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Figure 4: Largest possible value |g|
max

as a function of m

2

b

, using a triple rho expansion of the
amplitude for the given values of N

max

and after imposing the unitarity constraints for spins up to
`

max

= 20. As explained in the text, the shaded area is physically incompatible with our analyticity
assumption. We added the analytic result of appendix E as the dashed line near m

2

b

= 4.

`  `
max

and along a grid of values for s. Experimentally we observe that our results remain
meaningful if `

max

is not much smaller than N
max

and if the grid is su�ciently refined. In
appendix F we discuss the dependence on these parameters in more detail, and outline the
numerical implementation.

4 Results

In this section we present our numerical results for several maximization problems using
the S-matrix bootstrap method explained above. For most of this section we restrict our
attention to 3+1 dimensional QFTs, i.e. d = 3 in our notation. In the final subsection 4.4,
we consider 2 + 1 dimensional QFTs.

4.1 Cubic coupling

For our first result we consider a scattering amplitude with a single pole corresponding to
the exchange of a scalar particle of mass m

b

, exactly as in our ansatz (15), and maximize
the value of the residue g2 as a function of m

b

.12

In figure 4 we plot the maximum absolute value of the coupling |g| defined as the residue
of the pole, with the di↵erent curves corresponding to di↵erent values of N

max

. We have

12For mb 6= m this in particular implies that there is by assumption no three-point coupling where all
particles have mass m. This could be due to a symmetry but we do not have to commit to an underlying
mechanism here.
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number of grid points where we check unitarity and how
many spins we impose it on, see [1] for details. 3

So far this is totally general and valid for any unitary
relativistic quantum theory with O(3) vector particles.
To zoom in on pions we need further input. A lot is
known about pions as nicely reviewed in [4–8] and im-
portant hints can be obtained from (chiral perturbation)
theory and from experiment.

First of all we have experimental data. There are clear
resonances in the spin ` = 1 and spin ` = 2 correspond-
ing to the so-called ⇢ and f2(1270) particles and a much
broader resonance for spin ` = 0 corresponding to the
� particle. Normally, one associates these resonances to
abrupt changes in the phase shift which crosses an odd
multiple of ⇡/2. A better characterization of these res-
onances is as zeros of the corresponding partial waves.
For example, the ⇢ particle resonance will have a com-
plex mass m

⇢

such that 4

S
(1)
1 (m2

⇢

) = 0 . (3)

Let us emphasize that a free theory has S
(I)
`

= 1 (and
not zero!) so a resonance is quite a strong e↵ect, very far
from a free theory. At the same time, for pions, we do
have two very important points located at sub-threshold
(unphysical) values of s where the weak coupling condi-
tions (often referred as Adler’s zeros [10])

S
(0)
0 (s0) = 1 and S

(2)
0 (s2) = 1 , (4)

hold. The same weak coupling conditions can be im-
posed as zeros in the corresponding partial wave am-

plitudes as it follows from their definition S
(I)
`

= 1 +

2i
p

1 � 4/s T (I)
`

. Indeed, leading order chiral perturba-
tion theory [11] predicts

T (0)
0 =

2s � 1

32⇡f2
⇡

, T (2)
0 =

2 � s

16⇡ f2
⇡

, T (1)
1 =

s � 4

96⇡ f2
⇡

, (5)

where f
⇡

is the pion decay constant. 5 From this we read
o↵ the tree-level predictions s0 = 1/2 and s2 = 2.

3 In practice, we bound all the spins up to `
max

= 20 for the
highest N

max

we use. The asymptotic large-spin behaviour is
also bounded. Note that our setup here is quite distinct from
other treatments – based on Roy equations [4] for instance –
which typically include the very first few spins only.

4 Unitarity from 4m2
⇡

until the first inelastic threshold must be

exactly saturated. In that range S
(I)
`

(s)Ŝ
(I)
`

(s) = 1, where Ŝ
stands for S in the second-sheet. This functional relation can
be analytically continued everywhere. As such (3) states that a
resonance corresponds to a pole in the second-sheet. A similar
discussion for 1+1 dimensions is in [9].

5 Higher loop corrections depend on the choice of constants ex-
tracted from the low energy data we want to constraint. Taking
them as input would make our arguments sort of circular hence
we prefer to stick to leading order here.
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FIG. 1. Exploration of the minimum values scattering lengths
can take. The three surfaces here correspond to N

max

=
12, 14, 16 (orange, red, light-blue). The fact they are almost
indistinguishable is the sign of their very good convergence.
The QCD values (Table I) are represented by a dot here (the
errors are smaller than the size of the dot) and are of course
well within the allowed region where scattering lengths live.

Finally, at low energy we have the expansion of the
partial wave amplitudes close to threshold

Re[T (I)
`

] = k2`

h
a
(I)
`

+ b
(I)
`

k2 + O(k4)
i

where k =
p

s/4 � 1 is the center of mass momen-

tum, a
(I)
`

are the scattering lengths and b
(I)
`

are the ef-
fective ranges. Since we set m

⇡

= 1, all these quantities
are dimensionless: in table I we summarize their experi-
mental values.

I O(k0) O(k2)

0 a
(0)
0 = 0.2196± 0.0034 b

(0)
0 = 0.276± 0.006

2 a
(2)
0 = �0.0444± 0.0012 b

(2)
0 = �0.0803± 0.0012

1 a
(1)
1 = 0.038± 0.002

TABLE I. Experimental determination of scattering lengths
and e↵ective ranges of ⇡-⇡ scattering up to spin one [12, 13].

II. NUMERICAL EXPLORATIONS

We first ask what is the allowed region in the three-

dimensional space of scattering lengths {a(0)
0 , a

(1)
1 , a

(2)
0 }.

It turns out they are all bounded from below [14]. 6 The

6 The boundedness of scattering lengths comes from their rela-
tion to time delays at low energies; while positive and arbitrarily
large time delays are clearly allowed (and do show up in our nu-
merics as resonances arbitrarily close to threshold trapping the
particles), negative large time delays could lead to causality vi-
olations if no bound states are present and hence the existence
of these lower bounds. Similar (but not identical) bounds were
previously explored in [15–18].

Bounds	on	scattering	lengths



Pion	Scattering



Experimental	phase	shifts0 200 400 600 800 1000 1200 1400
s 1/2  (MeV)

0

50

100

150

200
 δ

1
(s)

Protopopescu et al. 

Estabrooks & Martin
Hyams et al.

Protopopescu (set 2)

Constrained Fit to Data (CFD)

1 1.1 1.2 1.3 1.4
s1/2 (MeV)  

150

155

160

165

170

175

180

Our parametrization
Hyams data Sol.(---)
Protopopescu et al.

1 1.1 1.2 1.3 1.4
s1/2 (MeV)  

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Hyams et al. Sol (---)
Protopopescu et al. Table VI
Protopopescu et al. Table XIII
Fit in PY05

δ1

η1

400 600 800 1000 1200 1400
s1/2  (MeV)

-7

-6

-5

-4

-3

-2

-1

0

 δ
2

(2)(s)

Losty et al.

Hoogland et al.

Cohen et al.
Constrained Fit to Data (CFD)

Unconstrained Fit to Data (UFD)

Durusoy et al. (OPE)

Durusoy et al (OPE-DP)

400 600 800 1000 1200 1400
s1/2 (MeV)

-30

-25

-20

-15

-10

-5

0
 δ

0

(2)(s)

Constrained Fit to Data (CFD)
Unconstrained FIts to Data (UFD)
Cohen et al.
Losty et al.
Hoogland et al. A
Hoogland et al. B
Durusoy et al. (OPE)
Durusoy et al.(OPE+DP)

400 600 800 1000 1200 1400
s1/2  (MeV)

0

25

50

75

100

125 Protopopescu et al. (Tab. VI)
Hyams et al (Sol ---)
Estabrooks & Martin
Protopopescu et al. (Tab.XIII)
Hyams et al. (’73)
Constrained Fit to Data (CFD)

 δ
2

(0)(s)

1000 1050 1100 1150 1200 1250 1300 1350 1400
s 1/2 (MeV)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

from f2(1275)  in PDG
Hyams et al. (--- solution)
Protopopescu et al. (Table XIII)
Protopopescu et al. (Table VI)
Hyams et al (’73)
Eq. 2.6
PY05

 η2
(0)

300 400 500 600 700 800 900
s1/2 (MeV)

0

20

40

60

80

100

120  δ
0

0(s)

PY05 from data
GMPY07
PY05 data
Old K decay data
Na48/2 preliminary data
K2π 

 decay

300 325 350 375 400
0

5

10

15

20

400 600 800 1000 1200 1400
s1/2  (MeV)

0

30

60

90

120

150

180

210

240

270

300

K->2 π  decay
Old K decay data
NA48/2 preliminary data
Kaminski et al.
Grayer et al. Sol.B (Hyams et al)
Grayer et al. Sol. C
Estabrooks et al (s-channel)
Hyams et al. (---)
Constrained Fit to Data (CFD)

δ0
(0)

FIGURE 1. Unconstrained fits to different ππ partial waves. Almost all constrained fits are indistin-
guishable except those for S2, D2 and S0 waves that are also shown here.

TABLE 1. Average discrepancies d̄2 of the UDF and CDF for each FDR and RE. On aver-
age, the UDF are consistent with dispersion relations. Note the remarkable CDF consistency.

Unconstrained Data Fits (UDF)DF Constrained Data Fits (CDF)

s1/2 ≤ 932MeV s1/2 ≤ 1420MeV s1/2 ≤ 992MeV s1/2 ≤ 1420MeV
π0π0 FDR 0.12 0.29 0.13 0.31
π+π0 FDR 0.84 0.86 0.83 0.85
It=1 FDR 0.66 1.87 0.13 0.70

s1/2 ≤ 992MeV s1/2 ≤ 992MeV
Roy eq. S0 0.54 0.23
Roy eq. S2 1.63 0.25
Roy eq. P 0.74 0.002
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FIGURE 1. Unconstrained fits to different ππ partial waves. Almost all constrained fits are indistin-
guishable except those for S2, D2 and S0 waves that are also shown here.

TABLE 1. Average discrepancies d̄2 of the UDF and CDF for each FDR and RE. On aver-
age, the UDF are consistent with dispersion relations. Note the remarkable CDF consistency.

Unconstrained Data Fits (UDF)DF Constrained Data Fits (CDF)

s1/2 ≤ 932MeV s1/2 ≤ 1420MeV s1/2 ≤ 992MeV s1/2 ≤ 1420MeV
π0π0 FDR 0.12 0.29 0.13 0.31
π+π0 FDR 0.84 0.86 0.83 0.85
It=1 FDR 0.66 1.87 0.13 0.70

s1/2 ≤ 992MeV s1/2 ≤ 992MeV
Roy eq. S0 0.54 0.23
Roy eq. S2 1.63 0.25
Roy eq. P 0.74 0.002
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FIGURE 1. Unconstrained fits to different ππ partial waves. Almost all constrained fits are indistin-
guishable except those for S2, D2 and S0 waves that are also shown here.

TABLE 1. Average discrepancies d̄2 of the UDF and CDF for each FDR and RE. On aver-
age, the UDF are consistent with dispersion relations. Note the remarkable CDF consistency.

