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We develop a large-N expansion for Gutzwiller projected spin states. We consider valence-bond
singlets, constructed by Schwinger bosons or fermions, which are variational ground states for quan-

tum antiferromagnets.

This expansion is simpler than the familiar expansions of the quantum

Heisenberg model, and thus more instructive. The diagrammatic rules of this expansion allow us to
prove certain identities to all orders in 1/N. We derive the on-site spin-fluctuations sum rule for
arbitrary N. We calculate the correlations of the one-dimensional valence-bond solid states and the
Gutzwiller projected Fermi gas up to order 1/N. For the boson case, we are surprised to find that
the mean-field, the order-1/N, and the exact correlations are simply proportional. For the fermion
case, the 1/N correction enhances the zone-edge singularity. The comparison of our leading-order
terms to known results for N = 2 enhances our understanding of large-IN approximations in general.

I. INTRODUCTION

The use of large-N approximations to treat strongly
interacting quantum systems has been very extensive in
the last decade. The approach has originated in particle
physics, but has found many applications in condensed
matter systems. Some notable examples are the SU(N)
quantum Heisenberg model,!:? the (closely related) non-
linear o or CPN~1 models,3* the Anderson and Kondo
(Cogblin-Schrieffer) models,>® and the two-band Hub-
bard model for cuprate superconductors.”

Generally speaking, the parameter N labels an inter-
nal SU(N) symmetry at each lattice site. In most cases,
the large-N approximation has been applied to treat spin
Hamiltonians, where the symmetry is SU(2), and N is
therefore not a truly large parameter. Here lies its pri-
mary weakness, since in most cases the N > 2 models are
not physically realizable. Nevertheless, the 1/N expan-
sion provides an easy method for obtaining simple mean-
field theories. These have been found to be either surpris-
ingly successful, or completely wrong depending on the
system. For example, the Schwinger boson mean-field
theory works well for the quantum Heisenberg model,
except for the half-odd integer antiferromagnet in one
dimension.!? The latter is better described by a fermion
large-N approximation. It is important to investigate the
conditions which allow certain large-N generalizations to
yield a “better” mean-field theory for a particular N=2
system.

In contrast to spin wave expansions about a broken
symmetry state, the large-N approach can describe both
ordered and disordered phases. At N = oo, the generat-
ing functional is dominated by its saddle point, which
is a noninteracting mean-field theory with few varia-
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tional parameters. The variational equations and the
leading-order correlations are in many cases analytically
tractable.

The corrections to the mean-field theory are given by
Feynman diagrams, where the “interactions” are me-
diated by random-phase approximation (RPA) matrix
propagators. It is hard in most cases to compute these
diagrams even to first order in 1/N, which is why they
have been determined only in a few select cases.56

In this paper we shall start by deriving a new and sim-
plified version of the large-N expansion suitable for eval-
uating spin correlations in constrained variational wave-
functions. These states have been used as trial ground
states for various antiferromagnetic Heisenberg models.
The exact calculation of their correlations is not feasi-
ble in most cases. In one dimension, two cases which
have been solved analytically are the valence bonds solids
(VBS), and the Gutzwiller-projected Fermi gas (GPFG).
‘We shall make use of these exact solutions in this paper.

It is our primary purpose to study the properties of
the 1/N expansion by using the constrained states as toy
problems. Their 1/N expansion differs from that of, e.g.,
Ref. 1 in two respects: (i) Here, the generating functional
has no time dependence and Matsubara sums and (ii)
there is only one fluctuating field per site, the constraint
field A\, and no Hubbard-Stratonovich fields. Thus, we
study the “pure” effects of the constraints, without the
interactions effects of the quartic Hamiltonian. These
features simplify the evaluation of 1/N corrections con-
siderably.

This paper is organized as follows. Section II intro-
duces the valence bonds states. Section III introduces
the Gutzwiller-projected Fermi gas states. Section IV
defines the generating functional of the spin correlation
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functions for both bosons and fermions states in a unified
notation. Section V derives the 1/N expansion of the cor-
relation functions and describes the diagrammatic rules.
Section VI applies the diagrammatic rules to prove three
identities to all orders in 1/N: the absence of charge
fluctuations, the sum rule for on-site spin fluctuations
and the absence of zero momentum correlations. Section
VII describes the results of the mean field and 1/N or-
der spin correlations for the one dimensional VBS and
GPFG states. The most surprising result is that for the
VBS states of integer spin, the mean field, O(1/N) cor-
rection, and the exact result for N=2 are simply propor-
tional. Section VIII summarizes what we have learned
from our approach in the context of large-N approxima-
tions in general. It also lists some conjectures and open
questions, which emerge from this study. Appendixes A,
B, and C fill in some technical details which have been
used to derive certain equations in the text.

II. SCHWINGER BOSONS
VALENCE BONDS STATES

Schwinger bosons describe spin operators in a rota-
tionally invariant formulation. The standard SU(2) spin
operators are given by two commuting bosons a, b at each
site as follows:

57 = i(ala; —blby),

k3 3
St =alb;,
S; =blas.

(2.1)

The spin size s is determined by projecting the states
with the Gutzwiller operator P, (Ref. 8) onto the sub-
space which obeys the local constraints at all sites

a;fai + blbz =T +Np; =28. (2.2)

A Schwinger boson mean field wave function is defined
as

|&) = exp Zu”(aTbT—bf H110), (2.3)

where u;; = —uj; are either determined by some mean-
field Hamiltonian, or are taken as free variational param-
eters. It is easy to verify that due to the invariance of
the forms a;’ b;'- - bza;( under global spin rotations, |4) is
a total singlet. If we restrict u;; to be bipartite, i.e., to
connect only between two distinct sublattices, say A and
B, then we can redefine the operators on sublattice B by
sending

a; — —bj, bj — aj, j € B, (24)
and fori € A, j € B, uj; — —uy; and u;; — ug; , SO
that 4 transforms into a symmetric matrix. Under (2.4)
the mean-field wave function transforms into

|Gy — exp Zu”(aTaT+bTbT) |0). (2.5)
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Equations (2.2)-(2.5) can be generalized to SU(N)
representations using N flavors of Schwinger bosons
Qim, m = 0,...,N. In order to construct symmetric
forms in the mean-field wave function we again restrict
ourselves to bipartite lattices, and define the SU(V) gen-
eralization Simm/ of spin operators (2.2) as

Simms = {almaim', 1€ A,

2.
i € B, (2:6)

Qo Bim,y

where we have generalized the SU(2) sublattice rotation
(2.4) to SU(N).
The local constraints generalize to

E Nim = Ny = Ns.

m=1

(2.7)

Ns is an integer, where s is a generalized “spin size.”
The SU(N) generalization of our mean field wave func-
tion (2.5) is

|a) = exp

ZulJ Z Aim @ ;m IO

(2.8)

We list some essential properties of these states in Ap-
pendix A.

