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Topologically protected bound states in photonic
parity-time-symmetric crystals

S. Weimann'f, M. Kremer'", Y. Plotnik?, Y. Lumer?, S. Nolte', K. G. Makris3®#, M. Segev?,

M. C. Rechtsman® and A. Szameit™™*

Parity-time (PT)-symmetric crystals are a class of non-Hermitian systems that allow, for example, the existence of modes
with real propagation constants, for self-orthogonality of propagating modes, and for uni-directional invisibility at defects.
Photonic PT-symmetric systems that also support topological states could be useful for shaping and routing light waves.
However, it is currently debated whether topological interface states can exist at all in PT-symmetric systems. Here, we show
theoretically and demonstrate experimentally the existence of such states: states that are localized at the interface between
two topologically distinct PT-symmetric photonic lattices. We find analytical closed form solutions of topological PT-symmetric
interface states, and observe them through fluorescence microscopy in a passive PT-symmetric dimerized photonic lattice. Our
results are relevant towards approaches to localize light on the interface between non-Hermitian crystals.

tionally robust transport, potentially enabling applications

such as robust spintronic devices and the protection of quan-

tum bits from decoherence'. Perhaps the most salient feature of
topological systems is the presence of localized states residing at
the interface between a TI and its non-topological environment:
these surface or edge states are the channels through which robust
transport occurs (while in the TT there is no bulk transport due to the
band gap). In condensed matter physics, topological systems such
as the quantum Hall effect and the quantum spin Hall effect have
been extensively studied'. Subsequently, the concept of topological
physics was introduced to the domain of electromagnetic waves>’
through microwave experiments in gyro-optic media*. The search
for an optical realization of TIs has prompted a number of propos-
als’®, and finally experimental realizations’"'. This launched the
field of topological photonics'>—an ongoing research effort to real-
ize the robustness associated with topological electronic transport in
photonic systems. Such photonic topological insulators enable direct
experimental studies of fundamental concepts in ways that in many
cases are extremely hard to implement in condensed matter systems.
For example, the concept of Floquet topological insulators™> was
first demonstrated in optics’ and only later observed in ultracold
fermions'® and with electrons in condensed matter systems'. The
observation of the photonic TI prompted the study of nonlinear
waves in TTs and the prediction of topological gap solitons'®, which
are now being sought in photonic media and in cold atoms. More-
over, rigorous mathematical approaches for finding topological edge
states are now starting to be explored”. Equally important, pho-
tonic TIs can, in principle, enable robust photonic devices such as
waveguides, interconnects, delay lines, isolators and couplers (or
anything susceptible to parasitic scattering by fabrication disorder).
In parallel to the progress on photonic topological insulators,
there has been a great deal of recent research into non-hermitian

—|_ opological insulators (TIs) are materials that exhibit excep-

optical systems. The origin of this was the observation by Bender
and Boettcher® that certain non-hermitian Hamiltonians may
contain only real eigenvalues provided that they commute with the
parity—time (PT) operator. In fact, if the Hamiltonian commutes
with the PT operator, then having a real spectrum is equivalent
to all eigenstates being eigenstates of the PT operator, or calling
the system PT-symmetric. In a series of papers** this concept was
brought into optics by proposing PT-invariant Hamiltonians could
be realized by using optical gain and loss. In addition, these optical
systems exhibit a unique point in parameter space, the so-called
exceptional point®, where the underlying modes coalesce to a single
mode which is orthogonal to itself. Subsequent observations**2
have experimentally demonstrated non-hermitian optical systems
along with the exceptional points associated with them. Since
then, numerous ideas and applications have been proposed, such
as PT-based lasers that remain single mode even high above the
threshold”**, optical isolators®, and more.