Unconstrained Data Fits (UDF)DF Constrained Data Fits (CDF)

s1/2 ≤ 932MeV s1/2 ≤ 1420MeV s1/2 ≤ 992MeV s1/2 ≤ 1420MeV
π0π0 FDR 0.12 0.29 0.13 0.31
π+π0 FDR 0.84 0.86 0.83 0.85
It=1 FDR 0.66 1.87 0.13 0.70

s1/2 ≤ 992MeV s1/2 ≤ 992MeV
Roy eq. S0 0.54 0.23
Roy eq. S2 1.63 0.25
Roy eq. P 0.74 0.002
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FIG. 2. Schematic picture of the lake, panel (a), and of the
peninsula determination, (b). In (a) the solid blue lines en-

close the allowed region for the amplitude T (2)
0 when we im-

pose the chiral zero condition at s0 = 1/2 and the ⇢ resonance.
The same region is shown in panel (b) by dashed blue lines.
The solid blue lines in (b) embraces the allowed region when
the three scattering lengths are set to the experimental val-
ues within errors. In both panels we denote in red the region
where we cannot fix s2 and in green where we can.

boundary of the allowed region is shown in Fig. 1. It
has a smooth tip, a point of highest curvature; we do
not know if it corresponds to any physical theory. The
black dot represents the QCD experimental values from
table I. We see that it is well inside the allowed region.
Indeed, we can study the various phase shifts of the ex-
tremal solutions along the boundary and realize these do
not resemble QCD. This is not surprising because we are
not imposing anything yet about the chiral symmetry
breaking physics which pions describe.

The lake

To do so, we would like to impose the existence of the
two chiral zeros described in (4). However, these zeros
appear in the unphysical region s < 4 and their position
cannot be measured experimentally. So our next investi-
gation aims at getting some hints about their position.

We start by fixing one chiral zero s0 in the singlet

channel amplitude T (0)
0 (s) and the vector ⇢ resonance

with mass parameters m
⇢

' (5.5 + 0.5 i). 7 Then we
maximize and minimize the symmetric channel ampli-

tude T (2)
0 (s) for 0 < s < 4 obtaining the blue solid curves

in Fig. 2(a) (here represented s0 = 1/2). We learn that
there are regions where we cannot impose a chiral zero
s2 since the maximum and minimum are both negative
there (red segment). Therefore, we can simultaneously

impose the weak coupling conditions T (2)
0 (s2) = 0 and

T (0)
0 (s0) = 0 only when the upper boundary is positive

7 The condition T (0)
0 (s0)=0 sets one linear constraint on the con-

stants a
nm

and b
nm

in the ansatz (2) which allows us to solve for
one of these constants. The resonance condition eliminates two
more constants because the real and imaginary part of eq. (3)
are di↵erent constraints.
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FIG. 3. Pion Lake: the white region is the exclusion area
in the plane (s0, s2) when we fix the ⇢ resonance. The black
point corresponds to tree-level chiral perturbation theory (5)
which is now excluded. We show the shape of the lake for
three di↵erent N

max

= 12, 13, 14 (blue to red): convergence
is guaranteed by the three curves almost overlapping.

(green segment). Repeating this game for various s0 al-
lows us to exclude a full region in the (s0, s2) plane. This
region, depicted in Fig. 3 is what we dub the pion Lake.

Notice that, while the amplitude maximizing T (2)
0 (s)

is unique, there can be many amplitudes having the same
zero s2. On the other hand, the intersection of the upper
boundary of the allowed region with the s2 axis selects
a unique amplitude since a zero there coincides with the
maximum possible value at that point. This uniqueness
of the boundary theories is the same sort of uniqueness
found and thoroughly explored in the conformal boot-
strap [19].

Remarkably, the prediction (s0, s2) = (1/2, 2) of lead-
ing order chiral perturbation theory (5) is clearly ex-
cluded. What the lake is telling us is that we need to
be considerably far from that weak coupling point to be
able to include such a strong coupling phenomena as a
resonance. Therefore, we can think that the boundary
of the lake corresponds to theories that are as free as

possible given that they contain the ⇢ resonance.
If we were to take the complex ⇢ mass to be larger

and larger (i.e. further away in the Mandelstam plane)
the lake (i.e. the excluded region) would become thinner
and thinner eventually becoming a line segment passing
through the chiral perturbation theory point and very
well fitted by our numerics to s2 � 2+4/5(s0 � 1/2) = 0.
Curiously this line of zeros would correspond to a tree
level amplitude A(s|t, u) / s�m2

⇡

↵; ↵ = 1 yields (5). It
would be interesting to further explore this line segment
analytically; it should be related to an interesting line of
perturbative field theories.

We next ask whether anything interesting happens
along the lake shore for these freest possible theories. In
Fig. 4 we follow the scattering lengths around the lake.

Max-Min	T (2)
0
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FIG. 2. Schematic picture of the lake, panel (a), and of the
peninsula determination, (b). In (a) the solid blue lines en-

close the allowed region for the amplitude T (2)
0 when we im-

pose the chiral zero condition at s0 = 1/2 and the ⇢ resonance.
The same region is shown in panel (b) by dashed blue lines.
The solid blue lines in (b) embraces the allowed region when
the three scattering lengths are set to the experimental val-
ues within errors. In both panels we denote in red the region
where we cannot fix s2 and in green where we can.

boundary of the allowed region is shown in Fig. 1. It
has a smooth tip, a point of highest curvature; we do
not know if it corresponds to any physical theory. The
black dot represents the QCD experimental values from
table I. We see that it is well inside the allowed region.
Indeed, we can study the various phase shifts of the ex-
tremal solutions along the boundary and realize these do
not resemble QCD. This is not surprising because we are
not imposing anything yet about the chiral symmetry
breaking physics which pions describe.

The lake

To do so, we would like to impose the existence of the
two chiral zeros described in (4). However, these zeros
appear in the unphysical region s < 4 and their position
cannot be measured experimentally. So our next investi-
gation aims at getting some hints about their position.

We start by fixing one chiral zero s0 in the singlet

channel amplitude T (0)
0 (s) and the vector ⇢ resonance

with mass parameters m
⇢

' (5.5 + 0.5 i). 7 Then we
maximize and minimize the symmetric channel ampli-

tude T (2)
0 (s) for 0 < s < 4 obtaining the blue solid curves

in Fig. 2(a) (here represented s0 = 1/2). We learn that
there are regions where we cannot impose a chiral zero
s2 since the maximum and minimum are both negative
there (red segment). Therefore, we can simultaneously

impose the weak coupling conditions T (2)
0 (s2) = 0 and

T (0)
0 (s0) = 0 only when the upper boundary is positive

7 The condition T (0)
0 (s0)=0 sets one linear constraint on the con-

stants a
nm

and b
nm

in the ansatz (2) which allows us to solve for
one of these constants. The resonance condition eliminates two
more constants because the real and imaginary part of eq. (3)
are di↵erent constraints.
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comparable to experiments
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FIG. 3. Pion Lake: the white region is the exclusion area
in the plane (s0, s2) when we fix the ⇢ resonance. The black
point corresponds to tree-level chiral perturbation theory (5)
which is now excluded. We show the shape of the lake for
three di↵erent N

max

= 12, 13, 14 (blue to red): convergence
is guaranteed by the three curves almost overlapping.

(green segment). Repeating this game for various s0 al-
lows us to exclude a full region in the (s0, s2) plane. This
region, depicted in Fig. 3 is what we dub the pion Lake.

Notice that, while the amplitude maximizing T (2)
0 (s)

is unique, there can be many amplitudes having the same
zero s2. On the other hand, the intersection of the upper
boundary of the allowed region with the s2 axis selects
a unique amplitude since a zero there coincides with the
maximum possible value at that point. This uniqueness
of the boundary theories is the same sort of uniqueness
found and thoroughly explored in the conformal boot-
strap [19].

Remarkably, the prediction (s0, s2) = (1/2, 2) of lead-
ing order chiral perturbation theory (5) is clearly ex-
cluded. What the lake is telling us is that we need to
be considerably far from that weak coupling point to be
able to include such a strong coupling phenomena as a
resonance. Therefore, we can think that the boundary
of the lake corresponds to theories that are as free as

possible given that they contain the ⇢ resonance.
If we were to take the complex ⇢ mass to be larger

and larger (i.e. further away in the Mandelstam plane)
the lake (i.e. the excluded region) would become thinner
and thinner eventually becoming a line segment passing
through the chiral perturbation theory point and very
well fitted by our numerics to s2 � 2+4/5(s0 � 1/2) = 0.
Curiously this line of zeros would correspond to a tree
level amplitude A(s|t, u) / s�m2

⇡

↵; ↵ = 1 yields (5). It
would be interesting to further explore this line segment
analytically; it should be related to an interesting line of
perturbative field theories.

We next ask whether anything interesting happens
along the lake shore for these freest possible theories. In
Fig. 4 we follow the scattering lengths around the lake.

Impose:



3

South shore

North shore

s2

T (2)
0

(a)

Lake
<latexit sha1_base64="gNGJmG0yrI2YxAC4hLfPK32zMqg=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNBQUQSIPKbGi9WUTTjk/dLdGRFbEV9BCRYdo+RYK/gXbuICEqUYzu9rZ8SIlDdn2p1VaWl5ZXSuvVzY2t7Z3qrt7bRPGWmBLhCrUXQ8MKhlgiyQp7EYawfcUdrzJZeZ37lEbGQa3NI3Q9WEcyJEUQKnU6xM+UHINE5wNqjW7bufgi8QpSI0VaA6qX/1hKGIfAxIKjOk5dkRuApqkUDir9GODEYgJjLGX0gB8NG6SR57xo9gAhTxCzaXiuYi/NxLwjZn6XjrpA92ZeS8T//N6MY3O3UQGUUwYiOwQSYX5ISO0TLtAPpQaiSBLjlwGXIAGItSSgxCpGKflVNI+nPnvF0n7pO6k/Oa01rgomimzA3bIjpnDzliDXbEmazHBQvbEntmL9Wi9Wm/W+89oySp29tkfWB/fej6WAw==</latexit><latexit sha1_base64="gNGJmG0yrI2YxAC4hLfPK32zMqg=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNBQUQSIPKbGi9WUTTjk/dLdGRFbEV9BCRYdo+RYK/gXbuICEqUYzu9rZ8SIlDdn2p1VaWl5ZXSuvVzY2t7Z3qrt7bRPGWmBLhCrUXQ8MKhlgiyQp7EYawfcUdrzJZeZ37lEbGQa3NI3Q9WEcyJEUQKnU6xM+UHINE5wNqjW7bufgi8QpSI0VaA6qX/1hKGIfAxIKjOk5dkRuApqkUDir9GODEYgJjLGX0gB8NG6SR57xo9gAhTxCzaXiuYi/NxLwjZn6XjrpA92ZeS8T//N6MY3O3UQGUUwYiOwQSYX5ISO0TLtAPpQaiSBLjlwGXIAGItSSgxCpGKflVNI+nPnvF0n7pO6k/Oa01rgomimzA3bIjpnDzliDXbEmazHBQvbEntmL9Wi9Wm/W+89oySp29tkfWB/fej6WAw==</latexit><latexit sha1_base64="gNGJmG0yrI2YxAC4hLfPK32zMqg=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNBQUQSIPKbGi9WUTTjk/dLdGRFbEV9BCRYdo+RYK/gXbuICEqUYzu9rZ8SIlDdn2p1VaWl5ZXSuvVzY2t7Z3qrt7bRPGWmBLhCrUXQ8MKhlgiyQp7EYawfcUdrzJZeZ37lEbGQa3NI3Q9WEcyJEUQKnU6xM+UHINE5wNqjW7bufgi8QpSI0VaA6qX/1hKGIfAxIKjOk5dkRuApqkUDir9GODEYgJjLGX0gB8NG6SR57xo9gAhTxCzaXiuYi/NxLwjZn6XjrpA92ZeS8T//N6MY3O3UQGUUwYiOwQSYX5ISO0TLtAPpQaiSBLjlwGXIAGItSSgxCpGKflVNI+nPnvF0n7pO6k/Oa01rgomimzA3bIjpnDzliDXbEmazHBQvbEntmL9Wi9Wm/W+89oySp29tkfWB/fej6WAw==</latexit><latexit sha1_base64="gNGJmG0yrI2YxAC4hLfPK32zMqg=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNBQUQSIPKbGi9WUTTjk/dLdGRFbEV9BCRYdo+RYK/gXbuICEqUYzu9rZ8SIlDdn2p1VaWl5ZXSuvVzY2t7Z3qrt7bRPGWmBLhCrUXQ8MKhlgiyQp7EYawfcUdrzJZeZ37lEbGQa3NI3Q9WEcyJEUQKnU6xM+UHINE5wNqjW7bufgi8QpSI0VaA6qX/1hKGIfAxIKjOk5dkRuApqkUDir9GODEYgJjLGX0gB8NG6SR57xo9gAhTxCzaXiuYi/NxLwjZn6XjrpA92ZeS8T//N6MY3O3UQGUUwYiOwQSYX5ISO0TLtAPpQaiSBLjlwGXIAGItSSgxCpGKflVNI+nPnvF0n7pO6k/Oa01rgomimzA3bIjpnDzliDXbEmazHBQvbEntmL9Wi9Wm/W+89oySp29tkfWB/fej6WAw==</latexit>