It is easy to show that for any m, m’, and bond (i, js)
we use the definitions (2.6) and find that

N
Z Simm?, Z alaua;w =0,
[ p=1
(2.9)
> Simme|@) =0.
i

Relations (2.9) show that |4) is globally SU(N) invariant,
and is therefore a singlet of total spin.

We shall restrict ourselves to translationally invariant
states, which in Fourier representation are given by

|2) = exp Z ux Z al a1 10),  (2.10)
kEBZ m=1
Where BZ is the first Brillouin zone, ux = > eIug;,

al, =N-1% > e*ial @}, and N is the number of lattice
sites. We also define Skmm' = 3, € Simms.

A. The Gutzwiller projection

The mean-field states (2.8) and (2.10) includes differ-
ent spin sizes at each site. In order to construct a bona
fide state of spins s, we must project out all other spin
sizes using the Gutzwiller projector

[@)s = Psltt) (2.11)

which enforces the constraints (2.7). By expanding the
exponential in (2.8) and applying the Gutzwiller projec-
tion we obtain
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(a) (b) (c)
Ng=1 Ng=4 Ng=6
FIG. 1. Graphical representation of valence bonds con-

figurations, which contribute to (a) resonating valence bonds
states (RVB) on the square lattice. (b) Valence bonds solid
on the square lattice. (c) Valence bonds solid on the chain.

Vb

N
. 1 1
,'U')s =Ps — '2' Zuij Z G’Ima}m |0>
ij m=1

l/b!
1 N
= ;ﬁz I s (Z afma}m) 0), (2.12)
o (ij)ECH m=1

where v, = 2 N'Ns is the total number of bonds in the
projected state and C, labels the different configurations
of v, bonds on the lattice, where exactly Ns bonds ema-
nate from every site. In Fig. 1 we depict several configu-
rations for various {u;;} and values of Ns. |i)s, which is
a sum over such configurations, is called a “valence bonds
state.”

Since all Simm commute with the constraint, |4); is
also rotationally invariant and a total singlet. If all the
bond parameters are non-negative, u;; > 0, the wave
function (2.12) satisfies the Marshall sign criterion.® We
recall that the ground state of any bipartite Heisenberg
antiferromagnet must be a total singlet and obey Mar-
shall’s theorem.

The correlation function in the Gutzwiller projected
state is defined as

S™™ (i, 5) = (Simm¢ Sjmrm) (2.13)
and its Fourier transform is
S™™ (k) = S™™ (0, 5) exp(ik - )
J
= ji\/-(S—kmm’Skm’m>a (2.14)
where for any operator O we denote
(O) = (alP.OP,Ja)/(a|Pula). (2.15)

1. Resonating valence bonds (s = % )

Several special cases have received particular atten-
tion in the literature. For N = 2, s = % and nearest
neighbors u(;j), |i)s is a superposition of all dimer con-
figurations. In one dimension there are only two such
(Majumdar-Ghosh) configurations,'® which have an ex-
ponentially small overlap for large lattices. The spin cor-
relation in one dimer state vanishes beyond the nearest-

neighbor range. In two and higher dimensions, s = %
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states are sums over many valence bonds configurations,
which were denoted as “resonating valence bonds” (RVB)
by Anderson.}! One configuration in the square lattice
RVB state is depicted in Fig. 1(a). The RVB state
was proposed by Anderson!! and others as trial ground
states for frustrated quantum antiferromagnets and high-
T. superconductors. The number of dimer configurations
grows exponentially with A, and the overlap between
different configurations is finite. The computation of
the spin correlations in the dimer and longer range RVB
state was carried out numerically by Liang, Doucot, and
Anderson'? using bipartite bonds of various range. They
found that the RVB states with u;; ~ 1/r§; have long-
range order for a < 5.

2. Valence bonds solids, integer s

Affleck, Kennedy, Lieb, and Tasaki'® (AKLT) found a
class of extended SU(2) Heisenberg models for which the
exact ground states are valence bond solid (VBS) states,
given for SU(NNV) by

N M
WWLJNZ%%)M

(i) \m=1
(2.16)
M =Ns/z,

where (ij) denotes nearest-neighbor bonds and z is the
lattice coordination number. The condition that M must
be an integer restricts the size of the spin and lattice
for which such states can be defined [see Figs. 1(b) and
1(c)]. For example, the SU(2) model in one dimension
allows s = 1,2,3... . On the square lattice, only even
spins s = 2,4,6... are allowed. The correlation func-
tion S*=(3,5) = (VVBS|S}F S |WVBS) /(GVBS|yVES) for
one dimension has been calculated for all s by Arovas,
Auerbach, and Haldane'4 (AAH) to be

§*=(1,5) = (-1 2D - 2k

2(s+1)

—51';‘—3'—,
ks =In(1l+2/s),

5+ (k) = 2(s+1)

exp [—Ks|j — 1]

(2.17)
1 — cos(k)
1+ cos(k) + ;(31—25 '

The real-space correlations decay as a pure exponential,
with 1/k, as the correlation length. |¥UVBS) is a “spin
liquid” ground state of the kind that was predicted by
Haldane!S using the large-s, nonlinear o model analysis
of the Heisenberg antiferromagnet. AAH also found a
Haldane gap'® in its single-mode excitation spectrum.
The correlations of VBS states on higher dimensional
lattices are those of a classical logarithmic Heisenberg
model, at temperature T' = 2/s. This implies that for
large enough s, the VB states in three dimensions have
long-range Néel order. The calculation of Eq. (2.17) was
performed in the SU(2) coherent states basis. The gen-
eralization of this calculation to N > 2 has not yet been
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achieved. In the following we shall apply the large-V
expansion to this problem.

It may be verified that the one-dimensional Schwinger
boson state |4VES), with

oBs = 2cos(k) ,

is dominated by the VBS state in the limit of infinite
lattice size N:

(M!)%—Nz IaVBS)g — '\I,VBS>3 + |\I">,

u =645y , Up"S (2.18)

(2.19)

where (¥/|¥’) ~ ¢~ for some ¢ > 1. The exponentially
small corrections are of non uniform valence bonds con-
figurations, where some bonds have higher powers of afa'
than others. Consequently, we expect that in the ther-
modynamic limit N’ — oo the spin correlation function
in the state |4VBS), is given also by (2.17).