The progress with these two separate topics of photonic
topological insulators and PT-optics raises the question whether it
is possible to have a topological interface state in a PT-symmetric
system. This has been a topic of ongoing discussion, with compelling
arguments stating that the realization of a topological interface
state in a PT-symmetric system is impossible”. One argument
saying that this is impossible runs as follows: consider a topological
edge state in a one-, two-, or three-dimensional system whose
Hamiltonian commutes with the PT operator. Since the action of
the PT operator sends this state to the other edge of the system,
the state cannot be an eigenstate of PT, and thus necessarily breaks
PT symmetry—that is, has a complex eigenvalue. Indeed, in a
recent realization, while demonstrating the topological nature of the
edge states in a non-hermitian dimer potential, the PT symmetry
was broken®*?. However, there exist theoretical proposals®™
showing that the argument given above can be circumvented and
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Figure 1| The infinite dimer lattice and its dispersion relation. a, Sketch of the infinite dimer; the boxes show two topologically distinct configurations of
the unit cell. b-e, Real (solid blue) and imaginary (dotted red) parts of the dispersion relation of the following dimer configurations: lossless and no
dimerization (b), lossless and dimerized (¢), alternating gain and loss and no dimerization (d), alternating gain and loss and dimerized (e). 8’ is the
normalized propagation constant 8/(c1+c2) (following equation (2)). The energy of the topological states arising in the cases ¢ and e coincide with the

imaginary part of the band.

PT-symmetric topological states can indeed be realized. A recent
work® has studied the dynamics of microwave photons at the
interface of PT-symmetric topological lattices. However, the specific
realization shown there necessarily gives rise to complex eigenvalues
of the interface states and, therefore, this realization does not exhibit
global PT symmetry (that is, a purely real eigenvalue spectrum).
Another recent work predicts the existence of interface states
between regions of broken and unbroken PT symmetry”’. However,
this work did not address topological states in a non-hermitian
PT-symmetric system. Namely, the studies by Zhao et al. explored
only systems where parts of the spectrum were complex. As such,
the question about the existence of topological states in systems with
PT symmetry still remains open.

Here we propose a simple mechanism for the realization of an
optical topological state of full PT symmetry. To realize this, we use
an array of evanescently coupled waveguides fabricated using the
direct laser writing technique®®. Below, we first explain our theoret-
ical model, then demonstrate the PT symmetry of the experimental
system, and then present the observation of the interface state.

The non-hermitian SSH model

Consider the one-dimensional dimer chain illustrated in Fig. la—
this is the simplest possible model that exhibits topological edge
states—and is also known as the Su-Schrieffer-Heeger (SSH)
model®. The wavefunction in the system obeys the Schrédinger
equation and its unit cell consists of two identical potential wells
whose modes have evanescent overlap with their neighbours, with
the nearest-neighbour coupling terms ¢, (for the short bond) and
¢, (for the long bond). Henceforth, the magnitude of the difference
8 =|c, — ¢,| is referred to as the dimerization. Consider now the

unit cell. However, in a finite lattice, the edges depend on the
exact configuration of the unit cell. As is well known in the SSH
model®*, the configuration having the smaller coupling at the
edges must exhibit edge states, whereas the configuration with the
larger coupling at the edges does not. In fact, the two configurations
are distinguished by the winding number, given by"'

i 0
Wi=- fgzdkwm(knawm(k» (1)

where k is the Bloch wavenumber within the first Brillouin zone
(BZ) and m indicates the band (here m =1,2). The states |,,(k))
and (¥, (k)| are the eigenvectors of the Hamiltonian in k-space and
their hermitian conjugates. In hermitian systems, this is precisely the
Zak phase divided by 7 (ref. 42). The winding number W), takes on
the value 0 when there are no edge states and 1 when there are (see
Fig. 1b and c, respectively). Our aim is to extend the SSH system
to be non-hermitian by introducing alternating gain and loss in a
PT-invariant fashion. The additional gain-loss distribution in the
potential thus has to be an odd function of position around a given
origin. The natural way to realize this is to add y /2 of gain to one
site in the unit cell and —y /2 of loss to the other. This translates
to an insertion of alternating iy /2 and —iy /2 on the diagonal of
the Hamiltonian, ensuring the commutation with the PT operator.
We discuss the topological invariant for the non-hermitian dimer in
Supplementary Note 1. The PT symmetry ensures the existence of a
generalized integer winding number, W, (ref. 43).