Peninsula

South shore

North shore

s2

T (2)
0

(b)

FIG. 2. Schematic picture of the lake, panel (a), and of the
peninsula determination, (b). In (a) the solid blue lines en-

close the allowed region for the amplitude T (2)
0 when we im-

pose the chiral zero condition at s0 = 1/2 and the ⇢ resonance.
The same region is shown in panel (b) by dashed blue lines.
The solid blue lines in (b) embraces the allowed region when
the three scattering lengths are set to the experimental val-
ues within errors. In both panels we denote in red the region
where we cannot fix s2 and in green where we can.

boundary of the allowed region is shown in Fig. 1. It
has a smooth tip, a point of highest curvature; we do
not know if it corresponds to any physical theory. The
black dot represents the QCD experimental values from
table I. We see that it is well inside the allowed region.
Indeed, we can study the various phase shifts of the ex-
tremal solutions along the boundary and realize these do
not resemble QCD. This is not surprising because we are
not imposing anything yet about the chiral symmetry
breaking physics which pions describe.

The lake

To do so, we would like to impose the existence of the
two chiral zeros described in (4). However, these zeros
appear in the unphysical region s < 4 and their position
cannot be measured experimentally. So our next investi-
gation aims at getting some hints about their position.

We start by fixing one chiral zero s0 in the singlet

channel amplitude T (0)
0 (s) and the vector ⇢ resonance

with mass parameters m
⇢

' (5.5 + 0.5 i). 7 Then we
maximize and minimize the symmetric channel ampli-

tude T (2)
0 (s) for 0 < s < 4 obtaining the blue solid curves

in Fig. 2(a) (here represented s0 = 1/2). We learn that
there are regions where we cannot impose a chiral zero
s2 since the maximum and minimum are both negative
there (red segment). Therefore, we can simultaneously

impose the weak coupling conditions T (2)
0 (s2) = 0 and

T (0)
0 (s0) = 0 only when the upper boundary is positive

7 The condition T (0)
0 (s0)=0 sets one linear constraint on the con-

stants a
nm

and b
nm

in the ansatz (2) which allows us to solve for
one of these constants. The resonance condition eliminates two
more constants because the real and imaginary part of eq. (3)
are di↵erent constraints.
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FIG. 3. Pion Lake: the white region is the exclusion area
in the plane (s0, s2) when we fix the ⇢ resonance. The black
point corresponds to tree-level chiral perturbation theory (5)
which is now excluded. We show the shape of the lake for
three di↵erent N

max

= 12, 13, 14 (blue to red): convergence
is guaranteed by the three curves almost overlapping.

(green segment). Repeating this game for various s0 al-
lows us to exclude a full region in the (s0, s2) plane. This
region, depicted in Fig. 3 is what we dub the pion Lake.

Notice that, while the amplitude maximizing T (2)
0 (s)

is unique, there can be many amplitudes having the same
zero s2. On the other hand, the intersection of the upper
boundary of the allowed region with the s2 axis selects
a unique amplitude since a zero there coincides with the
maximum possible value at that point. This uniqueness
of the boundary theories is the same sort of uniqueness
found and thoroughly explored in the conformal boot-
strap [19].

Remarkably, the prediction (s0, s2) = (1/2, 2) of lead-
ing order chiral perturbation theory (5) is clearly ex-
cluded. What the lake is telling us is that we need to
be considerably far from that weak coupling point to be
able to include such a strong coupling phenomena as a
resonance. Therefore, we can think that the boundary
of the lake corresponds to theories that are as free as

possible given that they contain the ⇢ resonance.
If we were to take the complex ⇢ mass to be larger

and larger (i.e. further away in the Mandelstam plane)
the lake (i.e. the excluded region) would become thinner
and thinner eventually becoming a line segment passing
through the chiral perturbation theory point and very
well fitted by our numerics to s2 � 2+4/5(s0 � 1/2) = 0.
Curiously this line of zeros would correspond to a tree
level amplitude A(s|t, u) / s�m2

⇡

↵; ↵ = 1 yields (5). It
would be interesting to further explore this line segment
analytically; it should be related to an interesting line of
perturbative field theories.

We next ask whether anything interesting happens
along the lake shore for these freest possible theories. In
Fig. 4 we follow the scattering lengths around the lake.

The	Lake
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FIG. 4. Scattering lengths orbit around the lake. The colors
in the inset and in the panel match in order to help following
the orbit as we move around the lake. In the left inset we
zoom in on the A-kink: the black dot corresponds to the
tree-level chiral theory and the ellipsoid to the experimental
values for QCD. All the curves shown are obtained at fixed
N

max

= 14. The small non-smoothness of the A-B arc is a
numerical artefact (in any case it occurs in a region where

a
(1)
1 is huge, far from the pion physics we are interested in).

The points A and B – also in Fig. 3, correspond to cusps
both in the the scattering length orbit and in the lake
shape, as opposed to C which is a smooth transition
point. It is remarkable that along the shore A-C and,
in particular, at the kink A the sign of the scattering
lengths match the experimental ones being also close in
magnitude to them (see the left-inset in Fig. 4).

The peninsula

Motivated by these explorations, we consider a third
exploratory game where we now impose the ⇢ reso-
nance condition plus the scattering length inequalities

|a(0)
0 �0.2196| < 0.034 etc given in Table I. These upper

and lower bounds for each scattering length are simply 6
additional constraints to add to the many unitarity con-
ditions we have already. We repeat the procedure above
of maximizing and minimizing the value of the amplitude

in the symmetric channel T (2)
0 (s) with a zero s0 imposed

in the singlet channel T (0)
0 (s). The schematic represen-

tation of the result is in Fig. 2(b). We note that while
before we excluded a small segment, now the maximum
and minimum conditions exclude all but a tiny region for
possible positions s2 of the second chiral zero since only
in a very small segment is the minimum negative and
the maximum positive! Scanning over various s0 we thus
construct a full region in the (s0, s2) plane which is now
mostly excluded. It is represented in Fig. 5 and dubbed
as the pion peninsula for obvious reasons.
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FIG. 5. Pion peninsula: we fix the ⇢ resonance and the in-
equalities given by the experimental intervals for the three
scattering lengths. The colored region is the one allowed by
unitarity and di↵erent colors correspond to di↵erent N

max

from 12 to 20 as we go from blue to red. The dashed contour
encloses the pion lake.

It would be very interesting to see how the excluded re-
gion (the exterior of the peninsula) shrinks to the lake in
the limit when the inequalities imposed on the scattering
lengths become looser.

In Fig. 6 we plot the e↵ective ranges b
(0)
0 , b

(2)
0 as we

move around the peninsula boundary. Very nicely, we
note that at the tip of the peninsula the orbit passes close
to their experimental values in Table I. Besides, we ob-

serve the emergence of a first zero in S
(0)
0 that we identify

as the � resonance. It too approaches its experimental
position as we go to the tip of the peninsula.

The kink

By now, we have a few natural candidates for reason-
able chiral zeroes’ positions. We could take the values
along the shore of the pion lake which are closest to ex-
periment; or the sharp kink we observe along that shore;
or we could take the tip of the pion peninsula. In this
concluding section we fix the chiral zeros to the tip of the
peninsula at our largest N

max

= 20 value as illustrated
in Fig. 5.

With these chiral zeros fixed, we repeated the analy-
sis of the possible allowed values for the three scattering
lengths, as in Fig. 1. We observed that with these extra
constraints the resulting space is much more interesting
and intricate. We refrain from depicting it here since we
first want to make sure that our numerics have properly
converged close to all the various kinks and edges which
comprise its very rich boundary.

There seem to be, for example, two cusps in this three
dimensional space (one corresponding to the free the-
ory and another with scattering lengths roughly twice
as large as those measured in nature). The two cusps

Scattering	lengths	around	the	Lake
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FIG. 2. Schematic picture of the lake, panel (a), and of the
peninsula determination, (b). In (a) the solid blue lines en-

close the allowed region for the amplitude T (2)
0 when we im-

pose the chiral zero condition at s0 = 1/2 and the ⇢ resonance.
The same region is shown in panel (b) by dashed blue lines.
The solid blue lines in (b) embraces the allowed region when
the three scattering lengths are set to the experimental val-
ues within errors. In both panels we denote in red the region
where we cannot fix s2 and in green where we can.

boundary of the allowed region is shown in Fig. 1. It
has a smooth tip, a point of highest curvature; we do
not know if it corresponds to any physical theory. The
black dot represents the QCD experimental values from
table I. We see that it is well inside the allowed region.
Indeed, we can study the various phase shifts of the ex-
tremal solutions along the boundary and realize these do
not resemble QCD. This is not surprising because we are
not imposing anything yet about the chiral symmetry
breaking physics which pions describe.

The lake

To do so, we would like to impose the existence of the
two chiral zeros described in (4). However, these zeros
appear in the unphysical region s < 4 and their position
cannot be measured experimentally. So our next investi-
gation aims at getting some hints about their position.

We start by fixing one chiral zero s0 in the singlet

channel amplitude T (0)
0 (s) and the vector ⇢ resonance

with mass parameters m
⇢

' (5.5 + 0.5 i). 7 Then we
maximize and minimize the symmetric channel ampli-

tude T (2)
0 (s) for 0 < s < 4 obtaining the blue solid curves

in Fig. 2(a) (here represented s0 = 1/2). We learn that
there are regions where we cannot impose a chiral zero
s2 since the maximum and minimum are both negative
there (red segment). Therefore, we can simultaneously

impose the weak coupling conditions T (2)
0 (s2) = 0 and

T (0)
0 (s0) = 0 only when the upper boundary is positive

7 The condition T (0)
0 (s0)=0 sets one linear constraint on the con-

stants a
nm

and b
nm

in the ansatz (2) which allows us to solve for
one of these constants. The resonance condition eliminates two
more constants because the real and imaginary part of eq. (3)
are di↵erent constraints.
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FIG. 3. Pion Lake: the white region is the exclusion area
in the plane (s0, s2) when we fix the ⇢ resonance. The black
point corresponds to tree-level chiral perturbation theory (5)
which is now excluded. We show the shape of the lake for
three di↵erent N

max

= 12, 13, 14 (blue to red): convergence
is guaranteed by the three curves almost overlapping.