III. GUTZWILLER-PROJECTED FERMI GAS

In this section we introduce another important family
of variational states using fermions rather than Schwinger
bosons, to represent the SU(NN) spin operators

1 1 —
Aim Qs +ajm,a,-m = 51’j6mm’-

(3.1)

— t
Simm = @i Qim/

The local constraint on the fermion occupation is

1
[WOPFS) =Py exp |5 sen(k)8 (kr — (k) Y afpnal | 10)-
k m

In real space | ¥SFFG) contains long-range bonds u;;, |i—

j| >> 1. Since the bonds are not bipartite, it does
not satisfy the Marshall sign criterion. This state is de-
duced from the mean-field theory of Baskaran, Zou, and
Anderson!® for the Heisenberg antiferromagnet. In one
dimension, |UGFFG) for SU(2) was found to be the ex-
act ground state of the Haldane-Shastry Hamiltonian,”
whose interactions fall off as the second inverse power
of distance. This state has correlations, similar to that
of the ground state of the nearest neighbor Heisenberg
model. Haldane has also shown that the Haldane-Shastry
Hamiltonian and the nearest-neighbor Heisenberg model
share similar gapless excitation spectra.l”

Gebhard and Vollhardt!® have calculated the correla-
tion function of one-dimensional |WGFFG) for N=2:19

St (k) = —%m (1 - 'Wﬁ) ,

which in real space decay asymptotically as a power law

i[r(j —1)] (=1)U-D
o j—1i

(3.6)

St~ (i,5) = S , (3.7)

where Si(z) is the sine integral function.

N
Znim = n; = Ns, (3.2)
m=1

where Ns is an integer, which by the Pauli principle must
be less than or equal to N. Using the fermion operators
one can construct a global SU(V) singlet by the following
state:

N
@ =7, I (ukna,tm) o,

|k|<kr m=1

(3.3)

where kr is the Fermi momentum which is chosen to
include Ns states per site in the Fermi volume. 7P,
Gutzwiller projects onto the subspace which satisfies the
constraint (3.2). uy are variational parameters.

It is possible to write (3.3) in an exponential form as
follows:

. 1
[@)s =Py exp [5 > ukf (kr — [K|) Zaimaikm] 0),
k m

(3.4)
where ux = —u_x. In real space (3.4) are analogous to
the Schwinger boson states, defined in (2.11) and (2.8),
where u;; = N1 ZIkISkF uge(i=3) Uji = —uy;. A well-

known case is the Gutzwiller-projected Fermi gas for s =
1 (i.e., a half-filled Brillouin zone),

(3.5)

IV. CORRELATIONS AND
THE GENERATING FUNCTIONAL

The spin correlations of |4)s can be derived from a
generating functional. The generating functionals for the
valence bonds states (2.11) and the Gutzwiller-projected
Fermi gas states (3.4) are formally very similar, and given
by

(4.1)

Z[j] = < exp [Z nijimm’a;rmaim’] > ;

imm’

where a;,, are either bosons or fermions, j;mm' are the
source currents, n; = 1 for fermions and for bosons

_J1, ieA
=193 _-1, ieB,

which takes care of the sublattice rotation of the SU(N)
spins (2.6). The functional derivatives of Z determine
the spin correlation functions. It is sufficient to use sym-
metric source matrices jimm’ = Jim'm. Hence, jimms and
Jim'm are not to be considered as independent, but should
be varied simultaneously when differentiating Z|j].

(4.2)
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The following relations can be directly verified from
(4.1)

_ 6InZ
T 6jimm’ _
J=0

= 6mm’<nim> = 6mm S, (4'3)

which is a direct consequence of the SU(N) symmetry
in (2.8) and the constraint (2.7). The two-point spin
correlation function Eq. (2.13) is given by
52z
6jimm’ 6jjmm’

§™™ (6,5) = 5—p— 27"

b (4.4)

Jj=0

Additional terms generated by the differentiation in (4.4)
must vanish, since

(S'imyém’ Sjm#m’} =0. (4.5)

Equation (4.5) follows from the rotational invariance
of the wave function. It is easy to verify that
Simzm|G)s and Sjms2m|i)s are eigenstates of the op-
erator Y. (Simm — Sim'm’) With eigenvalues +2 and —2,
respectively. Therefore these two states are orthogonal
and (4.5) follows.

For m # m/, the correlation function S™#™ (i, j) is an
SU(N) generalization of the usual SU(2) spin correlation
function S+~ (3,5) = (S;" S7). In rotationally invariant
states this function is related to the correlations of the
other SU(2) spin components by

S™FE™ (i, 5) = 2(S7SF) = 3(S:i-S;). (4.6)

The evaluations of Z and S™™ (4, 5) of Eqs. (4.1) and
(4.4) are complicated because of the Gutzwiller projector.
If it were absent, we could easily calculate Z as a matrix
element of an exponential bilinear operator as done in
Appendix A. In order to proceed, we must choose a con-
venient representation for the projector. The projector
can be represented as a limit of a strongly interacting
density matrix,

\ 1 2
Ps :2%exp [—-Z-N—Ezg:(nz —NS) ] .

Keeping € finite will help to control infrared divergences

(4.7)
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in subsequent diagrammatic calculations. The matrix
elements of (4.7) are hard to evaluate in its present form.
Using an auxiliary constraint variable A; at every site, we
transform (4.1) to an integral

= 2
21_{1(1)/ DA exp[ ( 2 /\,

+ixn = N9))|

(4.8)
N
o =11 (<13
Now we can write the generating functional as
Z[j] = 111%/ DA (1] exp [af(iﬁ\ +3')a] |a)
—iNs T A= Mg 552
e NOXNTTHERAN (4.9)
where we denote the matrices
A= Aibsir bmme 5 = N Jimm Oiir - (4.10)

In (4.9) we have used the commutation of the spins with
the density operator,

[almaim' , m'] =0 (4.11)

to combine the exponentials of the source terms and the
projector. Now we use Appendix A, to evaluate (4.9) as

215) = lim, [ DX exp (NS[A, 1),
(4.12)

¢ Ct iSkG o iA+)
WTrzm In (1 —(Cu'e ue )

—is ) X —%Z,\f,

where ¢ = +1 (—1) for bosons (fermions) and 4! is the
Hermitian conjugate of the matrix .
The correlation function is given by Eq. (4.4):

S[)‘vﬂ =

]
, 82S[A, 4] 8S[A, 7] 6S[A, 4]
Smm(1,2) = limZ~! [ DA | N— 2 + N2 s exp (NS[A]), 4.13
( ) 2 — bmms 51*% ( 651mm’ 6J2mm/ 651mm’ 0J2mm! j=0 p( [ ]) ( )

where S[\] = S[A, J] im0

V. THE DIAGRAMMATIC EXPANSION
OF Z(j)

The multidimensional integration over DA is equivalent
to the difficult combinatorical problem of evaluating the
correlations in the valence bonds state, e.g., (2.12). This

[

is clearly seen by expanding the action in powers of e
and integrating with the weights e~*V**, The integrals
reduce to products of é§ functions, which select the terms
with Vs powers of u;; for any given site . Summation
over these terms is very cumbersome in general.