The dispersion relation (the relation between the propagation
constant B and the transverse wavenumber k) of this system is
given by

. . . y 2
§y§tem in which ¢, gnq ¢, are 1nterchang§d. When such a system B =c2+c2 42016, cos(k) — (7) @)
is infinite, the bulk is invariant under this transformation of the 2
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Figure 2 | Spectra of topological interface states in the dimer. a, Sketch of
the dimer potential with the two topological edge states. Some of the
eigenvalues have positive and negative imaginary parts, as can be seen in
the subfigure showing the eigenvalues of the structure (as in ref. 36).

b, Combination of a non-trivial dimer configuration (centre plus left side)
with a trivial configuration of the dimer (right side). The gain-loss profile is
globally PT-invariant, the inset shows that the spectrum exhibits entirely
real eigenvalues.

Figure 1d shows the two bands of the chain with no dimerization,
which are either purely real or purely imaginary, depending on k.
The spectrum as a whole indicates broken PT symmetry. As the
dimerization is increased, however, the domains of purely imaginary
spectrum shrink until § =y /2 is reached. From this point on,
the structure possesses a real spectrum (Fig. le), in spite of gain
and loss—that is, it is PT-symmetric. In this regime, a band gap
opens containing a topological edge state—just like in the lossless
case (Fig. 1c).

However, such edge states, either on the sites with gain (orange
in Fig. 2a) or on sites with loss (green), must have imaginary
eigenvalues®, despite the fact that the PT operator still commutes
with the Hamiltonian. Therefore, we must employ another geometry
to obtain topological interface states with only real eigenvalues that
do preserve the PT symmetry of the entire lattice.

The PT-symmetric topological interface state

Our proposed structure is specifically designed to support PT-
symmetric (that is, real-eigenvalued) topological edge states, as
shown in Fig. 2b. We terminate the edges at the bond with a large
coupling constant on each edge, such that there are no edge states
present on either side of the lattice. However, in the centre, we
insert a topological defect: instead of the structure having a periodic
sequence of dimerized bonds (short-long-short-long-short-long-
short), it now has an aperiodic sequence with a double-long defect
(short-long-short-long-long-short-long-short). This can be seen as
an interface between two structures that have different topological
invariants, W, =0, 1, and therefore it must possess a topological
interface state residing at zero energy at the defect point. We can
ensure that [PT, H] =0 holds true by having neither gain nor loss
on the centre point (as shown in Fig. 2b). The parity axis lies
at the centre site, and thus the localized interface state does not
experience a translation when the PT operator acts on it. As the plot
shows, the eigenstate is centred on the central waveguide and indeed
exhibits a real eigenvalue. In fact, the whole spectrum has exclusively

real eigenvalues, and therefore the system is PT-symmetric,
possessing a real winding number. In Supplementary Note 3, we
derive the closed form solution of the topological interface state,
which reads

sm—n

= 170""*"' [A+B+(A—B)(—1)""] 3)

where a,, is the electric field amplitude in the mth guide and n is
the index of the centre site. The quantity A is the amplitude of the
state at the central site. The constants B and o are functions of
the loss ¥ /2, ¢, and c,, and are given in Supplementary Note 3.
From the symmetries of the SSH lattice, it can be shown that
the eigenvalue of the bound solution is completely robust against
disorder in the couplings ¢, and ¢,. In Supplementary Note 2
we compare profiles of the bound state in a randomized crystal
lattice with PT symmetry for different strengths of disorder and
prove that the topological state must be real on all sites an even
number of waveguides away from the centre one, and imaginary
on the others. The disorder we study always preserves the essential
symmetries, which are necessary for the existence of a topological
bound state.

The realization of the PT-symmetric crystal interface

In the following, we will study the predictions regarding this
lattice experimentally using photonic waveguide arrays (see Fig. 3a),
which are an exceptional system for implementing PT-symmetric
non-hermitian Hamiltonians****>?¥4-7 Tn waveguide arrays, an
eigenstate is a state that stays invariant as light propagates along the
waveguides. Such a state can be either an extended state (a Bloch
mode) or alocalized state (a defect mode), both being invariant with
respect to the evolution coordinate z. As shown previously*®*, the
loss in photonic lattices can be precisely engineered by ‘wiggling’
the waveguides as a function of z, which causes radiative loss
(coupling to the continuum states). The amplitude and frequency
of the wiggling can be precisely tuned to achieve a particular loss.
Importantly, the non-hermitian PT-symmetric system described
above can be mapped directly onto a system with only loss (and
no gain) simply by multiplying the wavefunction by an overall
decay factor e7*/?, as was demonstrated in refs 24,47. In such
‘passive-PT-symmetric’ systems, PT-symmetric phenomena can be
demonstrated without employing actual gain. The multiplication
by a global decay is equivalent to an offset of the imaginary
part of the gain-loss profile. For the model shown schematically
in Fig. 2b this means that the ‘gain’ waveguides will be straight
(that is, have no loss), the ‘lossy’ waveguides will exhibit a loss
v, and the central waveguide as well as the surrounding material
exhibit a loss y/2. Our waveguide arrays are fabricated with the