(green segment). Repeating this game for various s0 al-
lows us to exclude a full region in the (s0, s2) plane. This
region, depicted in Fig. 3 is what we dub the pion Lake.

Notice that, while the amplitude maximizing T (2)
0 (s)

is unique, there can be many amplitudes having the same
zero s2. On the other hand, the intersection of the upper
boundary of the allowed region with the s2 axis selects
a unique amplitude since a zero there coincides with the
maximum possible value at that point. This uniqueness
of the boundary theories is the same sort of uniqueness
found and thoroughly explored in the conformal boot-
strap [19].

Remarkably, the prediction (s0, s2) = (1/2, 2) of lead-
ing order chiral perturbation theory (5) is clearly ex-
cluded. What the lake is telling us is that we need to
be considerably far from that weak coupling point to be
able to include such a strong coupling phenomena as a
resonance. Therefore, we can think that the boundary
of the lake corresponds to theories that are as free as

possible given that they contain the ⇢ resonance.
If we were to take the complex ⇢ mass to be larger

and larger (i.e. further away in the Mandelstam plane)
the lake (i.e. the excluded region) would become thinner
and thinner eventually becoming a line segment passing
through the chiral perturbation theory point and very
well fitted by our numerics to s2 � 2+4/5(s0 � 1/2) = 0.
Curiously this line of zeros would correspond to a tree
level amplitude A(s|t, u) / s�m2

⇡

↵; ↵ = 1 yields (5). It
would be interesting to further explore this line segment
analytically; it should be related to an interesting line of
perturbative field theories.

We next ask whether anything interesting happens
along the lake shore for these freest possible theories. In
Fig. 4 we follow the scattering lengths around the lake.

Max-Min	T (2)
0

S(1)
1 (m2

⇢) = 0

3

South shore

North shore

s2

T (2)
0

(a)

Lake
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FIG. 2. Schematic picture of the lake, panel (a), and of the
peninsula determination, (b). In (a) the solid blue lines en-

close the allowed region for the amplitude T (2)
0 when we im-

pose the chiral zero condition at s0 = 1/2 and the ⇢ resonance.
The same region is shown in panel (b) by dashed blue lines.
The solid blue lines in (b) embraces the allowed region when
the three scattering lengths are set to the experimental val-
ues within errors. In both panels we denote in red the region
where we cannot fix s2 and in green where we can.

boundary of the allowed region is shown in Fig. 1. It
has a smooth tip, a point of highest curvature; we do
not know if it corresponds to any physical theory. The
black dot represents the QCD experimental values from
table I. We see that it is well inside the allowed region.
Indeed, we can study the various phase shifts of the ex-
tremal solutions along the boundary and realize these do
not resemble QCD. This is not surprising because we are
not imposing anything yet about the chiral symmetry
breaking physics which pions describe.

The lake

To do so, we would like to impose the existence of the
two chiral zeros described in (4). However, these zeros
appear in the unphysical region s < 4 and their position
cannot be measured experimentally. So our next investi-
gation aims at getting some hints about their position.

We start by fixing one chiral zero s0 in the singlet

channel amplitude T (0)
0 (s) and the vector ⇢ resonance

with mass parameters m
⇢

' (5.5 + 0.5 i). 7 Then we
maximize and minimize the symmetric channel ampli-

tude T (2)
0 (s) for 0 < s < 4 obtaining the blue solid curves

in Fig. 2(a) (here represented s0 = 1/2). We learn that
there are regions where we cannot impose a chiral zero
s2 since the maximum and minimum are both negative
there (red segment). Therefore, we can simultaneously

impose the weak coupling conditions T (2)
0 (s2) = 0 and

T (0)
0 (s0) = 0 only when the upper boundary is positive

7 The condition T (0)
0 (s0)=0 sets one linear constraint on the con-

stants a
nm

and b
nm

in the ansatz (2) which allows us to solve for
one of these constants. The resonance condition eliminates two
more constants because the real and imaginary part of eq. (3)
are di↵erent constraints.
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FIG. 3. Pion Lake: the white region is the exclusion area
in the plane (s0, s2) when we fix the ⇢ resonance. The black
point corresponds to tree-level chiral perturbation theory (5)
which is now excluded. We show the shape of the lake for
three di↵erent N

max

= 12, 13, 14 (blue to red): convergence
is guaranteed by the three curves almost overlapping.

(green segment). Repeating this game for various s0 al-
lows us to exclude a full region in the (s0, s2) plane. This
region, depicted in Fig. 3 is what we dub the pion Lake.

Notice that, while the amplitude maximizing T (2)
0 (s)

is unique, there can be many amplitudes having the same
zero s2. On the other hand, the intersection of the upper
boundary of the allowed region with the s2 axis selects
a unique amplitude since a zero there coincides with the
maximum possible value at that point. This uniqueness
of the boundary theories is the same sort of uniqueness
found and thoroughly explored in the conformal boot-
strap [19].

Remarkably, the prediction (s0, s2) = (1/2, 2) of lead-
ing order chiral perturbation theory (5) is clearly ex-
cluded. What the lake is telling us is that we need to
be considerably far from that weak coupling point to be
able to include such a strong coupling phenomena as a
resonance. Therefore, we can think that the boundary
of the lake corresponds to theories that are as free as

possible given that they contain the ⇢ resonance.
If we were to take the complex ⇢ mass to be larger

and larger (i.e. further away in the Mandelstam plane)
the lake (i.e. the excluded region) would become thinner
and thinner eventually becoming a line segment passing
through the chiral perturbation theory point and very
well fitted by our numerics to s2 � 2+4/5(s0 � 1/2) = 0.
Curiously this line of zeros would correspond to a tree
level amplitude A(s|t, u) / s�m2

⇡

↵; ↵ = 1 yields (5). It
would be interesting to further explore this line segment
analytically; it should be related to an interesting line of
perturbative field theories.

We next ask whether anything interesting happens
along the lake shore for these freest possible theories. In
Fig. 4 we follow the scattering lengths around the lake.

Impose:
���a(0)0 � 0.2196

��� < 0.0034 ,
���a(1)1 � 0.038

��� < 0.002 ,
���a(2)0 + 0.0444

��� < 0.0012
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FIG. 4. Scattering lengths orbit around the lake. The colors
in the inset and in the panel match in order to help following
the orbit as we move around the lake. In the left inset we
zoom in on the A-kink: the black dot corresponds to the
tree-level chiral theory and the ellipsoid to the experimental
values for QCD. All the curves shown are obtained at fixed
N

max

= 14. The small non-smoothness of the A-B arc is a
numerical artefact (in any case it occurs in a region where

a
(1)
1 is huge, far from the pion physics we are interested in).

The points A and B – also in Fig. 3, correspond to cusps
both in the the scattering length orbit and in the lake
shape, as opposed to C which is a smooth transition
point. It is remarkable that along the shore A-C and,
in particular, at the kink A the sign of the scattering
lengths match the experimental ones being also close in
magnitude to them (see the left-inset in Fig. 4).

The peninsula

Motivated by these explorations, we consider a third
exploratory game where we now impose the ⇢ reso-
nance condition plus the scattering length inequalities

|a(0)
0 �0.2196| < 0.034 etc given in Table I. These upper

and lower bounds for each scattering length are simply 6
additional constraints to add to the many unitarity con-
ditions we have already. We repeat the procedure above
of maximizing and minimizing the value of the amplitude

in the symmetric channel T (2)
0 (s) with a zero s0 imposed

in the singlet channel T (0)
0 (s). The schematic represen-

tation of the result is in Fig. 2(b). We note that while
before we excluded a small segment, now the maximum
and minimum conditions exclude all but a tiny region for
possible positions s2 of the second chiral zero since only
in a very small segment is the minimum negative and
the maximum positive! Scanning over various s0 we thus
construct a full region in the (s0, s2) plane which is now
mostly excluded. It is represented in Fig. 5 and dubbed
as the pion peninsula for obvious reasons.

s0

s2

0.38 0.40 0.42 0.44 0.46

1.96

1.98

2.00

2.02

2.04

1 2 3 4

1

2

3

4

FIG. 5. Pion peninsula: we fix the ⇢ resonance and the in-
equalities given by the experimental intervals for the three
scattering lengths. The colored region is the one allowed by
unitarity and di↵erent colors correspond to di↵erent N

max

from 12 to 20 as we go from blue to red. The dashed contour
encloses the pion lake.

It would be very interesting to see how the excluded re-
gion (the exterior of the peninsula) shrinks to the lake in
the limit when the inequalities imposed on the scattering
lengths become looser.

In Fig. 6 we plot the e↵ective ranges b
(0)
0 , b

(2)
0 as we

move around the peninsula boundary. Very nicely, we
note that at the tip of the peninsula the orbit passes close
to their experimental values in Table I. Besides, we ob-

serve the emergence of a first zero in S
(0)
0 that we identify

as the � resonance. It too approaches its experimental
position as we go to the tip of the peninsula.

The kink

By now, we have a few natural candidates for reason-
able chiral zeroes’ positions. We could take the values
along the shore of the pion lake which are closest to ex-
periment; or the sharp kink we observe along that shore;
or we could take the tip of the pion peninsula. In this
concluding section we fix the chiral zeros to the tip of the
peninsula at our largest N

max

= 20 value as illustrated
in Fig. 5.

With these chiral zeros fixed, we repeated the analy-
sis of the possible allowed values for the three scattering
lengths, as in Fig. 1. We observed that with these extra
constraints the resulting space is much more interesting
and intricate. We refrain from depicting it here since we
first want to make sure that our numerics have properly
converged close to all the various kinks and edges which
comprise its very rich boundary.

There seem to be, for example, two cusps in this three
dimensional space (one corresponding to the free the-
ory and another with scattering lengths roughly twice
as large as those measured in nature). The two cusps

The	Peninsula
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b
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Re(m
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)
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s0
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FIG. 6. Trajectory of the e↵ective ranges in the (b(0)0 , b
(2)
0 )

plane (upper left panel), and of the spin-0 zero in the
(Re(m

�

), Im(m
�

)) plane (lower left panel) as we travel on the
boundary of the peninsula (right panel), at fixed N

max

= 20.
The blue elliptic regions represent the experimental values
and their uncertainty. In gray from lighter to darker the same
trajectories for N

max

= 16, ..., 19.

are connected by a sharp edge where the QCD scatter-
ing lengths seems to lie. To illustrate this, we consider
in Fig. 7 a two-dimensional section of the allowed space

intersecting this sharp edge at fixed a
(0)
0 = 0.2196, the

expected experimental value for this scattering length.
As illustrated in this figure, not only do we have a very
sharp kink but its location is extremely close to the ex-
perimental values.