In (4.12) and (4.13) the parameter N was scaled out
of the action §. We shall evaluate the )\ integrals by a
saddle-point expansion which is controlled by the large-
ness of N. The functional S[)] is expanded as a Taylor



47

series about its minimum X; the coefficients of expan-
sion are independent of N. Since the wave function is
translationally invariant we shall search in the space of
uniform saddle points A; = A. A is found by requiring
that the linear variations vanish. We define e**

= 4.
The saddle-point or “mean-field” equation is

1.58[’\] = [@*ata(l - ¢aata)~Y,; —s =0, (5.1)
(3 5)\j <

which determines @[d, S]. We see that (5.1) implies that
4 is real, i.e., the integration paths of the variables A;
have to be analytically continued to cross the imaginary
axisat A = —iIn(@). The term [];; in (5.1) is the average
number of particles of every flavor in the (unconstrained)
state |@d) (see Appendix A). Thus, the mean-field equa-
tion yields that the constraint is satisfied on the average.
If we define the unprojected state using 4 instead of
4, the mean-field equation (5.1) would be satisfied with
E\ = 0. Hence we shall use that convention for 4 and set
A=0.
We now expand S, in powers of A to obtain

1 .
SIS s+
ij

S\ =8© (5.2)

where S includes only third- and higher-order terms:

9S[A g 771 i
0|t (SR s
Jimm’ | . —
Jj=0 =
1 628\, 4] _mn i &gt
2 — (5mm’ 6j1mm16j2mm' =0 N =0 n! 1 1258150008
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FIG. 2. Diagrammatic representation of the 1/N expan-
sion for the correlation function S(1,2). Thick circles denote
loops, wiggly lines are A propagators, and dashed lines are
external currents.

i g

,n[ T1y000y8n

>
Sint —

n=3

iy e Ag,,-

n

(5.3)

S here depend parametrically on @. Diagrammatically
they are depicted as thick circles with n A vertices de-
noted by wiggly lines (see Fig. 2 ). Later we shall obtain
explicit expressions for S(™) in form of loops constructed
of Greens functions.

We also expand the preexponential functions in (4.13)

11"'>\12,.+3> =

Ai e

Smmm
N

1) (n+1)

o0 .
Zni Sty

n=0

)\“ . >‘in’
(5.4)

>"inv

where sums over repeated indices are assumed and we denoted S§1) = s. Here we use (4.12) to relate the derivatives
with respect to A to those with respect to j. Diagrammatically, we denote the current vertices (at points 1,2) by

dashed lines as shown in Fig. 2.

The correlations functions can be evaluated by inserting the expansions (5.2) and (5.4) into (4.13)

Smm(1,2) =mn2 [ST(1,2) +6mm ST (1,2)] ,
where

(n+2)
1,2,71,...

Z s

n—O
S (3 ms

s, 2)=limZ"~ /DA ( PP URE

oo -n
. —_ ’L 1
S1(1,2) = P_IE%Z 1/ DA ( E_ — 1(7:”@,,/\11
3 " o)
x Z L' < A n! Silf“ﬂy";n
n=

(5.5)
A)
——s( BY5Y
exp Kkl NkAL |
(5.6)
1
) (Z—, S5 0 A)

L
Aiy ---/\in> exp (-%sﬁf’xm) ‘



5124

We disregard the contribution of the constant NS© in
the action.

The integrals in (5.6) are sums of multidimensional
Gaussian integrals. The Gaussian integrations contract

~ =~
all A fields in pairs AxA; bringing down a propagator for
each pair given by

e =L @) -

Dy =M = N (5 -
where the minus sign is due to the factor of 7, which ac-
companies every A field. The propagator (5.7) is depicted
as a wavy line connecting two A vertices in Fig. 2. One
has to sum over all A contractions. The disconnected
parts of the diagrams serve to cancel the factor of Z—1,
leaving us with the diagrams which are connected to one
or the other current vertices (a linked-cluster theorem).
Thus calculating any particular diagram involves multi-
plying loops S and propagators D, and summing over
internal lattice points. There are internal loops, created
by powers of S™ and external loops, coming from an
expansion of the preexponential functions (5.4). Inter-
nal loops must have at least three A vertices; external
loops have current vertices and might also have arbitrary
(including zero) number of A vertices. The order of any
particular diagram is given by

1\ P-L

N 9
where L is the number of internal loops [or the power L
of the sums in (5.6)], and P is the number of propagators

[half the number of X fields in (5.6)]. After grouping all
the diagrams at each order in 1/N we obtain the series

(5.7)

(5.8)

oo
S™™(1,2) =Y NTPS™™ @)(1,9),

p=0

(5.9)

Similar rules govern the calculation of higher correla-
tion functions. One has to sum over all possible ways
of distributing the current vertices on the external loops.
Within each loop the m,m’ indices of the external cur-
rents must be equal to the indices of other external cur-
rents, to allow nonzero values of the trace.

VI. IDENTITIES TO ALL ORDERS

The diagrammatic expansion of the 1/N series has spe-
ctal structure which allow us to obtain exact identities to
all orders in 1/N. A key feature is that the propagator
D of the constraint field A is none other than the inverse
of the square part of the action S®. As a result we shall
show that the local constraints are exactly enforced to
each order in the expansion, i.e., there are no contribu-
tions to charge fluctuations when all terms of the same
order are considered. In addition we shall prove a sum
rule for the on site spin fluctuations for arbitrary N and
the absence of zero momentum off-diagonal spin correla-
tions.
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A. Absence of charge fluctuations

Here we shall demonstrate that the constraint is im-
posed at each order in 1/N. In other words, due to
the Gutzwiller projection the density fluctuations van-
ish identically after all diagrams of a given order are
summed, yielding

(n1A) = Ns (A) (6.1)

for an arbitrary operator A. It is instructive to see how
(6.1) is derived by the diagrammatic expansion. A cur-
rent of n; belongs to some external loop S+ n > 0.
Let us first consider all the contributions with n > 1.
We define a “tail” of a diagram as the combination of a
propagator attached in series to a loop S(® which has
the operator n; on its other vertex. All diagrams can
be separated into two classes: ones with a tail, and ones
without a tail. It is easy to identify for each diagram
without a tail say R(n1,.A), a counterterm R(n;,.A) by
attaching a tail to the n; vertex (See Fig. 3). By (5.7) the
two are of the same order p (they have the same number
of loops minus propagators) and they cancel precisely

R(ny, A) =N SEDyR(ny, A)
kl

= —R(ny, A). (6.2)

Thus, at any order p, the counterterms cancel the con-
nected charge fluctuation diagrams one by one. The only
terms in the expansion of (n;.4) which survive are the
disconnected contributions with n; on the loop S 1), An
important property of the diagram rules is the absence
of the counterterm to the S(!) loop. Such counterterm
would involve an internal loop S(!), which is not allowed
by the rules of our expansion. Thus (6.1) follows from
SM =5, QE.D.

B. Sum rule for the on-site spin fluctuations

First we shall show that for SU(NV) invariant states
there is a relation between two types of correlation func-
tions: diagonal S™™ and off-diagonal S™#™ . Both func-
tions do not depend on the particular values of m,m’
since the wave functions are SU(N) symmetric. Due
to the Smm coefficient in (5.5), S™*™ is equal to S’.
Let S7*™ be the connected part of the diagonal corre-
lation function. Any diagram which contributes to the
off-diagonal correlations also appears in ST*™, i.e.,

if R* ¢ sm*™

then R* € S7*™. (6.3)

However, in ST*™ its contribution is partially canceled by

FIG. 3.
charge fluctuations by counterterms, Eq. (6.2).

