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Abstract. We analyze the spectral properties and discuss the scattering theory
of operators of the form H=H,+V, Hy=—A+E-x. Among our results
are the existence of wave operators, Q,(H, H,), the nonexistence of bound
states, and a (speculative) description of resonances for certain classes of
potentials.

1. Introduction

Since 1951, when Kato [10] initiated the mathematical analysis of Schrodinger
operators of the form — A+ V(x) [with V(x)—0 as |x|]—oc0 in some sense] this
class of operators has become quite well understood (see [15, 17, 18] for references
to original contributions). It is the purpose of this paper to initiate a study of the
class of operators which result from the above by the addition of a potential
corresponding to a constant electric field. We call such operators Stark
Hamiltonians. They are of the form

H=H,+V, Hy=—-A4+E-x.
Assuming a point nucleus, the hydrogen Stark effect [6, 13] is described by the
Coulomb potential V(x)= — Z/|x|.

We begin our analysis in Section II with a discussion of the operator H,.
In most quantum mechanics books the potential E-x is treated as a perturbation
of —A+ V. However, this perturbation is not small in any obvious mathematical
sense (no matter the size of E). (See, however, [18] and [25] for the theory of
spectral concentration.) Thus we find it useful to treat V as a perturbation of H,,.
It will become clear in later sections that for the classes of potentials which we
consider, many of the properties of H, remain invariant under the addition of V.

In Section III we consider a class of potentials for which the wave operators
Q. (H, H,) exist. In contrast to the situation where E=0, the Coulomb potential
isincluded in this class. In fact a large class of potentials which in certain directions
approach infinity as |x|—oo (without oscillation) is allowed.
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In Section IV we give criteria for V to be compact relative to H,. We study
a subclass of such V’s which are analytic (in a strip) in the variable parallel to E.
These potentials turn out to be especially nice. We analyze them by a method
motivated by the Balslev-Combes [4] treatment of dilatation-analytic per-
turbations of the Laplacian. We speculate on a mathematical description of
resonances provided by this technique. While the Coulomb potential does not
fall into this class, the potential produced by a nucleus of finite size with, for
example, a gaussian charge distribution does. Among other results our analysis
shows the absence of singular continuous spectrum for these potentials.

In Section V we consider a large class of potentials characterized most im-
portantly by the condition that

IE|— (7, V) (1)25>0

for x large enough. (Here || stands for the direction parallel to E.) We show that
for such potentials (see Section V for an exact description), H has no eigenstates.
This generalizes a result of Titchmarsh [23] who proved the absence of bound
states for the hydrogen Stark effect. His analysis makes explicit and crucial use
of the separability of the problem in parabolic coordinates. Agmon [1] has also
announced the non-existence of point spectrum for a general class of potentials.
The proof of the relevant theorem has however not appeared (but see [2] where
similar results are proved).

I1. The Operator H,= —A+E-x

In this section we set E=¢qe, where e, is a unit vector in the x direction. We
write x=(x, x,) and —iV =(p, p,). Thus, we have H,=p*+ p? +¢,x. We assume
for convenience that ¢,>0.

Let H,” be the self-adjoint operation of multiplication by g2+ g3+¢,x on
L*(R?,d?q dx) and let U;=¢'?’/*° and #, be the unitary operation of (partial)
Fourier transformation with respect to the variables perpendicular to E. Define
U=%,U,. We then have

Theorem 1.1. a) (— A+ E-x)} g is essentially self-adjoint. We denote its closure
by H,,.
b) H,, is unitarily equivalent to H,". Explicitly

Hy,=UH,U™'. (2.1)
¢) The spectrum of H, is purely absolutely continuous with o(Hy)=(— 00, o).

Proof. Let & =%(R3) be the Schwartz space of rapidly decreasing C* functions
and define

A=(—Ad+¢px)ly
B=H,,.

Note that U maps % onto & By explicit calculation we have
A=UBU*.
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Since H,"isa self-adjoint extension of B, UH,"U ~! is a self-adjoint extension of 4.
If C is another self-adjoint extension of A then U~ 'CU is a self-adjoint extension
of B. Since & is clearly a core for H,” we have U 'CU=H,"or C=UH, U™ .
Thus A has one and only one self-adjoint extension, namely UH,"U~'. The
proof of a) and b) thus reduces to showing that (Alcpgs) ™ = A which is trivial.
The proof of c) follows trivially from b) and the explicit form of H,".