Moreover, if we follow other quantities as the e↵ective

ranges b
(0)
0 , b

(2)
0 or the complex mass m

�

of the emerging

spin-zero resonance as a function of a
(1)
1 , they all show

a kink compatible with their experimental values! We

even observe the emergence of a zero in S
(1)
1 which we

would like to identify with the ⇢ resonance. (As seen
in the figure, its real part is actually quite close to the
experimental one but its imaginary part is o↵.) 8

We find it remarkable that the theories lying at the
boundary of the allowed space have any resemblance to
those in the real world, with resonances emerging dynam-
ically and with various physical parameters extremely
close to the values observed in nature. Of course, a more

8 In our setup, the boundary of our S-matrix theory space will
typically saturate unitarity. However, at some high energy we
have sizeable inelasticities in pion scattering most notably at the
KK̄ threshold. As an instructive exploration we imposed – by
hand – reasonable inelasticity in the unitarity constraints start-
ing at this threshold and observed that most of the low energy
parameters such as the ones plotted here are stable and almost
do not change. (Similar games were played in two dimensions in
[20] with similar conclusions.) To rigorously take these physical
processes into account we would have to scatter K-ons as well
and consider multiple pion scattering processes.
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Re(m�)
<latexit sha1_base64="x/E+yk4H5yYgul9nJU2QAf2EWPc=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaCgDIg8piaL1ZRNOubOtuzUisvIBfAUtVHSIls+g4F+wQwpImGo0s6udHT9S0pLrfjpLyyura+u5jfzm1vbObmFvv2HD2Aisi1CFpuWDRSUDrJMkha3IIGhfYdMfXWZ+8x6NlWFwS+MIuxqGgRxIAZRKvUKxQ/hAyQ1OyrrXsXKo4bhXKLkVdwq+SLwZKbEZar3CV6cfilhjQEKBtW3PjaibgCEpFE7yndhiBGIEQ2ynNACNtptMw0/4UWyBQh6h4VLxqYi/NxLQ1o61n05qoDs772Xif147psF5N5FBFBMGIjtEUuH0kBVGpq0g70uDRJAlRy4DLsAAERrJQYhUjNOa8mkf3vz3i6RxUvFSfn1aql7MmsmxA3bIysxjZ6zKrliN1ZlgY/bEntmL8+i8Om/O+8/okjPbKbI/cD6+AZoxmUg=</latexit><latexit sha1_base64="x/E+yk4H5yYgul9nJU2QAf2EWPc=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaCgDIg8piaL1ZRNOubOtuzUisvIBfAUtVHSIls+g4F+wQwpImGo0s6udHT9S0pLrfjpLyyura+u5jfzm1vbObmFvv2HD2Aisi1CFpuWDRSUDrJMkha3IIGhfYdMfXWZ+8x6NlWFwS+MIuxqGgRxIAZRKvUKxQ/hAyQ1OyrrXsXKo4bhXKLkVdwq+SLwZKbEZar3CV6cfilhjQEKBtW3PjaibgCEpFE7yndhiBGIEQ2ynNACNtptMw0/4UWyBQh6h4VLxqYi/NxLQ1o61n05qoDs772Xif147psF5N5FBFBMGIjtEUuH0kBVGpq0g70uDRJAlRy4DLsAAERrJQYhUjNOa8mkf3vz3i6RxUvFSfn1aql7MmsmxA3bIysxjZ6zKrliN1ZlgY/bEntmL8+i8Om/O+8/okjPbKbI/cD6+AZoxmUg=</latexit><latexit sha1_base64="x/E+yk4H5yYgul9nJU2QAf2EWPc=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaCgDIg8piaL1ZRNOubOtuzUisvIBfAUtVHSIls+g4F+wQwpImGo0s6udHT9S0pLrfjpLyyura+u5jfzm1vbObmFvv2HD2Aisi1CFpuWDRSUDrJMkha3IIGhfYdMfXWZ+8x6NlWFwS+MIuxqGgRxIAZRKvUKxQ/hAyQ1OyrrXsXKo4bhXKLkVdwq+SLwZKbEZar3CV6cfilhjQEKBtW3PjaibgCEpFE7yndhiBGIEQ2ynNACNtptMw0/4UWyBQh6h4VLxqYi/NxLQ1o61n05qoDs772Xif147psF5N5FBFBMGIjtEUuH0kBVGpq0g70uDRJAlRy4DLsAAERrJQYhUjNOa8mkf3vz3i6RxUvFSfn1aql7MmsmxA3bIysxjZ6zKrliN1ZlgY/bEntmL8+i8Om/O+8/okjPbKbI/cD6+AZoxmUg=</latexit><latexit sha1_base64="x/E+yk4H5yYgul9nJU2QAf2EWPc=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaCgDIg8piaL1ZRNOubOtuzUisvIBfAUtVHSIls+g4F+wQwpImGo0s6udHT9S0pLrfjpLyyura+u5jfzm1vbObmFvv2HD2Aisi1CFpuWDRSUDrJMkha3IIGhfYdMfXWZ+8x6NlWFwS+MIuxqGgRxIAZRKvUKxQ/hAyQ1OyrrXsXKo4bhXKLkVdwq+SLwZKbEZar3CV6cfilhjQEKBtW3PjaibgCEpFE7yndhiBGIEQ2ynNACNtptMw0/4UWyBQh6h4VLxqYi/NxLQ1o61n05qoDs772Xif147psF5N5FBFBMGIjtEUuH0kBVGpq0g70uDRJAlRy4DLsAAERrJQYhUjNOa8mkf3vz3i6RxUvFSfn1aql7MmsmxA3bIysxjZ6zKrliN1ZlgY/bEntmL8+i8Om/O+8/okjPbKbI/cD6+AZoxmUg=</latexit>

Re(m⇢)
<latexit sha1_base64="nyzo2OJDb8MAm9RNSxGiweBdxv8=">AAACBXicbVC7TsNAEDzzDOGVQElzIkIKTWQjJCgjaCgDIg8ptqzzZZOccn7obg1EVmq+ghYqOkTLd1DwL9jGBSRMNZrZ1c6OF0mh0TQ/jaXlldW19dJGeXNre2e3Ut3r6DBWHNo8lKHqeUyDFAG0UaCEXqSA+Z6Erje5zPzuHSgtwuAWpxE4PhsFYig4w1RyK1Ub4QGTG5jVfddW4/DYrdTMhpmDLhKrIDVSoOVWvuxByGMfAuSSad23zAidhCkUXMKsbMcaIsYnbAT9lAbMB+0kefQZPYo1w5BGoKiQNBfh90bCfK2nvpdO+gzHet7LxP+8fozDcycRQRQjBDw7hEJCfkhzJdJOgA6EAkSWJQcqAsqZYoigBGWcp2KcllRO+7Dmv18knZOGlfLr01rzomimRA7IIakTi5yRJrkiLdImnNyTJ/JMXoxH49V4M95/RpeMYmef/IHx8Q0KDphs</latexit><latexit sha1_base64="nyzo2OJDb8MAm9RNSxGiweBdxv8=">AAACBXicbVC7TsNAEDzzDOGVQElzIkIKTWQjJCgjaCgDIg8ptqzzZZOccn7obg1EVmq+ghYqOkTLd1DwL9jGBSRMNZrZ1c6OF0mh0TQ/jaXlldW19dJGeXNre2e3Ut3r6DBWHNo8lKHqeUyDFAG0UaCEXqSA+Z6Erje5zPzuHSgtwuAWpxE4PhsFYig4w1RyK1Ub4QGTG5jVfddW4/DYrdTMhpmDLhKrIDVSoOVWvuxByGMfAuSSad23zAidhCkUXMKsbMcaIsYnbAT9lAbMB+0kefQZPYo1w5BGoKiQNBfh90bCfK2nvpdO+gzHet7LxP+8fozDcycRQRQjBDw7hEJCfkhzJdJOgA6EAkSWJQcqAsqZYoigBGWcp2KcllRO+7Dmv18knZOGlfLr01rzomimRA7IIakTi5yRJrkiLdImnNyTJ/JMXoxH49V4M95/RpeMYmef/IHx8Q0KDphs</latexit><latexit sha1_base64="nyzo2OJDb8MAm9RNSxGiweBdxv8=">AAACBXicbVC7TsNAEDzzDOGVQElzIkIKTWQjJCgjaCgDIg8ptqzzZZOccn7obg1EVmq+ghYqOkTLd1DwL9jGBSRMNZrZ1c6OF0mh0TQ/jaXlldW19dJGeXNre2e3Ut3r6DBWHNo8lKHqeUyDFAG0UaCEXqSA+Z6Erje5zPzuHSgtwuAWpxE4PhsFYig4w1RyK1Ub4QGTG5jVfddW4/DYrdTMhpmDLhKrIDVSoOVWvuxByGMfAuSSad23zAidhCkUXMKsbMcaIsYnbAT9lAbMB+0kefQZPYo1w5BGoKiQNBfh90bCfK2nvpdO+gzHet7LxP+8fozDcycRQRQjBDw7hEJCfkhzJdJOgA6EAkSWJQcqAsqZYoigBGWcp2KcllRO+7Dmv18knZOGlfLr01rzomimRA7IIakTi5yRJrkiLdImnNyTJ/JMXoxH49V4M95/RpeMYmef/IHx8Q0KDphs</latexit><latexit sha1_base64="nyzo2OJDb8MAm9RNSxGiweBdxv8=">AAACBXicbVC7TsNAEDzzDOGVQElzIkIKTWQjJCgjaCgDIg8ptqzzZZOccn7obg1EVmq+ghYqOkTLd1DwL9jGBSRMNZrZ1c6OF0mh0TQ/jaXlldW19dJGeXNre2e3Ut3r6DBWHNo8lKHqeUyDFAG0UaCEXqSA+Z6Erje5zPzuHSgtwuAWpxE4PhsFYig4w1RyK1Ub4QGTG5jVfddW4/DYrdTMhpmDLhKrIDVSoOVWvuxByGMfAuSSad23zAidhCkUXMKsbMcaIsYnbAT9lAbMB+0kefQZPYo1w5BGoKiQNBfh90bCfK2nvpdO+gzHet7LxP+8fozDcycRQRQjBDw7hEJCfkhzJdJOgA6EAkSWJQcqAsqZYoigBGWcp2KcllRO+7Dmv18knZOGlfLr01rzomimRA7IIakTi5yRJrkiLdImnNyTJ/JMXoxH49V4M95/RpeMYmef/IHx8Q0KDphs</latexit>