Diagrammatic representation of cancellation of
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the counterterms, which are given by tails insertion. It
may be seen that the sum of any diagram R® € S™#™

and its counterterms, obtained by all possible ways of
insertion of tails, is equal to (1 — 1/N)R®.

In addition to diagrams of the type R* and their coun-
terterms, yet another contribution to S7*™ is given by the
diagrams R?, which have the two current vertices on dif-
ferent loops S("l'H) and S2*1 ;5 > 2, and by their
counterterms R°. But the diagrams R must exactly
cancel with their counterterms! This is verified by adding
a tail to one of the loops and seeing that the counterterm
is of the same order in 1/N due to the additional m sum-
mation for the loop which became an internal loop. This
proves that all the diagrams which do not cancel are of
the type R* and the following important identity holds:

spmiid) = (1= 5 ) S™ G,

Now we can calculate the onsite spin fluctuations. For
SU(2) we are familiar with the “spin square” operator S?,
which when projected to the s sector yields a diagonal
matrix of elements s(s + 1). For larger N, its natural
generalization is

Sz2 = 7DNs Z Simm'sim’m

(6.4)

=Pns Z (nim’(]- + Cnim) - C‘Smm’nim’)
= (N?s(1+¢s) —¢(N) Pns, (6.5)

where in the fermion case we made use of equality n?m =
Nim (¢ = —1). On the other hand, using (6.4) we can
write the on-site fluctuations as

(SH= > S™*™ (i) +Z[S"""(Z i) + (nim)?]

m#m’
- [N(N 1) 4+N (1 - %)] S™FM (3. 4) + Ns?.
(6.6)
Using (6.5) we find the desired identity
S (i) = N s(1+¢s). (6.7)
N+¢

For SU(2) this formula reduces to the known values

25(s + 1) Schwinger bosons,

(S787) = (6.8)

(S

fermions (s = 3).

In translationally invariant cases (6.7) gives a sum rule,
which is useful for checking the diagrammatic calcula-
tions at each order of 1/N separately. In momentum
space, the diagrams of order (1/N)? must obey

NS5 000 = (%) (o +a)
; (N) s s)

p=0,1,2,.... (6.9)
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C. Absence of zero-momentum correlations

The last identity is a consequence of the singlet nature
of the wavefunction which implies that Sk—gmsm/|@)s =
0. By using Eq. (2.14) we obtain from that

gm#Fm(k =0) =0, (6.10)

which holds of course at each and every order in the 1/N
series.

VII. CALCULATIONS OF LEADING ORDERS

In this section we calculate the spin correlation func-
tions S™#*™’ using the 1 /N expansmn We start with an
explicit evaluation of the loops S(™ and propagator D.
In the cases of interest 4 is Hermitian. It is useful to
define the following Greens functions

_ C1/2 (il _ <1/2—~)_

We also introduce the matrix A = 6;;(e’* — 1) and ex-
press the action (4.12) as

(7.1)

S =5© — < Z Tr In(1 — @,A)

2=
—is Y Ai— 3Z>\3,

(7.2)
s® —_& ZTrln(l

'y-—:t

¢ 2q4).

S is a constant which we shall disregard.
Expanding the logarithm in (7.2) and using (5.1) to
cancel the linear term we obtain

_¢ Z L (a A)n——z,\

’7» n=1

(7.3)

where Y’ denotes that terms linear in A are excluded.
By equating terms of the same order in A in Eqgs. (5.2)
and (7.3) we can relate the loops S™, n > 2 to traces
over Greens functions u.,. Dlagrammatlcally, we denote
the Greens functions by thin sold lines. A closed loop
of Greens functions denotes a trace over lattice and
indices. For a n \ vertices S(™), there are contributions
from diagrams with 1 < m < n Greens functions, since
the function A yields all powers of X fields at the same
point. Due to Eq. (7.4) below, the loop S(!) may be de-
noted diagrammatically in the same manner—as a closed
loop of one Greens function with one vertex.

The translational invariance of % makes it easier to
work in the momentum representation. The linear action,
or the mean-field equation (5.1), is explicitly given by

(P NN __1_ —2 |us|? _
§(U++U—)JJ —Ngu 1—Calux?

(7.4)

The quadratic action in (5.2) is given by
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2) _ ¢ ¢
55 = 5 D (gt iy  Bigtiyy) + 8i3€% = 2D iy + b + b€,
Y ol

§P(@) =557 Y tntnerq T+ =57 0 T
k v=%

— 22 (7= Ot (y — ( Piinerq)

and the propagator is
D(q) = — [N§@(q)] . (7.6)

An important property of this expansion is that the low-
est order (mean field) correlation function S™*™ (0)(q)
is simply related to the quadratic part of the action:

SmFm O (4, ) = nin; SD (4, 5),

(7.7)
, 8@ (q+m), Schwinger bosons ,
s ©)(q) =
S (q), fermions ,
where w = (m, m,...) for a cubic lattice. The dia-

grams for S™#™ (0)(q) are shown in Fig. 4. At this
point we note that D(q) is singular for ¢ — 0 since
gm#m’ (0)(q = 0) vanishes by (6.10). This causes dia-
grams which involve one or more propagators to diverge

(7.5)
ﬁ2ukuk+q

+ 54 €2,

of the solid lines. We must sum over internal momenta
and . Diagrams with external currents 1,2 at the same
point denote an overall factor of 6;2. Due to the can-
cellation mechanism described in Sec. VI A, the third
and fourth diagrams in the bottom row of Fig. 5 can-
cel against the fifth diagram. Thus by the same mech-
anism, there is complete cancellation between the last
four diagrams in the second row. We shall describe the
calculations of the remaining diagrams for the Scwhinger
boson and fermion cases separately, and defer technical
details to Appendixes B and C.

A. Valence bonds solid correlations

The mean-field equation Eq. (7.4) for the valence
bonds solid state (2.18) is

" dk  4u? cos?(k)

as 1/e. A check on the correctness of the calculation o T A% ocs? () = s, (7.8)
is that these “infrared” divergences must exactly can- —= 2m 1 —4u? cos?(k)
cel between different diagrams to yield a finite result for  hose solution is
lime_,0 S®)(1,2) for each order p separately. We shall
come back to this point in our summary. B V/5(s +2)
The 1/N corrections for S™*™ (k) are given by the u(s) = oG+ (7.9)
diagrams of Fig. 5. Solid lines represent factors of u. (k).
Each vertex conserves momentum, and indices vy = +,— By (7.7) and (7.5) we obtain
|
us
Sm#m,(o) (k) — __2,&2 Z dq COS(q) COS(k + q) + s. (710)

y==%1

The integral is evaluated by introducing a new variable
z = €% which transforms the integration over g into an
integration along a unit circle |z| = 1 in the complex z
plane. Using (7.9) yields

1 — cos(k)
1+ cos(k) + sy

Sm#FM ) (k) = (s 4+ 1) (7.11)

This result is very surprising, since it is just proportional
to the exact result for N = 2 as found by Ref. 14 and

>0

FIG. 4. The diagrams contributing to the loop S®. us
are mean-field Greens functions, defined in Eq. (7.1).