We remark that the continuum “eigenfunctions” of —A+¢gyx are easily
calculated using the explicit form of U,. We have

( -4+ Sox)wqo, xo(x) = (q(z) + 80x0)wqo, xo(x)
where
Wao,xo(X) = 0 653 A(eg/*(x — X)) 22
and A(x) is the Airy function
N
A(x)= lim 2n)~" | expi{(?/3)+xt}ds. (2.3
N-oo -N

It will be useful in Section III to have a simple expression for the propagator
e~ o which we now derive. We write

e"itHozeiP3/380 e—it(pf+£ox) e—ip3/3so
=e—-itmx ei(p—eot)3/3eo e—itp} e—ip3/3so (24)
=e—itsox e—it(p2+pf) eieotzp e—i£3t3/3 .
This has a simple interpretation in terms of the Heisenberg operators x(f)=
etHoxe~itHo and p(t)=e"™Mope~"Ho which can be calculated from (2.4):
p(t)=p—Et 2.5)
x(t)=x+2pt—Et?. )

These are of course the familiar solutions to Newton’s equations
dp(t)/dt=—E, dx(t)/dt=2p(t). (2.6)

Note that Equation (2.5) in turn determines ¢“#° up to a multiplicative phase
factor.

IIL. Scattering: The Existence of Wave Operators

In this section we consider a class of potentials for which a “reasonable” scattering
theory can be developed. To emphasize the physical interpretation we also
discuss the classical situation.

We are interested in the existence of the strong limit of e e *Ho a5 t— 4- o0,
or what is the same thing, in the existence (for every asymptotic state feL?)
of a state y such that |le” "y —e o £|| 0. Given a point Q=(x, p) in R, let'
(x(2), pg(t)) be the solution to the free Equation (2.6) with initial data Q. In analogy
to the quantum mechanical case, in classical mechanics we are interested in the
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existence of an interacting orbit (x,(t), po(t)) for each asymptotic “state” Q so
that the difference between (xy(1), py(t)) and (x(t), pa(t)) tends to zero as t— co.
In this regard we have the following theorem.

Theorem 3.1. Let E=¢qe, with e,>0. Suppose F:R3—R> is continuously dif-
ferentiable and satisfies

a) [F)| Sc(l+|x )" +x)~"2717 x<0;
b) |G F I/ (L+|x )" +]x)™™27170 x<0

where m,n=0, ¢, §>0. Then for each Q=(x, p) in R® there exists a unique solution
(x(t), p(t)) =(x(), py(t)) of the equations

dp(t)/dt=—E+F(x(t)), dx(t)/dt=2p(t) (3.1
for large time, satisfying

lim_ [x3(0)— xo(0)]+[p3(0)— pg(t) =0. (32)
Proof. Our proof follows [8, 22]. Consider the function

fit, y)=F(y+x+2pt—eye,t?) (3.3)

and the space S;= { ¥(+):3(-) is a continuous map from (7, o) into IR? satisfying
V(Mo r=sup|y(®)|= 1}. We will choose T >0 so that
t>T

AN = | ds [ duf () (3.4)

is a strict contraction from S; into S;. Choose T large enough so that (x+2pt —
goe,t?)-e,< —1,all t= T From a) we have

A o2 T ds | dul £, ) <e; T~
and from b)

1AW (D= AP (Do s T 2191 = Yooz -

By the contraction mapping fixed point theorem there is a unique solution
Yo(-)in Sy (if T is large enough) to the equation

A(()=x(). (3.5
Defining

xo()=yoO)+x3(1),  po(t)=2""dx,/dt

(3.1) and (3.2) easily follow. It is also easy to see that any solution of (3.1) satisfying
(3.2) also yields a y(-) satisfying (3.5). A local uniqueness theorem then shows that
¥(t)=yo(t) for t> T. This completes the proof.

Remarks. a) The fact that the forces are allowed to grow in some directions (and
are essentially arbitrary for x>0) means that in general global solutions to (3.1)
will not exist for arbitrary initial conditions. In quantum mechanics this should
have as a consequence that (—4 +E-x +V(x))} cows is not in general essentially
self-adjoint [17].
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b) Clearly one can arrange F(x) to satisfy the conditions a) and b) of the theorem
and still have unbounded orbits which are not asymptotic to any free orbit.
In quantum mechanics one should then expect that the wave operators Q. (H, H)
are not complete.

We now go on to the quantum case.