Im(m⇢)
<latexit sha1_base64="VbgNFU3pBnq9WAjDi5dzBmcxC24=">AAACBXicbVC7TgJBFJ31ifgCLW0mEhNsyK4x0ZJoox0m8khYspkdLjBhZnczc1clG2q/wlYrO2Prd1j4Lw5IoeCpTs65N/fcEyZSGHTdT2dpeWV1bT23kd/c2t7ZLRT3GiZONYc6j2WsWyEzIEUEdRQooZVoYCqU0AyHlxO/eQfaiDi6xVECHcX6kegJztBKQaHoIzxgdq3GZRX4ehAfB4WSW3GnoIvEm5ESmaEWFL78bsxTBRFyyYxpe26CnYxpFFzCOO+nBhLGh6wPbUsjpsB0smn0MT1KDcOYJqCpkHQqwu+NjCljRiq0k4rhwMx7E/E/r51i77yTiShJESI+OYRCwvSQ4VrYToB2hQZENkkOVESUM80QQQvKOLdiakvK2z68+e8XSeOk4ll+c1qqXsyayZEDckjKxCNnpEquSI3UCSf35Ik8kxfn0Xl13pz3n9ElZ7azT/7A+fgGCG2Yaw==</latexit><latexit sha1_base64="VbgNFU3pBnq9WAjDi5dzBmcxC24=">AAACBXicbVC7TgJBFJ31ifgCLW0mEhNsyK4x0ZJoox0m8khYspkdLjBhZnczc1clG2q/wlYrO2Prd1j4Lw5IoeCpTs65N/fcEyZSGHTdT2dpeWV1bT23kd/c2t7ZLRT3GiZONYc6j2WsWyEzIEUEdRQooZVoYCqU0AyHlxO/eQfaiDi6xVECHcX6kegJztBKQaHoIzxgdq3GZRX4ehAfB4WSW3GnoIvEm5ESmaEWFL78bsxTBRFyyYxpe26CnYxpFFzCOO+nBhLGh6wPbUsjpsB0smn0MT1KDcOYJqCpkHQqwu+NjCljRiq0k4rhwMx7E/E/r51i77yTiShJESI+OYRCwvSQ4VrYToB2hQZENkkOVESUM80QQQvKOLdiakvK2z68+e8XSeOk4ll+c1qqXsyayZEDckjKxCNnpEquSI3UCSf35Ik8kxfn0Xl13pz3n9ElZ7azT/7A+fgGCG2Yaw==</latexit><latexit sha1_base64="VbgNFU3pBnq9WAjDi5dzBmcxC24=">AAACBXicbVC7TgJBFJ31ifgCLW0mEhNsyK4x0ZJoox0m8khYspkdLjBhZnczc1clG2q/wlYrO2Prd1j4Lw5IoeCpTs65N/fcEyZSGHTdT2dpeWV1bT23kd/c2t7ZLRT3GiZONYc6j2WsWyEzIEUEdRQooZVoYCqU0AyHlxO/eQfaiDi6xVECHcX6kegJztBKQaHoIzxgdq3GZRX4ehAfB4WSW3GnoIvEm5ESmaEWFL78bsxTBRFyyYxpe26CnYxpFFzCOO+nBhLGh6wPbUsjpsB0smn0MT1KDcOYJqCpkHQqwu+NjCljRiq0k4rhwMx7E/E/r51i77yTiShJESI+OYRCwvSQ4VrYToB2hQZENkkOVESUM80QQQvKOLdiakvK2z68+e8XSeOk4ll+c1qqXsyayZEDckjKxCNnpEquSI3UCSf35Ik8kxfn0Xl13pz3n9ElZ7azT/7A+fgGCG2Yaw==</latexit><latexit sha1_base64="VbgNFU3pBnq9WAjDi5dzBmcxC24=">AAACBXicbVC7TgJBFJ31ifgCLW0mEhNsyK4x0ZJoox0m8khYspkdLjBhZnczc1clG2q/wlYrO2Prd1j4Lw5IoeCpTs65N/fcEyZSGHTdT2dpeWV1bT23kd/c2t7ZLRT3GiZONYc6j2WsWyEzIEUEdRQooZVoYCqU0AyHlxO/eQfaiDi6xVECHcX6kegJztBKQaHoIzxgdq3GZRX4ehAfB4WSW3GnoIvEm5ESmaEWFL78bsxTBRFyyYxpe26CnYxpFFzCOO+nBhLGh6wPbUsjpsB0smn0MT1KDcOYJqCpkHQqwu+NjCljRiq0k4rhwMx7E/E/r51i77yTiShJESI+OYRCwvSQ4VrYToB2hQZENkkOVESUM80QQQvKOLdiakvK2z68+e8XSeOk4ll+c1qqXsyayZEDckjKxCNnpEquSI3UCSf35Ik8kxfn0Xl13pz3n9ElZ7azT/7A+fgGCG2Yaw==</latexit>

Im(m�)
<latexit sha1_base64="Uv+o+yivsv1QmvEiPmz8i+2A1y0=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaKALEnlISRStL5twyp1t3a0RkZUP4CtooaJDtHwGBf+CY1JAwlSjmV3t7PiRkpZc99NZWl5ZXVvPbeQ3t7Z3dgt7+w0bxkZgXYQqNC0fLCoZYJ0kKWxFBkH7Cpv+6HLqN+/RWBkGtzSOsKthGMiBFECp1CsUO4QPlFzrSVn3OlYONRz3CiW34mbgi8SbkRKbodYrfHX6oYg1BiQUWNv23Ii6CRiSQuEk34ktRiBGMMR2SgPQaLtJFn7Cj2ILFPIIDZeKZyL+3khAWzvWfjqpge7svDcV//PaMQ3Ou4kMopgwENNDJBVmh6wwMm0FeV8aJIJpcuQy4AIMEKGRHIRIxTitKZ/24c1/v0gaJxUv5TenperFrJkcO2CHrMw8dsaq7IrVWJ0JNmZP7Jm9OI/Oq/PmvP+MLjmznSL7A+fjG5iOmUc=</latexit><latexit sha1_base64="Uv+o+yivsv1QmvEiPmz8i+2A1y0=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaKALEnlISRStL5twyp1t3a0RkZUP4CtooaJDtHwGBf+CY1JAwlSjmV3t7PiRkpZc99NZWl5ZXVvPbeQ3t7Z3dgt7+w0bxkZgXYQqNC0fLCoZYJ0kKWxFBkH7Cpv+6HLqN+/RWBkGtzSOsKthGMiBFECp1CsUO4QPlFzrSVn3OlYONRz3CiW34mbgi8SbkRKbodYrfHX6oYg1BiQUWNv23Ii6CRiSQuEk34ktRiBGMMR2SgPQaLtJFn7Cj2ILFPIIDZeKZyL+3khAWzvWfjqpge7svDcV//PaMQ3Ou4kMopgwENNDJBVmh6wwMm0FeV8aJIJpcuQy4AIMEKGRHIRIxTitKZ/24c1/v0gaJxUv5TenperFrJkcO2CHrMw8dsaq7IrVWJ0JNmZP7Jm9OI/Oq/PmvP+MLjmznSL7A+fjG5iOmUc=</latexit><latexit sha1_base64="Uv+o+yivsv1QmvEiPmz8i+2A1y0=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaKALEnlISRStL5twyp1t3a0RkZUP4CtooaJDtHwGBf+CY1JAwlSjmV3t7PiRkpZc99NZWl5ZXVvPbeQ3t7Z3dgt7+w0bxkZgXYQqNC0fLCoZYJ0kKWxFBkH7Cpv+6HLqN+/RWBkGtzSOsKthGMiBFECp1CsUO4QPlFzrSVn3OlYONRz3CiW34mbgi8SbkRKbodYrfHX6oYg1BiQUWNv23Ii6CRiSQuEk34ktRiBGMMR2SgPQaLtJFn7Cj2ILFPIIDZeKZyL+3khAWzvWfjqpge7svDcV//PaMQ3Ou4kMopgwENNDJBVmh6wwMm0FeV8aJIJpcuQy4AIMEKGRHIRIxTitKZ/24c1/v0gaJxUv5TenperFrJkcO2CHrMw8dsaq7IrVWJ0JNmZP7Jm9OI/Oq/PmvP+MLjmznSL7A+fjG5iOmUc=</latexit><latexit sha1_base64="Uv+o+yivsv1QmvEiPmz8i+2A1y0=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaKALEnlISRStL5twyp1t3a0RkZUP4CtooaJDtHwGBf+CY1JAwlSjmV3t7PiRkpZc99NZWl5ZXVvPbeQ3t7Z3dgt7+w0bxkZgXYQqNC0fLCoZYJ0kKWxFBkH7Cpv+6HLqN+/RWBkGtzSOsKthGMiBFECp1CsUO4QPlFzrSVn3OlYONRz3CiW34mbgi8SbkRKbodYrfHX6oYg1BiQUWNv23Ii6CRiSQuEk34ktRiBGMMR2SgPQaLtJFn7Cj2ILFPIIDZeKZyL+3khAWzvWfjqpge7svDcV//PaMQ3Ou4kMopgwENNDJBVmh6wwMm0FeV8aJIJpcuQy4AIMEKGRHIRIxTitKZ/24c1/v0gaJxUv5TenperFrJkcO2CHrMw8dsaq7IrVWJ0JNmZP7Jm9OI/Oq/PmvP+MLjmznSL7A+fjG5iOmUc=</latexit>

a(1)1
<latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit>
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FIG. 7. Top-right panel: allowed region in the (a(2)
0 , a

(1)
1 )

plane at fixed s0 = 0.36, s2 = 2.04 and a
(0)
0 = 0.2196. All

the other panels show the e↵ective ranges and the resonance
masses along the same boundary as a function of a(1)

1 . Their
experimental values lie in the blue ellipses. N

max

goes from
14 to 20 (blue to red).

quantitative comparison (for the ⇢ particle life time for
instance) would entail a more detailed study of the con-
vergence of all phase shifts, exploration of various chiral
zeroes scenarios, etc.9 We hope to report of these explo-
rations soon.

III. CONCLUSIONS

We started exploring the space of low energy parame-
ters of massive QFT in 3 + 1 dimensions that have a low

9 Notice that the pion S-matrix is far from unique. For starters,
our assumptions are common to all QCD-like theories with fixed
symmetry breaking pattern in the IR, but di↵erent gauge group.
Moreover, for each gauge group, there is a continuous family
of theories as a function of ⇤

QCD

/m
⇡

. The situation is not
dissimilar from the lattice formulation where one needs to fix the
gauge group and set the bare masses of the quarks. However, it
is still hard for lattice simulations to work with physical pion
masses [21]. It would be interesting to use our framework to
study the scattering of particles in a regime accessible to the
current lattice simulations.
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)) plane (lower left panel) as we travel on the
boundary of the peninsula (right panel), at fixed N
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= 20.
The blue elliptic regions represent the experimental values
and their uncertainty. In gray from lighter to darker the same
trajectories for N

max

= 16, ..., 19.

are connected by a sharp edge where the QCD scatter-
ing lengths seems to lie. To illustrate this, we consider
in Fig. 7 a two-dimensional section of the allowed space

intersecting this sharp edge at fixed a
(0)
0 = 0.2196, the

expected experimental value for this scattering length.
As illustrated in this figure, not only do we have a very
sharp kink but its location is extremely close to the ex-
perimental values.

Moreover, if we follow other quantities as the e↵ective

ranges b
(0)
0 , b

(2)
0 or the complex mass m

�

of the emerging

spin-zero resonance as a function of a
(1)
1 , they all show

a kink compatible with their experimental values! We

even observe the emergence of a zero in S
(1)
1 which we

would like to identify with the ⇢ resonance. (As seen
in the figure, its real part is actually quite close to the
experimental one but its imaginary part is o↵.) 8

We find it remarkable that the theories lying at the
boundary of the allowed space have any resemblance to
those in the real world, with resonances emerging dynam-
ically and with various physical parameters extremely
close to the values observed in nature. Of course, a more

8 In our setup, the boundary of our S-matrix theory space will
typically saturate unitarity. However, at some high energy we
have sizeable inelasticities in pion scattering most notably at the
KK̄ threshold. As an instructive exploration we imposed – by
hand – reasonable inelasticity in the unitarity constraints start-
ing at this threshold and observed that most of the low energy
parameters such as the ones plotted here are stable and almost
do not change. (Similar games were played in two dimensions in
[20] with similar conclusions.) To rigorously take these physical
processes into account we would have to scatter K-ons as well
and consider multiple pion scattering processes.
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FIG. 7. Top-right panel: allowed region in the (a(2)
0 , a

(1)
1 )

plane at fixed s0 = 0.36, s2 = 2.04 and a
(0)
0 = 0.2196. All

the other panels show the e↵ective ranges and the resonance
masses along the same boundary as a function of a(1)

1 . Their
experimental values lie in the blue ellipses. N

max

goes from
14 to 20 (blue to red).

quantitative comparison (for the ⇢ particle life time for
instance) would entail a more detailed study of the con-
vergence of all phase shifts, exploration of various chiral
zeroes scenarios, etc.9 We hope to report of these explo-
rations soon.

III. CONCLUSIONS

We started exploring the space of low energy parame-
ters of massive QFT in 3 + 1 dimensions that have a low

9 Notice that the pion S-matrix is far from unique. For starters,
our assumptions are common to all QCD-like theories with fixed
symmetry breaking pattern in the IR, but di↵erent gauge group.
Moreover, for each gauge group, there is a continuous family
of theories as a function of ⇤

QCD

/m
⇡

. The situation is not
dissimilar from the lattice formulation where one needs to fix the
gauge group and set the bare masses of the quarks. However, it
is still hard for lattice simulations to work with physical pion
masses [21]. It would be interesting to use our framework to
study the scattering of particles in a regime accessible to the
current lattice simulations.