—» 27 [y — 2acos(q)][y + 2@ cos(k + q)]

given in Eq. (2.17). The factor 2 between (2.17) and
the mean-field result (7.11) is consistent with the factor
N/(N + 1) between the mean-field on-site fluctuations
and the exact sum rule, Eq. (6.7). This suggests that

& LT
-1,

FIG.5. The 1/N corrections to S™*™ (k). See discussion
after Eq. (7.7).
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perhaps the exact N dependence of S™#™' (k) is given by
this simple multiplicative factor. Fortunately, we are able
to calculate the O(1/N) corrections and check this propo-
sition at least to the next leading order in 1/N. This
calculation is described by the diagrams of Fig. 5, which
involve exchanges of one or two propagators D. The sum
of all diagrams was evaluated analytically using the sym-
bolic manipulation program MATHEMATICA.2? The re-
sult, derived in Appendix B, is

gmEm D) (k) = —-lesmm’@)(k). (7.12)
This result confirms the above hypothesis, but is far
from obvious. In fact, the separate 1/N diagrams have
infrared divergences of order e~! due to the diverging
propagators at momentum 7. In addition, the sepa-
rate diagrams have different correlation lengths than the
mean-field function, but these effects somehow cancel by
summing all the terms of order 1/N, leaving us with
Eq. (7.12). It is highly tempting to conjecture that the
same relation holds to all orders, i.e., that

gmm’ B (k) = (_%)p SmEFM O (k) (7))  (7.13)

which will sum up to the simple relation
N
N+1

For N = 2 we have already seen that this conjecture is
correct. But, as we shall discuss in Sec. VIII, the under-
lying reason for this relation is still a mystery.

SmEN (k) = gmFEM ) (k) (7). (7.14)

B. Fermions GPFG correlations

The mean-field equation (7.4) for the one-dimensional
GPFG state |UGFFG) (3.5) is given by the integral

a? ™ dk
1+ %2 /;” ga(kp—lk[) —-s =0, (715)
with kp = /2 and s = 3. Equation (7.15) yields
a(s) = (7.16)

1
k
= -1

which implies that for kp — 7/2 and s = -é-, 4 — oo. To
enable us to calculate the correlations for the GPFG, we
keep © finite by holding a Fermi level kr a little above
m/2. We shall take the limit kr — 7/2 only at the end
of our calculations. This divergence simplifies the calcu-
lations considerably, because Eq. (7.1) yields a simple
limit

. T

lim_ ug(q) = —6 (5 — |q|) .

kr—%

(7.17)

The lowest-order correlation function is evaluated using
(7.7), (7.5), and (7.17)

lim_S™#m(0) (k)
kr—%

1 Tdq (m
-5'/_,,27"(5‘
_ l¥

Py

When comparing (7.18) to Gebhard and Vollhardt’s
result, Eq. (3.6), we find that the two expressions agree
very well in the small k£ limit, where they vanish with the
same linear coefficient, but they deviate at larger k as
shown in Fig. 6. Equation (3.6) diverges logarithmically
near k = 7, while the mean-field result (7.18) has merely
a discontinuity in its derivative. This translates to a dif-
ference in the asymptotic power-law decay in real space,
between 1/|i — j| of Eq. (3.7) and 1/|i — j|? of (7.18).
There is a factor of N/(N — 1) = 2 between their sum
rules as required by Eq. (6.7).

In Appendix C we calculate the 1/N diagrams for the
GPFG state. We obtain the result:

gm#Fm (1) (k) = % [% + (1 - %) In (1 - @)] .

(7.19)

la1) 6 (5 — Ik +al)

(7.18)

In Fig. 6 we compare the functions S™#m (0)(k),
§m#m (0) (k) 4 §m#m'(1) (k) and the exact result Eq. (3.6)
for N=2. We see that the 1/N correction improves
the mean-field approximation considerably near the zone
boundary, where its derivative diverges logarithmically.
In real space we obtain for separations r = |j — i|,

Wiy _ (1)
gm#m/( )(r) = %3
where v = 0.577 - - - is the Euler constant and Ci(z) =
— f;” dt cos(t) /t vanishes for large z. In (7.20) we find
that the 1/N correction enhances the long-distance cor-
relations from =2 to 72 In(r).

) by + In(rr) — Ci(r)

(7.20)

2.5 =
N=2
2
---------- MF
! I — — — MF+O(1/N)
0 Exact
1
0.5
k/m
FIG. 6. The N=2 spin correlations of the Guztwiller-

projected Fermi gas in one dimension. The exact result (solid
line, from Ref. 18) diverges at k = w. The mean-field (MF,
short dashes) result has discontinuous derivatives at k = 0, «,
while the sum up to order 1/N (long dashed line) has a di-
verging derivative at k = 7 [see Eq. (7.19)].
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VIII. SUMMARY AND DISCUSSION

In this paper we have introduced a large-N expan-
sion for the correlation functions of Gutzwiller-projected
states. We have discovered several properties and sum
rules which hold to all orders in 1/N. By explicitly calcu-
lating the mean field and 1/N corrections for particular
Schwinger boson and fermion states, we can check the
validity of this approach against exact results for N = 2.
We shall conclude by discussing what we believe we have
learned from our results, and what still needs to be illu-
minated by further investigations and insight.

A. What we understand

(1) The effects of the Gutzwiller projector can be ex-
panded systematically in terms of 1/N diagrams. Each
diagram with L loops and P propagators is of order
(1/N)P=L), The loops and propagators are determined
by the mean-field (saddle-point) equation.

(2) The local charge fluctuations are suppressed at each
order by counterterms, which have the tail structure de-
picted in Fig. 3.

(3) For any N, the on-site spin fluctuations are given
by

s(1+¢s), (8.1)

N

N+¢
where ( =1 (—1) for bosons (fermions).

(4)Each diagram can diverge due to the divergence of
the propagators [see discussion after Eq. (7.7)]. However,
the sum of all diagrams of the 1/N order is finite. We
conclude that in general, large-N expansions are prone
to such intermediate divergences, due to the “hardness”
of the constraints (or lack of “self-interaction” for the A
fields). The lesson to be learned is that results which are
based on any subset of diagrams, or on partial resumma-
tion schemes, are highly suspect.