Theorem 3.2. Suppose V is a real measurable function on R® satisfying
a) (14+x?) " "VeI*(R?) for some N >0.
b) For every ¢>0 there exists a t,>0 with

[} dtt_3/2( [ @xV(x—sgot?, xl)lz)”2 <. (3.6)
to |x|sct

Let H be any self-adjoint extension of
Ho+V(x)hep sy, Ho=—A4+ex, &>0.

itH

Then the wave operators Q. (H, Hy)= s-liim et~ iHo oxjst.
t— 1T 00

Corollary 3.3. Under the same conditions as Theorem 3.2, ¢, . (H)=(— 00, c0).
Before proving Theorem 3.2 we note the following sufficient condition for
the existence of 2, (compare with Theorem 3.1).

Lemma 3.4. Suppose V =V, + V, where
a) Viel?
b) (14+x2) Ve I? for some N and for x<0

V()| S c(1+|x, )"(L+|x])~ 2"+ 1*9 for some n=0,e>0.

Then V satisfies the requirements of Theorem 3.2 and Q. (H, H,) exist.

Proof of Theorem 3.2. It is enough to prove convergence of Q(t)=ee~"Ho on
the dense set @ = {p:Pe CF(R>)}. By standard arguments one need only prove

d
7 Qtyy

. t
e” o #(R%)— (R and the easily proved fact that H} , =(H,+ V)}, we can
differentiate ¢ so that we need only prove integrability of

LO=1V(x)e™ Hop| (3.7)

convergence of the integral j dt for some t,>0. Using the fact that

for t=t,. From Equation (2.4) we have

SO=1V(x—eot®, x Jw,| 3.8

where 1, = e'4y. The behavior of p,(x) for large t is well known [5, 19]. From the
explicit form of the kernel of ¢™ one has |y,||,, <ct™¥% We give a short proof

of the fact that for |x| = ct (where ¢ depends on )
()] S Dy(1+x7+2)7". (3.9)
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Suppose supp P € {p:|p| <R}. We have then for |x|>2Rt
,(x)=(2m) " [ TP TP (p)dp
=(2m) 732N [ e~ PP O[5/ 0k)(|x| — 2kt) T TN P(p)d>p (3.10)
where k=p-x/|x|. Thus
N
@l Sey Y, t(xl—2R) ™" [[pW = (p)ld®p (3.11)

where PV = (x|x|~ 1 -F)p. Thus if |x| > 2R +e)t, (3.11) gives
[y () = ci(e)lxl+1)™"
and thus (3.9) follows.
To show that f,, is integrable on [t,, co) we use (3.9) to show that
IVx—eot?, x S — g S IVA+x7) "Nt ™
for ¢>2R, y,(x)=1 if |x| < ct, and zero otherwise. While
IV (x—eot?, x Dtertp | StV —e0t?, X )t

which yields exactly the integral (3.6).

IV. Relatively Compact and Analytic Potentials

We begin this section with a discussion of relatively compact perturbation of
— A4+ G(x) where G is a quite general multiplication operator.

Definition 4.1. [4(R3) is the set of all I4(IR?) functions with compact support.
I#+ > is the set of all functions f such that f=f, +f, with fieI? and f,e L*.
L4 (R is the set of all f such that for each ¢>0, f = f,, + f5, With f1,e I%, || 2.l o S &

Theorem 4.2. Suppose G and V are real multiplication operators such that

a) for some a>0 Ge™**le IP(R3)

b) Veli,
where either p~*4+q~'=2/3 and 2<p,q or p=2 and q>6 or q=2 and p>6.
Then if H, is some self-adjoint extension of (—A+G)\cpms, V(Ho+i)™' is
compact.

1

Corollary 4.3. Let H, and V be as in Theorem4.2. Then
a) H=(H,+ V) g, is self-adjoint ;
b) Gessential (H) =0 essendat (Ho) -

Given Theorem 4.2, the corollary follows from standard results [11].

Proof of Theorem 4.2. Our proof is a bit subtle because the domain of H,, is not
specified. Let A=2(a+1)? and define the operator K, for he L%, e **Ge L* by
giving its kernel:

Ky (x, y)=h(x)(@dn|x—y))~ " exp{—(1+)1/2)"*|x - y[}G() . “.1)
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Note that the middle term is just the kernel of (—A4+i4)~!. The operator K, is
Hilbert-Schmidt. Explicitly

K43 S c [ Ih(x)e™ P |x— y = 2e 72 Gly)e PP d®xd® y < cq [he™™ |7 (4.2)

by Sobolev’s inequality if p~t+q~1=2/3, p,q>2 and by Hélder’s inequality if

g=2, p>6or p=2, ¢>6. We will show that for Ve 4, the operator V(H,+il)~!
is Hilbert-Schmidt. This is enough to prove the theorem. To accomplish this we
first show that for he LE(R?)