The	Kink

s0 = 0.36 , s2 = 2.04 , a(0)0 = 0.2196Impose:
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FIG. 6. Trajectory of the e↵ective ranges in the (b(0)0 , b
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plane (upper left panel), and of the spin-0 zero in the
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)) plane (lower left panel) as we travel on the
boundary of the peninsula (right panel), at fixed N

max

= 20.
The blue elliptic regions represent the experimental values
and their uncertainty. In gray from lighter to darker the same
trajectories for N

max

= 16, ..., 19.

are connected by a sharp edge where the QCD scatter-
ing lengths seems to lie. To illustrate this, we consider
in Fig. 7 a two-dimensional section of the allowed space

intersecting this sharp edge at fixed a
(0)
0 = 0.2196, the

expected experimental value for this scattering length.
As illustrated in this figure, not only do we have a very
sharp kink but its location is extremely close to the ex-
perimental values.

Moreover, if we follow other quantities as the e↵ective

ranges b
(0)
0 , b

(2)
0 or the complex mass m

�

of the emerging

spin-zero resonance as a function of a
(1)
1 , they all show

a kink compatible with their experimental values! We

even observe the emergence of a zero in S
(1)
1 which we

would like to identify with the ⇢ resonance. (As seen
in the figure, its real part is actually quite close to the
experimental one but its imaginary part is o↵.) 8

We find it remarkable that the theories lying at the
boundary of the allowed space have any resemblance to
those in the real world, with resonances emerging dynam-
ically and with various physical parameters extremely
close to the values observed in nature. Of course, a more

8 In our setup, the boundary of our S-matrix theory space will
typically saturate unitarity. However, at some high energy we
have sizeable inelasticities in pion scattering most notably at the
KK̄ threshold. As an instructive exploration we imposed – by
hand – reasonable inelasticity in the unitarity constraints start-
ing at this threshold and observed that most of the low energy
parameters such as the ones plotted here are stable and almost
do not change. (Similar games were played in two dimensions in
[20] with similar conclusions.) To rigorously take these physical
processes into account we would have to scatter K-ons as well
and consider multiple pion scattering processes.
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<latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit>

a(1)1
<latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit>

a(1)1
<latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit>

a(1)1
<latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit>

Re(m�)
<latexit sha1_base64="x/E+yk4H5yYgul9nJU2QAf2EWPc=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaCgDIg8piaL1ZRNOubOtuzUisvIBfAUtVHSIls+g4F+wQwpImGo0s6udHT9S0pLrfjpLyyura+u5jfzm1vbObmFvv2HD2Aisi1CFpuWDRSUDrJMkha3IIGhfYdMfXWZ+8x6NlWFwS+MIuxqGgRxIAZRKvUKxQ/hAyQ1OyrrXsXKo4bhXKLkVdwq+SLwZKbEZar3CV6cfilhjQEKBtW3PjaibgCEpFE7yndhiBGIEQ2ynNACNtptMw0/4UWyBQh6h4VLxqYi/NxLQ1o61n05qoDs772Xif147psF5N5FBFBMGIjtEUuH0kBVGpq0g70uDRJAlRy4DLsAAERrJQYhUjNOa8mkf3vz3i6RxUvFSfn1aql7MmsmxA3bIysxjZ6zKrliN1ZlgY/bEntmL8+i8Om/O+8/okjPbKbI/cD6+AZoxmUg=</latexit><latexit sha1_base64="x/E+yk4H5yYgul9nJU2QAf2EWPc=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaCgDIg8piaL1ZRNOubOtuzUisvIBfAUtVHSIls+g4F+wQwpImGo0s6udHT9S0pLrfjpLyyura+u5jfzm1vbObmFvv2HD2Aisi1CFpuWDRSUDrJMkha3IIGhfYdMfXWZ+8x6NlWFwS+MIuxqGgRxIAZRKvUKxQ/hAyQ1OyrrXsXKo4bhXKLkVdwq+SLwZKbEZar3CV6cfilhjQEKBtW3PjaibgCEpFE7yndhiBGIEQ2ynNACNtptMw0/4UWyBQh6h4VLxqYi/NxLQ1o61n05qoDs772Xif147psF5N5FBFBMGIjtEUuH0kBVGpq0g70uDRJAlRy4DLsAAERrJQYhUjNOa8mkf3vz3i6RxUvFSfn1aql7MmsmxA3bIysxjZ6zKrliN1ZlgY/bEntmL8+i8Om/O+8/okjPbKbI/cD6+AZoxmUg=</latexit><latexit sha1_base64="x/E+yk4H5yYgul9nJU2QAf2EWPc=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaCgDIg8piaL1ZRNOubOtuzUisvIBfAUtVHSIls+g4F+wQwpImGo0s6udHT9S0pLrfjpLyyura+u5jfzm1vbObmFvv2HD2Aisi1CFpuWDRSUDrJMkha3IIGhfYdMfXWZ+8x6NlWFwS+MIuxqGgRxIAZRKvUKxQ/hAyQ1OyrrXsXKo4bhXKLkVdwq+SLwZKbEZar3CV6cfilhjQEKBtW3PjaibgCEpFE7yndhiBGIEQ2ynNACNtptMw0/4UWyBQh6h4VLxqYi/NxLQ1o61n05qoDs772Xif147psF5N5FBFBMGIjtEUuH0kBVGpq0g70uDRJAlRy4DLsAAERrJQYhUjNOa8mkf3vz3i6RxUvFSfn1aql7MmsmxA3bIysxjZ6zKrliN1ZlgY/bEntmL8+i8Om/O+8/okjPbKbI/cD6+AZoxmUg=</latexit><latexit sha1_base64="x/E+yk4H5yYgul9nJU2QAf2EWPc=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaCgDIg8piaL1ZRNOubOtuzUisvIBfAUtVHSIls+g4F+wQwpImGo0s6udHT9S0pLrfjpLyyura+u5jfzm1vbObmFvv2HD2Aisi1CFpuWDRSUDrJMkha3IIGhfYdMfXWZ+8x6NlWFwS+MIuxqGgRxIAZRKvUKxQ/hAyQ1OyrrXsXKo4bhXKLkVdwq+SLwZKbEZar3CV6cfilhjQEKBtW3PjaibgCEpFE7yndhiBGIEQ2ynNACNtptMw0/4UWyBQh6h4VLxqYi/NxLQ1o61n05qoDs772Xif147psF5N5FBFBMGIjtEUuH0kBVGpq0g70uDRJAlRy4DLsAAERrJQYhUjNOa8mkf3vz3i6RxUvFSfn1aql7MmsmxA3bIysxjZ6zKrliN1ZlgY/bEntmL8+i8Om/O+8/okjPbKbI/cD6+AZoxmUg=</latexit>

Re(m⇢)
<latexit sha1_base64="nyzo2OJDb8MAm9RNSxGiweBdxv8=">AAACBXicbVC7TsNAEDzzDOGVQElzIkIKTWQjJCgjaCgDIg8ptqzzZZOccn7obg1EVmq+ghYqOkTLd1DwL9jGBSRMNZrZ1c6OF0mh0TQ/jaXlldW19dJGeXNre2e3Ut3r6DBWHNo8lKHqeUyDFAG0UaCEXqSA+Z6Erje5zPzuHSgtwuAWpxE4PhsFYig4w1RyK1Ub4QGTG5jVfddW4/DYrdTMhpmDLhKrIDVSoOVWvuxByGMfAuSSad23zAidhCkUXMKsbMcaIsYnbAT9lAbMB+0kefQZPYo1w5BGoKiQNBfh90bCfK2nvpdO+gzHet7LxP+8fozDcycRQRQjBDw7hEJCfkhzJdJOgA6EAkSWJQcqAsqZYoigBGWcp2KcllRO+7Dmv18knZOGlfLr01rzomimRA7IIakTi5yRJrkiLdImnNyTJ/JMXoxH49V4M95/RpeMYmef/IHx8Q0KDphs</latexit><latexit sha1_base64="nyzo2OJDb8MAm9RNSxGiweBdxv8=">AAACBXicbVC7TsNAEDzzDOGVQElzIkIKTWQjJCgjaCgDIg8ptqzzZZOccn7obg1EVmq+ghYqOkTLd1DwL9jGBSRMNZrZ1c6OF0mh0TQ/jaXlldW19dJGeXNre2e3Ut3r6DBWHNo8lKHqeUyDFAG0UaCEXqSA+Z6Erje5zPzuHSgtwuAWpxE4PhsFYig4w1RyK1Ub4QGTG5jVfddW4/DYrdTMhpmDLhKrIDVSoOVWvuxByGMfAuSSad23zAidhCkUXMKsbMcaIsYnbAT9lAbMB+0kefQZPYo1w5BGoKiQNBfh90bCfK2nvpdO+gzHet7LxP+8fozDcycRQRQjBDw7hEJCfkhzJdJOgA6EAkSWJQcqAsqZYoigBGWcp2KcllRO+7Dmv18knZOGlfLr01rzomimRA7IIakTi5yRJrkiLdImnNyTJ/JMXoxH49V4M95/RpeMYmef/IHx8Q0KDphs</latexit><latexit sha1_base64="nyzo2OJDb8MAm9RNSxGiweBdxv8=">AAACBXicbVC7TsNAEDzzDOGVQElzIkIKTWQjJCgjaCgDIg8ptqzzZZOccn7obg1EVmq+ghYqOkTLd1DwL9jGBSRMNZrZ1c6OF0mh0TQ/jaXlldW19dJGeXNre2e3Ut3r6DBWHNo8lKHqeUyDFAG0UaCEXqSA+Z6Erje5zPzuHSgtwuAWpxE4PhsFYig4w1RyK1Ub4QGTG5jVfddW4/DYrdTMhpmDLhKrIDVSoOVWvuxByGMfAuSSad23zAidhCkUXMKsbMcaIsYnbAT9lAbMB+0kefQZPYo1w5BGoKiQNBfh90bCfK2nvpdO+gzHet7LxP+8fozDcycRQRQjBDw7hEJCfkhzJdJOgA6EAkSWJQcqAsqZYoigBGWcp2KcllRO+7Dmv18knZOGlfLr01rzomimRA7IIakTi5yRJrkiLdImnNyTJ/JMXoxH49V4M95/RpeMYmef/IHx8Q0KDphs</latexit><latexit sha1_base64="nyzo2OJDb8MAm9RNSxGiweBdxv8=">AAACBXicbVC7TsNAEDzzDOGVQElzIkIKTWQjJCgjaCgDIg8ptqzzZZOccn7obg1EVmq+ghYqOkTLd1DwL9jGBSRMNZrZ1c6OF0mh0TQ/jaXlldW19dJGeXNre2e3Ut3r6DBWHNo8lKHqeUyDFAG0UaCEXqSA+Z6Erje5zPzuHSgtwuAWpxE4PhsFYig4w1RyK1Ub4QGTG5jVfddW4/DYrdTMhpmDLhKrIDVSoOVWvuxByGMfAuSSad23zAidhCkUXMKsbMcaIsYnbAT9lAbMB+0kefQZPYo1w5BGoKiQNBfh90bCfK2nvpdO+gzHet7LxP+8fozDcycRQRQjBDw7hEJCfkhzJdJOgA6EAkSWJQcqAsqZYoigBGWcp2KcllRO+7Dmv18knZOGlfLr01rzomimRA7IIakTi5yRJrkiLdImnNyTJ/JMXoxH49V4M95/RpeMYmef/IHx8Q0KDphs</latexit>