<Sim;6m’ Sim’;ém)

B. What we do not understand

(1) For the VBS states, the mean field, O(1/N) and
the exact N = 2 correlations are simply proportional.
We conjecture that the higher-order terms behave in the
same manner, i.e.,

Sm#m'(k) I\ Sm¢m’(0)(k) (?).

N+1 (8:2)

For Schwinger bosons, we know that this relation holds
for the on-site sum rule (8.1), but its validity for all & is
a surprise. We can recall however that similar surprises
have been found in other large-NV calculations, both with
bosons and with fermions, where mean field results dif-
fer from the exact result by the factor N/(N + (). For
example, the mean-field susceptibilities of the s = % fer-
romagnet in one dimension, and antiferromagnet in two
dimensions! (both for N = 2) are off by a factor of
2 = N(N +1). Also, the Wilson ratios of the Kondo

impurity model® and the s = % Heisenberg antiferromag-
netic chain! are 2 = N/(N — 1). It would therefore be
very useful to understand this relation in order to correct
the mean-field approximation for other problems. The
apparent simplicity of this correction factor may have
its origin in some group theoretical relation between the
saddle-point approximation and exact integrals over Haar
measures.?!

(2) The above discussion indicates that for these sys-
tems the 1/N expansion is not just an asymptotic series
but a convergent, well-behaved expansion. On the other
hand we are faced with the apparent failure of the boson
large-N theory for the valence bonds solid at s = -é— in one
dimension. The 1/N series yields exponentially decaying
correlations, while the correct state (the nearest-neighbor
dimers state) has vanishing correlations beyond nearest-
neighbor separations. We therefore strongly suspect that
there is an essential singularity in the expansion of the
form

£ [1 + exp(i27 Ns)] (8.3)

which cannot be obtained at any order in the expan-
sion. Such a factor distinguishes between integer and
half odd integer spins for N = 2. This is similar to the
famous topological Berry’s phase, or “f term,” of the
continuous theory of half odd integer Heisenberg antifer-
romagnets in one dimension. This term must be added
to the Schwinger boson mean field Lagrangian to obtain
the correct ground state degeneracies.?

(3) We note that the Fermion large-N approximation
is quite successful for the s = % GPFG state in one di-
mension. The 1/N corrections enhance the long-distance
correlations from =2 to r~21In(r). It would be interest-
ing to find out how the full 1/N series modifies the power
law to r~! for N = 2.

We recall that the fermion mean-field theory for the
spin half Heisenberg chain!® is successful in reproducing
the Fermi-liquid features of the exact solution.! Here we
have found another empirical evidence that the fermionic
approach is better than the bosonic approach for s = é—
antiferromagnets in one dimension. In two dimensions,
the relative advantage of the fermionic versus bosonic
large-N approach is not clear.
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APPENDIX A: THE PROPERTIES
OF MEAN-FIELD STATES

The major goal of this appendix is the derivation of
Eq. (4.12). We will define here the mean-field states |%)
by
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. 1
&) = exp §Zuija:-'a; 0), (A1)
ij

where a; are either bosons or fermions, satisfying the
usual commutate relations

aia} - Ca;ai = 64,
(A2)

aia; — Caja; = ala} — ¢alal =0,

¢ = +1 (-1) for bosons (fermions) and matrix 4 satisfies
the symmetry condition 47 = (4 (ug = u;;). We have
dropped the m indices for simplicity. The states |i) have
the following important properties:

(1) The overlap of mean-field states is given by

_s
(4ld) = [det(1 —¢alo)] 2. (A3)

(2) Let A be an arbitrary operator, the product of any
number of creation and annihilation operators. Then the
extended Wick’s theorem holds: the normalized matrix
element of A, (4|A|0)/(%|D), is equal to the sum of all
possible completly contracted products of creation and
anihilation operators (with the usual sign for fermions),
in which each contraction involves two operators. A con-
traction of dj, dy is the normalized expectation value
(@|d1d2|0)/(1]D).

(3) The contractions are given by

(@]aia;[0)

T =<1 — ¢ale) 7y

_ ( (olalalla) \
@lay )

= [ato(1 — ¢atd) 1)y,

(A4)
(t)ala;|D)
(@fo)
(e al|0)

“TaR)

o0
ee? =exp | > D> ay e, lenal

n=1ly,...,ln=1,2

where we denoted ¢1,2 = %—‘le,z‘y and oyq,,...

n

oo
R=p"">" > oy, 1.lpR[pR1,_, - [pR1,, pR) )]

n=11ly,...,ln=1,2

The proof of these properties may be found in Ref. 22
(see also Ref. 23).

Following Ref. 22 we will write the whole set of creation
and annihilation operators as a 2A/-dimensional vector
(N is the lattice size):

7-:*{a,af}z{al,...,aN,a‘;,...,aj\,} (A5)
with commutation relations
Yivi — CViYi = Pigs (A6)
where p is the 2 x 2N matrix
0 1
o= (_ : 0) . (A7)

We have p? = —(, so p~1

Brezin?? we define

= —(p. Following Balian and

1 2N
5 > viRivi|,  (A8)

1
J = exp [—'yR’y] = exp
i,j=1

2

where the 2N x 2N matrix R satisfies the symmetry con-
dition RT = (R (in this appendix we will call such ma-
trices symmetric) and 2N x 2N matrices

T = (Tll T12) — epR_ (Ag)

Ty To2

It is shown in Ref. 22 that the matrices (A9) faithfully
represent the second quantized operators (A8), i.e.,

J(R))JT(R2) = TJ(R) = efFrerRa = PR (A10)
We will now prove the inverse statement,
ePFrepRz — PR o J(R))JT(R2) = J(R) , (A11)

that is to say, the representation of operators J by ma-
trices T is isomorphic. To prove the (A11), we use the
Baker-Campbell-Hausdorff formula, which gives?4

(A12)

are some constants, which we do not need to know explicitly. On the
other hand, since e?P1ePE2 = PR the same formula gives

(A13)

Correspondingly, (A11) will be proven, if one can show that

[cln [cln—l ce [clz ’ cl1] o ]] = %7p_l[pRln [pRln—l to [pRlza pRll] ° ]]'7 .

(A14)
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Let us denote

An = p ' [pRi [pRi,_, - [pRi,, pR) -],  (A1B)

so that the right-hand side (RHS) of (A14) is equal to
%7An'y. We will first prove by induction, that A, is
symmetric, AL = ¢A,. For n = 1 it is correct; then, for
Ap+1 we have

Apt1= p_l [pRln+1 ) pAn]

= Rln+1pAn - AnPRln+1 ) (Als)

and since Ry, , is symmetric and p is antisymmetric,
pT = —(p, the symmetry of A, follows from the sym-
metry of A,.

Now we will prove by induction the relation (A14). For
n = 1 it is trivially correct; then, if it is correct for n, we

have for n + 1:

[Clupilet, - [etpy e -]l = [3YR17Y, 37ARY]. (ALT)

Using symmetry of R;,,, and A, and the commutation
relation for v (A6) it is straightforward to show that RHS
of (A17) is equal to

ivp7YpRy, ., pALY
= 370" [pRu, ., [pRu, - - [pR1,, pRy) - - ],

which completes the proof of (A11). Note that we have
also shown that the product of two operators of the type
(A8) is another operator of the same type, represented
by the matrix R of (A13).