WHo+id) " t=h(—A+il)~ ' = K,(Ho+id)". 43)

It is easily shown that Hol g - 496 =—4+G. We will use this fact in what
follows. Suppose e LS. Then since (—A4—il)~ 'ye D(G)nD(— 4) [as a glance
at the kernel of (—4—iA)~! shows] we have

(Ho—id) 'p=(Ho—id)" (=4 —il)(—4—id) "'y

=(Hy—il) =4+ G—il—G)(—A—il) 'y (4.4)
=(—4—id) 'y—(Hy—il) 'G(—4—id) 'yp.
Thus if pe I L*
(Ho—id) " h¢=(—A4—i2)"'h—(Ho—id) "' Kio. 4.5)

Since all the relevant operators appearing in Equation (4.5) are bounded, (4.5)
extends to all ¢e L*. The adjoint of the corresponding operator equation is (4.3).
We now proceed by a limiting process. Let hy(x)=V(x) if |V(x)|<N and zero
otherwise. Note hye L% so that (4.3) holds. Then since h,(—A4+il) 1 ¢p->V(—A+
i2)"'¢ and K, (Ho+id)~ '¢—K,(Hy+id)"'¢ we see that (H,+il)"'pe (V)
and (4.3) holds with & replaced by V. This completes the proof because Equation
(4.3) displays V(H,+i4)"! as a sum of two Hilbert-Schmidt operators.

We now return to our Stark Hamiltonians and consider a class of potentials
for which an analysis of the spectrum is particularly easy. Our methods are
motivated by the work of Balslev and Combes [4] on dilatation-analytic perturba-
tions of —A. This class of perturbations is inappropriate for the study of Stark
Hamiltonians so we introduce the following:

Definition 4.4. Suppose V is a multiplication operator such that for almost every
x,, V(z,x,) is analytic in a strip |Imz| < with $>0 and independent of x,. Let
H,= —A+¢gyx. Vis said to be H,-translation analytic if [with V,(x)=V(x+z, x,)]
V,(Hy+1i)~! is a compact analytic-operator valued function of z in the strip.

Lemma 4.5. Suppose V(z, x,) is analytic in the strip {Imz|<f for almost every x .
Suppose V,(Hy+1i)"' is uniformly bounded on compacts of the strip. Then
V,(Ho+1i)~" is an analytic operator-valued function of z for [Imz| < p.

The proof of Lemma 4.5 is an easy application of the Cauchy integral formula
and Fubini’s theorem which show that if the circle {z:|z—z,|<r} is contained in
the strip, then

@ Vo(Ho+D) 7 'p)=2mi)™"  §  dZ(¢, Vo, (Ho+) ')Az’ —2).

|z’ —zo|=r
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Definition 4.6. If A is a closed operator, we define ogiscrere(A4) as the set of all 4,

such that 4, is an isolated point of o(4) and P, = —Q2mi)™' ¢ (4—2)"'dA
A—2o|=¢

is a finite dimensional projection. We define oessemial(A)zo-(AI)\adliscrete(A)

We remark that if 4 is not self-adjoint, there are definitions of Gegsential(A4) in
the literature which differ from ours [11]. We note without proof that if 4 is
self-adjoint and B(A4 +1)~ ! is compact, (B need not be symmetric) then (4 + B) g4
is closed and Gegsential (4) = Tessentiat (4 + B) [18].

Theorem 4.7.Suppose V is H-translation analytic in the strip |Imz|<p. Let H=
—A+egx+V,60>0. Then
a) The point spectrum of H does not have a finite point of accumulation;
b) Ossing. cont.(H )= ¢;
C) o-abs.cont.(H)=(_ 0, OO)
The family of operators H,= —A+e¢eo(x+2z)+V, is an analytic family of type A
in the sense of Kato [11] and has the following spectral properties
(l) Oessential (H z) =R+ iSO(ImZ) ,
(11) Gdiscrete(H z) g {jv Im AE [O: &o Imz)} ;

(iii) The singularities of (H,—2)™! in the variable A which occur in the region
Im A€ [0, &y Imz) are poles with finite rank residues whose locations are independent

of z.