Im(m⇢)
<latexit sha1_base64="VbgNFU3pBnq9WAjDi5dzBmcxC24=">AAACBXicbVC7TgJBFJ31ifgCLW0mEhNsyK4x0ZJoox0m8khYspkdLjBhZnczc1clG2q/wlYrO2Prd1j4Lw5IoeCpTs65N/fcEyZSGHTdT2dpeWV1bT23kd/c2t7ZLRT3GiZONYc6j2WsWyEzIEUEdRQooZVoYCqU0AyHlxO/eQfaiDi6xVECHcX6kegJztBKQaHoIzxgdq3GZRX4ehAfB4WSW3GnoIvEm5ESmaEWFL78bsxTBRFyyYxpe26CnYxpFFzCOO+nBhLGh6wPbUsjpsB0smn0MT1KDcOYJqCpkHQqwu+NjCljRiq0k4rhwMx7E/E/r51i77yTiShJESI+OYRCwvSQ4VrYToB2hQZENkkOVESUM80QQQvKOLdiakvK2z68+e8XSeOk4ll+c1qqXsyayZEDckjKxCNnpEquSI3UCSf35Ik8kxfn0Xl13pz3n9ElZ7azT/7A+fgGCG2Yaw==</latexit><latexit sha1_base64="VbgNFU3pBnq9WAjDi5dzBmcxC24=">AAACBXicbVC7TgJBFJ31ifgCLW0mEhNsyK4x0ZJoox0m8khYspkdLjBhZnczc1clG2q/wlYrO2Prd1j4Lw5IoeCpTs65N/fcEyZSGHTdT2dpeWV1bT23kd/c2t7ZLRT3GiZONYc6j2WsWyEzIEUEdRQooZVoYCqU0AyHlxO/eQfaiDi6xVECHcX6kegJztBKQaHoIzxgdq3GZRX4ehAfB4WSW3GnoIvEm5ESmaEWFL78bsxTBRFyyYxpe26CnYxpFFzCOO+nBhLGh6wPbUsjpsB0smn0MT1KDcOYJqCpkHQqwu+NjCljRiq0k4rhwMx7E/E/r51i77yTiShJESI+OYRCwvSQ4VrYToB2hQZENkkOVESUM80QQQvKOLdiakvK2z68+e8XSeOk4ll+c1qqXsyayZEDckjKxCNnpEquSI3UCSf35Ik8kxfn0Xl13pz3n9ElZ7azT/7A+fgGCG2Yaw==</latexit><latexit sha1_base64="VbgNFU3pBnq9WAjDi5dzBmcxC24=">AAACBXicbVC7TgJBFJ31ifgCLW0mEhNsyK4x0ZJoox0m8khYspkdLjBhZnczc1clG2q/wlYrO2Prd1j4Lw5IoeCpTs65N/fcEyZSGHTdT2dpeWV1bT23kd/c2t7ZLRT3GiZONYc6j2WsWyEzIEUEdRQooZVoYCqU0AyHlxO/eQfaiDi6xVECHcX6kegJztBKQaHoIzxgdq3GZRX4ehAfB4WSW3GnoIvEm5ESmaEWFL78bsxTBRFyyYxpe26CnYxpFFzCOO+nBhLGh6wPbUsjpsB0smn0MT1KDcOYJqCpkHQqwu+NjCljRiq0k4rhwMx7E/E/r51i77yTiShJESI+OYRCwvSQ4VrYToB2hQZENkkOVESUM80QQQvKOLdiakvK2z68+e8XSeOk4ll+c1qqXsyayZEDckjKxCNnpEquSI3UCSf35Ik8kxfn0Xl13pz3n9ElZ7azT/7A+fgGCG2Yaw==</latexit><latexit sha1_base64="VbgNFU3pBnq9WAjDi5dzBmcxC24=">AAACBXicbVC7TgJBFJ31ifgCLW0mEhNsyK4x0ZJoox0m8khYspkdLjBhZnczc1clG2q/wlYrO2Prd1j4Lw5IoeCpTs65N/fcEyZSGHTdT2dpeWV1bT23kd/c2t7ZLRT3GiZONYc6j2WsWyEzIEUEdRQooZVoYCqU0AyHlxO/eQfaiDi6xVECHcX6kegJztBKQaHoIzxgdq3GZRX4ehAfB4WSW3GnoIvEm5ESmaEWFL78bsxTBRFyyYxpe26CnYxpFFzCOO+nBhLGh6wPbUsjpsB0smn0MT1KDcOYJqCpkHQqwu+NjCljRiq0k4rhwMx7E/E/r51i77yTiShJESI+OYRCwvSQ4VrYToB2hQZENkkOVESUM80QQQvKOLdiakvK2z68+e8XSeOk4ll+c1qqXsyayZEDckjKxCNnpEquSI3UCSf35Ik8kxfn0Xl13pz3n9ElZ7azT/7A+fgGCG2Yaw==</latexit>

Im(m�)
<latexit sha1_base64="Uv+o+yivsv1QmvEiPmz8i+2A1y0=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaKALEnlISRStL5twyp1t3a0RkZUP4CtooaJDtHwGBf+CY1JAwlSjmV3t7PiRkpZc99NZWl5ZXVvPbeQ3t7Z3dgt7+w0bxkZgXYQqNC0fLCoZYJ0kKWxFBkH7Cpv+6HLqN+/RWBkGtzSOsKthGMiBFECp1CsUO4QPlFzrSVn3OlYONRz3CiW34mbgi8SbkRKbodYrfHX6oYg1BiQUWNv23Ii6CRiSQuEk34ktRiBGMMR2SgPQaLtJFn7Cj2ILFPIIDZeKZyL+3khAWzvWfjqpge7svDcV//PaMQ3Ou4kMopgwENNDJBVmh6wwMm0FeV8aJIJpcuQy4AIMEKGRHIRIxTitKZ/24c1/v0gaJxUv5TenperFrJkcO2CHrMw8dsaq7IrVWJ0JNmZP7Jm9OI/Oq/PmvP+MLjmznSL7A+fjG5iOmUc=</latexit><latexit sha1_base64="Uv+o+yivsv1QmvEiPmz8i+2A1y0=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaKALEnlISRStL5twyp1t3a0RkZUP4CtooaJDtHwGBf+CY1JAwlSjmV3t7PiRkpZc99NZWl5ZXVvPbeQ3t7Z3dgt7+w0bxkZgXYQqNC0fLCoZYJ0kKWxFBkH7Cpv+6HLqN+/RWBkGtzSOsKthGMiBFECp1CsUO4QPlFzrSVn3OlYONRz3CiW34mbgi8SbkRKbodYrfHX6oYg1BiQUWNv23Ii6CRiSQuEk34ktRiBGMMR2SgPQaLtJFn7Cj2ILFPIIDZeKZyL+3khAWzvWfjqpge7svDcV//PaMQ3Ou4kMopgwENNDJBVmh6wwMm0FeV8aJIJpcuQy4AIMEKGRHIRIxTitKZ/24c1/v0gaJxUv5TenperFrJkcO2CHrMw8dsaq7IrVWJ0JNmZP7Jm9OI/Oq/PmvP+MLjmznSL7A+fjG5iOmUc=</latexit><latexit sha1_base64="Uv+o+yivsv1QmvEiPmz8i+2A1y0=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaKALEnlISRStL5twyp1t3a0RkZUP4CtooaJDtHwGBf+CY1JAwlSjmV3t7PiRkpZc99NZWl5ZXVvPbeQ3t7Z3dgt7+w0bxkZgXYQqNC0fLCoZYJ0kKWxFBkH7Cpv+6HLqN+/RWBkGtzSOsKthGMiBFECp1CsUO4QPlFzrSVn3OlYONRz3CiW34mbgi8SbkRKbodYrfHX6oYg1BiQUWNv23Ii6CRiSQuEk34ktRiBGMMR2SgPQaLtJFn7Cj2ILFPIIDZeKZyL+3khAWzvWfjqpge7svDcV//PaMQ3Ou4kMopgwENNDJBVmh6wwMm0FeV8aJIJpcuQy4AIMEKGRHIRIxTitKZ/24c1/v0gaJxUv5TenperFrJkcO2CHrMw8dsaq7IrVWJ0JNmZP7Jm9OI/Oq/PmvP+MLjmznSL7A+fjG5iOmUc=</latexit><latexit sha1_base64="Uv+o+yivsv1QmvEiPmz8i+2A1y0=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaKALEnlISRStL5twyp1t3a0RkZUP4CtooaJDtHwGBf+CY1JAwlSjmV3t7PiRkpZc99NZWl5ZXVvPbeQ3t7Z3dgt7+w0bxkZgXYQqNC0fLCoZYJ0kKWxFBkH7Cpv+6HLqN+/RWBkGtzSOsKthGMiBFECp1CsUO4QPlFzrSVn3OlYONRz3CiW34mbgi8SbkRKbodYrfHX6oYg1BiQUWNv23Ii6CRiSQuEk34ktRiBGMMR2SgPQaLtJFn7Cj2ILFPIIDZeKZyL+3khAWzvWfjqpge7svDcV//PaMQ3Ou4kMopgwENNDJBVmh6wwMm0FeV8aJIJpcuQy4AIMEKGRHIRIxTitKZ/24c1/v0gaJxUv5TenperFrJkcO2CHrMw8dsaq7IrVWJ0JNmZP7Jm9OI/Oq/PmvP+MLjmznSL7A+fjG5iOmUc=</latexit>

a(1)1
<latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit>
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FIG. 7. Top-right panel: allowed region in the (a(2)
0 , a

(1)
1 )

plane at fixed s0 = 0.36, s2 = 2.04 and a
(0)
0 = 0.2196. All

the other panels show the e↵ective ranges and the resonance
masses along the same boundary as a function of a(1)

1 . Their
experimental values lie in the blue ellipses. N

max

goes from
14 to 20 (blue to red).

quantitative comparison (for the ⇢ particle life time for
instance) would entail a more detailed study of the con-
vergence of all phase shifts, exploration of various chiral
zeroes scenarios, etc.9 We hope to report of these explo-
rations soon.

III. CONCLUSIONS

We started exploring the space of low energy parame-
ters of massive QFT in 3 + 1 dimensions that have a low

9 Notice that the pion S-matrix is far from unique. For starters,
our assumptions are common to all QCD-like theories with fixed
symmetry breaking pattern in the IR, but di↵erent gauge group.
Moreover, for each gauge group, there is a continuous family
of theories as a function of ⇤

QCD

/m
⇡

. The situation is not
dissimilar from the lattice formulation where one needs to fix the
gauge group and set the bare masses of the quarks. However, it
is still hard for lattice simulations to work with physical pion
masses [21]. It would be interesting to use our framework to
study the scattering of particles in a regime accessible to the
current lattice simulations.

Physics	at	the	Kink



Outlook	I

• Detailed study of phase shifts of extremal 
solution and resonance content

• Comparison with lattice data for heavier pions

• Bootstrap study of massless pions

• Use our analytic and crossing symmetric 
ansatz to fit the experimental data subject to 
the unitarity constraints



Outlook	II

• Bootstrapping multiple amplitudes

• Anomalous thresholds (Landau diagrams)

• Particles with spin (internal and external)

• Massless particles (QCD flux tube)

• Connect with conformal bootstrap for D>2

• Other interesting questions? Maximize particle production?

• Can we input UV data about the QFT? Hard scattering? 
Form factors?

[1+1D in progress with Homrich, Toledo, van Rees, Vieira ]



Thank	you!