Topological defect

End facet
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Figure 3 | Realization of the PT-symmetric crystal interface. a, Sketch of
the passive waveguide array acting like a PT-symmetric structure with a
topological interface. b, End facet of the experimentally realized structure in
fused silica glass. Image courtesy of Mark Kremer, FSU Jena.
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Figure 4 | Translation of the centre of mass (As) of a broad Gaussian input beam whose phase front is tilted. a, Simulation of the lossless dimer with
(black) and the dimer with alternating gain and loss (red), both with zero dimerization. b, Experimentally measured shift in the lossless dimer (black) and in
the dimer with alternating gain and loss (red), both with zero dimerization. The lattice parameters are ¢;=c, =0.08mm~", y =0.03mm~". The grey lines
indicate the points k= in the Brillouin zone of the homogeneous, lossless lattice.

femtosecond laser direct writing technique®®. The inscription of
waveguides into nearly lossless fused silica creates the necessity
of another approximation, since any difference between losses in
the bulk material and losses of the waveguides has been shown to
introduce nonzero imaginary parts to the coupling coefficients**.
In the low-loss limit, however, these imaginary parts can be
safely neglected.

In the first experiments, we focus on the demonstration of funda-
mental features of systems whose Hamiltonian commutes with the
PT operator but PT symmetry is broken. We start by considering
the dimer with alternating loss, but no defect and no dimerization,
and compare it to the corresponding Hermitian lattice with no
loss. When launching a broad Gaussian beam with a tilted phase
front €™~ into the lattices, the slope x corresponds to the transverse
wavenumber k in the Brillouin zone. In hermitian systems « causes
a transverse displacement As of the beam’s centre of mass while
it propagates®. Figure 4a,b shows the outcome of simulations and
experiments showing the expected shifts Asin the hermitian (black)
and non-hermitian case (red) after a propagation distance of 55 mm.
The experimental data are extracted by means of fluorescence
microscopy”'. The cosine-shaped dispersion relation of a simple
Hermitian lattice (see Fig. 1b) results in a sine-shaped displacement
function As(k), with two points of maximal displacement at k==
(indicated by the grey lines in Fig. 4). These points correspond
to the edges of the Brillouin zone in Fig. 1b. However, for the
non-hermitian dimer lattice the situation changes. Plateaux in the
displacement function appear which are induced by the complex
dispersion relation, corresponding to Fig. 1d. This is clearly seen in
our experiments and confirmed by the simulations, demonstrating
the existence of complex eigenvalues in our lattice.

At this point, it is essential to demonstrate the PT-symmetry-
breaking transition as a function of dimerization. We proceed in a
manner similar to that in ref. 24, where for a fixed amount of loss,
the dimerization of the lattice is driven across the exceptional point.
For small or vanishing dimerization, PT symmetry is broken in the
lattice, hence the spectrum is complex. Moreover, the light resides
predominantly in the waveguides without loss**. However, as the
dimerization is increased, the system undergoes a transition and PT
symmetry is restored, resulting in a real spectrum. Here, the light
is essentially equally distributed over sites with and without loss.
Hence, looking at the power left after a fixed propagation distance,
this power is a decreasing function of the dimerization, following the
transition from the regime of broken into unbroken PT symmetry.
(Note that we exhibit loss in both broken and unbroken regimes,
because we are dealing with a passive PT-symmetric system.) To
experimentally demonstrate this feature, we fabricate nine samples
with different dimerizations from § =0mm™ to § =0.1 mm™,
below and above the PT symmetry-breaking point. For reasons
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Figure 5 | Loss of guided power in lattices with different dimerizations but
fixed loss. Each point summarizes four successive single-waveguide
excitations in one waveguide array with a certain dimerization. The average
relative power left in the beam after 55 mm propagation is shown in blue,
and the standard deviation of the relative power left is shown in black. The
lattice parameters are ¢;=0.05mm™~", y =0.058 mm~. The red line
indicates the value of y /2, the transition point between broken and
unbroken PT symmetry.

