This averaging result
in both Hall and longitudinal resistance of an insulating
phase much smaller than the average quantum valu
However, the specific values of these resistances differ
significantly from the values obtained numerically for the
phase-incoherent networks of identical geometry; partic
larly, the Hall resistance was not quantized, with the offse
increasing into the insulating phase. This demonstrat
that, atT . 0, without inelastic scattering quantum inter-
ference cannot be completely suppressed.

In the fractional Hall effect regime, electron-electron in
teraction effects are primarily threefold: (i) stabilization
of fractionaln , 1 QH phases in the puddles, (ii) renor-
malization of interpuddle electron tunneling rates, an
(iii) dephasing of charge carriers by inelastic scattering
At low temperatures, the second effect is expected to
finite, since infrared divergence of the tunneling ampli
tudes is cut off by the finite size of the puddles. In this

FIG. 3. Asymptotic correlation betweenrxx and rxy deter-
mined by two averaging procedures (see discussion in text).k
is the slope on the log-log plot.
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regime, the effective edge state transport theory for th
fractional and integer cases is identical [2], up to factors
n in the chemical potential relations (4). Thus, it is legiti
mate to use the CC model as a model of coherent quant
transport on edges of fractional QH puddles. Howeve
the dephasing mechanism and determination oflw remains
an interesting open problem, for both integer and fra
tional cases.

Quantum critical point and dephasing.—In a vicinity
of the true quantum critical point, the effective dephasin
length [17] should diverge at small temperatures as

lwsT d , T21yz . (9)

Experimentally, resistivity and nonlinear resistivity data
at transitions between plateaux have been collapsed o
universal curves usingz ø 1.0 (and independently deter-
mined nj ø 2.4) [13,24,25]. Based on our results, at a
quantum critical point, and in the absence of addition
phase-breaking mechanisms, one would also expect
Hall resistivity to diverge as

rxy , shyne2d expfkT21yzsB 2 Bcd7y3g . (10)

Experiments, however, have reported a constant or wea
B-dependent Hall resistivity on the insulating side o
the transition. For similar samples, resistivity saturatio
at low temperatures has been reported [26]. Evident
both effects are inconsistent with a true zero-temperatu
quantum Hall to insulator transition, characterized by
diverging dephasing length (9).

We conclude that a nearly quantized Hall resistivit
indicates a strongly dephased regime where, i.e.,lw # lV .
In contrast, the longitudinal resistivity in this regime is
expected to diverge at large fields as [19]

rxxsBd , shye2d expfnslV yld2sByBc 2 1dg , (11)

where l is the Landau length. This expression allow
an independent estimation oflV , and an upper bound on
the dephasing length in the limit of small temperature
Experimentally, the interplay betweenlV , the scale of the
long-range potential fluctuations, and the phase-breaki
lengthlw was noticed in Ref. [27].

It is not yet clear what mechanism can explain zero
temperature finite resistivity in disordered QH system
or why dephasing seems to be more pronounced in so
particular experiments. One possible source might be
coupling of the edge excitations to nearby domains of th
compressiblen  1y2 phase.
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