Now we shall use this “multiplication rule” to calculate
(4.9). The expectation value is of the form

(A18)

M = (4| exp [afﬁa] | )

= (0|71 exp [a'ha] 72|0), (A19)

where J; = exp [3adfa] and J; = exp [1alial] are op-

erators of the type (A8) and 7 is M x N matrix. We can
transform exp [affa] also into the form (A8) by writing

exp [a'fa] = exp [—%’I‘r ﬁ] exp [%’y (9 CZT> 7]

n
— exp [—%Tr ﬁ} s, (A20)
where J3 is of the type (A8), so we have for M
M = exp [—%Tr ﬁ] (0171 T3 7210)
= [det e "% (0|71 75.7210). (A21)

The T matrices, corresponding to Ji1, J2, and J3 are

e[ (% (4 9] (e 8
(5 DED] -G 9o
e[ (% ) D)5 %)

T =exp

Thus, T, which corresponds to J = J1J3Ja, is

T=T\T:T, = ( (A23)

e el
—cate? e —cateha)”

It is shown in Ref. 22, that for every operator J (A8)
and corresponding matrix T the following relation holds:

(01710) = [det Tya] ™% . (A24)

Using Eqs. (A24), (A23), and (A21) we will obtain for
the case of symmetric (in usual sense) 7, 77 = 7, the final
relation

(@] exp [al7a] |a) = [det (1 — ¢ ite? ae)] ~F
= exp [—%’I‘rln (1—¢atelae)|,
(A25)

which yields the expression (4.12) for the generating func-
tional (4.9).

APPENDIX B: CALCULATION OF (7.12)

Here we explicitly calculate the 1/N order diagrams for
the Schwinger boson case. The diagrams are depicted in
Fig. 5. We use the integration variable z = €% instead of
the momentum k. For example, for the nearest-neighbor
bonds problem 4VBS of (2.18), we have

uVBS(2) =z + % . (B1)
The conservation of momentum at every vertex is equiv-
alent to the rule that the product of all z’s entering a
vertex is equal to unity. Each sum over k& (Ref. 25) is
replaced in the thermodynamic limit by a contour inte-
gration over z on the unit circle

1 T
. ~1 _
./\}E*nooN Ek Fk = 57-; . dka

1 dz

—_— % o1 7F(Z)
= > Res[F(z)/z]. (B2)
For the quadratic part of the action (7.5) the integral is
1 1 dz’
2 _ 2
S (z) = 5;% Uy (2)uy(22) + 5 + €%, (B3)
where
uy(2) = au(2) [£1 — Gu(z)] " (B4)

and for the valence bond case u(z) is given by (B1) and
@ by (7.9).

Since trigonometric integrands Fj are replaced by ra-
tional functions F'(z), it is easy to determine their poles
2z; (including a pole at z = 0), and their residues at these
poles. The sum over residues in (B3) yields
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FIG. 7. Assignments of integration variables in Eq. (B7).

2
S@(2) = (s + 1)%—_(% +é, (B5)
where
K= j 5 - (B6)

The propagator D(z) is equal to — (NS® (z))_l. The
diagrams are generated by the rules of Sec. III, and shown
in Fig. 5. As an example, the integrations of the vertex
diagram (see Fig. 7) are

1 1 dz' [ dz"
s G T F ) we)
v
XUy (22'2") uy(2'2") D(2") .
(B7)

Each diagram in Fig. 5 diverges as 1/e. However, the
divergences cancel in the sum, and the overall 1/N result
is finite for € — 0. The simplicity of the residues method
allowed us to use the symbolic manipulation program
“MATHEMATICA”?0 to perform the integrations analyti-
cally on the computer. The program identifies the poles
and residues of the rational functions. Intermediate ex-
pressions, especially for the diagram Fig. 7, involved up
to hundreds of terms. Expanding these terms and find-
ing common denominators became too cumbersome for
manual calculations, and therefore automating this pro-
cess was essential. The result of this calculation is given
by Eq. {7.12).

APPENDIX C: CALCULATION OF (7.19)

Here we derive the order 1/N correlations of the
Gutzwiller-projected Fermi gas state, Eq. (7.19). The
quadratic part of the action is given by (7.18), so by (7.6),
we have a diverging propagator at k = 0. We control this
divergence by letting krp > w/2. We denote

2rak) =2 [ 220 [ 20 (F-1ol) 6 (5 -lo+al) 0 (F-lp+ail).

We denote the integral over p in (C7) as (27) 1 A(q), where

if —k<¢q¢g<0

T+ q
Algg=(m—k
fo<g<mw

(m—q—k)8(m—q—k)

if —mr<q¢< -k

q
-
TP
.
FIG. 8. Diagrams contributing to the correlations of the
GPFG (Appendix C).

q
-
p p+q
- o
K K 3
p+k  pra*k
+

p+

(C1)

The role of § is similar to that of € — it regulates the
divergence of the propagator. Thus we obtain

6+ |k|
@) () = 21K
S@ (k) ol (C2)
so that
1 27
Dk =~F5vmm (©8)

We first note that the last two diagrams of the top row
in Fig. 5 cancel since they differ by one ., line, which
yields a factor of —1. For the same reason, the sum of
the first two diagrams is equal to twice the contribution
of the second diagram. The remaining contributions to
§m#m'(1)(k) are depicted (including combinatorial fac-
tors) in Fig. 8. By reflection symmery we can restrict
ourselves to k > 0.
The first diagram of Fig. 8 is given by
T dq
Ra(k) = [ D@P(k+ 3L, (c4)
— m
where P(k) is the polarization bubble. By Fig. 4, for k
in the first Brillouin zone
Ll

Pk) =8P (k) —s=— —

-3 (c5)

N =

which yields for (C4)

Rl(k)=%[(1—;)lnﬂ_k~ﬁlnlc-+—2£—l].

é T ow s
(Ce6)

The contribution of the second diagram of Fig. 8 is

(C7)

(C8)
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which yields

1 1 [“*n4gq 1 [ 7—k
2Ry (k) = — |—= dg — — .-
2(k) N[ W/_w —q W/_k5—qdq T

The last diagram of Fig. 8 is

w—k
T—q—k
—dq| .
/0 5+q q]

Rak) = [ 220G) [ Lo (F-10l) 0 (5 -lo+ k)6 (5-lp+al) o (F-to+k+al).

(C9)

(C10)

The integral over p is equal to (27)~ (7w — k — |g|) 8 (* — k — |q|), so (C10) cancels the last term of (C9), while first

two terms of (C9) yield

1 6 k.6 k

By adding (C11) and (C6) we obtain Eq. (7.19).

(C11)
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