of simplicity, we fix the coupling constant ¢, = 0.05 mm~" and

the loss y =0.058 mm™, respectively. In each sample, we perform
four single-channel excitations of successive sites and measure (via
fluorescence imaging) the power left in the lattice. The extracted
data are shown in Fig. 5. As expected, the mean power left
in the lattice is monotonically decreasing in both the numerical
simulations and experimental data, reaching a minimum when the
lattice is in the unbroken phase. (There is an offset of approximately
2% between the experiments and the predictions, associated with
the tight-binding calculations. This 2% can be well explained by
noise in the fluorescence images after subtraction of the background
signal.) In addition, we plot the standard deviation of the data. As
in the broken phase, the eigenvalues exhibit different imaginary
parts, and the power left in the lattice depends strongly on which
waveguides the light is injected into. In contrast, in the unbroken
phase, all eigenvalues exhibit the same imaginary part; that is, the
power decay in the lattice is less strongly dependent on the excited
waveguide. Therefore, by increasing the dimerization above the
critical value of y /2, the standard deviation of the transmitted power
will eventually vanish. This is clearly seen in Fig. 5, proving that
with sufficiently strong dimerization our system is indeed in the
PT-symmetric phase.
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Figure 6 | Fluorescence images of the light evolution after a
single-waveguide excitation of the topological defect in different dimer
configurations. a, Lossless and vanishing dimerization. b, Lossless and
dimerized. ¢, Alternating gain and loss and vanishing dimerization.

d, Alternating gain and loss and dimerized. The lattice parameters are
1=0.05mm~', y=0.04mm~".

Observation of the topological interface state
In the final experiment, we implement the structure with the
defect, as shown in Fig. 3a in the passive-PT framework, and study
how the light is trapped at the topological interface for increasing
dimerizations passing from broken to unbroken PT symmetry. To
this end, we present four fluorescence images of light evolution in
arrays that correspond to the scenarios in Fig. 1. Namely, Fig. 6a
for the non-dimerized hermitian case, Fig. 6b for the dimerized
hermitian case, Fig. 6¢ for the non-dimerized non-hermitian case
(PT-broken), and Fig. 6d for the dimerized non-hermitian case (PT-
unbroken). Specifically, Fig. 6a shows the propagation of paraxial
light in a non-dimerized array without loss for a single-channel
excitation exactly at the central waveguide (where the topological
defect is introduced). The wave packet spreads and no trapping is
observed, because this system has no interface state at this centre
waveguide. The array in Fig. 6b is also lossless, but this time
we introduce dimerization of § =0.12mm™" in the unit cell. The
interface acts now as a strong defect, with an associated topological
state. Consequently, most of the light remains confined to the
defect site. In Fig. 6c,d we introduce loss of y =0.04 mm™' in
every second waveguide. The loss of the centre site y /2 associated
with the overall decay is factored out in the image, to allow direct
visual comparison with the Hermitian case. In the array without
dimerization, Fig. 6c, the PT symmetry is broken, as we proved
in the experiment presented in Fig. 5. Here, just as in the lossless
case, the beam broadens (no trapping) since there is no defect state.
However, when we introduce dimerization of § =0.12mm™" and
launch the light directly into the defect, the beam stays confined at
the topological interface—as a direct result of the formation of a PT-
symmetric topological interface state (Fig. 6d).

In this work, we predicted and experimentally demonstrated
a PT-symmetric topological interface state in a non-hermitian
system. We derived the state analytically and showed its presence
experimentally in a photonic waveguide lattice. We experimentally
proved that our system is indeed PT-symmetric, by providing clear
evidence for the phase transition from the broken to the unbroken
phase. Our results are relevant towards approaches to localize waves
at the interface between non-hermitian crystals, but also trigger
various questions on the physics of complex non-hermitian crystals.

Data availability. The experimental data that are shown in
Figs 4-6 and any related experimental background information not
mentioned in the text are available from the authors on request.
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