Remarks. a) The poles of (H,— )~ ! off the real axis are candidates for resonances.
A similar situation occurs in the Balslev-Combes analysis and there (for a subclass
of dilatation analytic potentials) Simon proved [21] that the locations of these
poles coincided with those of poles in the scattering amplitude as a function of
complex energy. One is hampered in the Stark effect because a useful independent
definition of resonance does not seem to exist.

b) The theorem does not cover V(x)= — Z/|x| but does cover for example
V(x)= [ (e(y)/lx—y))d’y where o(y)=—Z(2nc*)"*? exp{—3y*/o*} which as
o—0approaches — ZJ(y). It is conceivable that the “resonance” positions converge
as 0—0 to those associated with the Stark effect.

Proof of Theorem 4.7. Because V, is compact relative to H,, we have
Oessential (H z) = Oessential (H ot V;) tépz= R+ igo (Imz) (46)

if Imz| < B. The discrete spectrum of H, is our next problem. Suppose 4,(z) is an
eigenvalue of H,, 1€ 0 giscrete(H,). Then since {H,} is (by Kato’s definition [11])
an analytic family of operators (of type A) A, is analytic in z (except for certain
special values of z in a discrete set). Since U, H, U, '=H,,,, where (U, f)(x, x,)=
f(x+ B, x,) and is thus unitary (for real a), we have Ay(z+a)=274(z) in a region
of analyticity of 1, and thus 1y=constant. [Note also that 1,(z) is a continuous
function of z and thus cannot jump at the above-mentioned special values of z.]
Suppose 4, is an eigenvalue of H, and 4, is outside the set [0, ¢, Imz]. Consider
the projection

dA
P,=(2mi)"*
( ) r=|§—/lo|/l_Hz
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where r is small enough so that no other eigenvalues or essential spectrum is
contained within or on the circle r=|1— Ay|. Then P, is analytic in z and at Imz=0
must be zero since H, is self-adjoint for Imz=0. But since dimension (P,)=
constant, P,=0 and thus /, is not an eigenvalue. This proves (i) through (iii).

Let 2= {ye*:U,y is entire in o}, and suppose &¢>0. Consider for ye 2, the
expression (with 4 real)

(p, (H—A+ig)" ' p)=(Uyyp, (H,— A+ie) "' Uyy). .7

Equation (4.7) holds for o real but can also be continued to O0<Ima< f. Thus if
the interval [a, b] contains no poles of (H,—z)"! on the real axis (for Imo>0)
we have

15}112] I, (H—A+ig) " ty)|<oo.
12¢>0

By a standard theorem [18], this implies the spectrum of H in [a, b] is purely
absolutely continuous. Since the poles of (H,—z)™! are discrete for Ima>0,
a) and b) of the theorem follow. This combined with the fact that 6 genia(H)=
(— o0, 00) [i.e. Eq. (4.6)] proves part c).

V. Non Existence of Bound States

In this section we prove that for a large class of potentials, ¥, the Stark Hamiltonian
has no eigenvalues. Intuitively, this follows from a tunnelling argument [13].
However, to illustrate the subtlety of the problem we shall first show that an
operator, closely related to the hydrogen Stark Hamiltonian, does have eigen-
values.

Let 5, denote the (closed) subspace of square integrable functions with
angular momentum m in the direction of the homogeneous field. #,, is an invariant
subspace for the hydrogen Stark Hamiltonian H. H,, is the restriction Hl ,,, . pm)-
When implemented in parabolic coordinates, #,, and H,, are [6, 13]

A= {w(d), Em)=emty(E n) Z dé E dnriw(E, > < 00}

1 m
H,= ;[_ 0:£0;—0yn 0, + '4—(5 Ly 1)—Z+80(52~’12)]
r= é +7,
z is the charge of the nucleus, ¢, the homogeneous field. This operator was analyzed
by Titchmarsh [23] who showed that it has no eigenvalues. However, the dif-

ferential equation (H,—E)p=0 has for some real E non-trivial solutions v
with a finite tensor product norm:

[wl= ] de | dnfoté, il <o
0 0

Indeed, the unitary operator U on I*(0, co) defined by
Up(&)=(&/2)"*w(&*/4)
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transforms the formal differential operators
Ap=— 0L 0+ m?[AE + £y &% — EE
B, = — 0:£0,+m* Al — o &> — E¢
to
UA, U™ = = Oge+(m® — 9/E* + 60 £ /16 — EE? /4
UB, U™ = — O+ (m* —3)/E* — £, E* /16 — EE? /4 .

Much is known about the spectral properties of differential operators of this
type [7]. In particular, when A4, and B,, are properly defined as self-adjoint
operators on the half-line, their essential spectra are empty. For A4,, this agrees
with naive intuition. For B,, this is somewhat surprising and is related to the
finite travel time to infinity of the corresponding classical particles. It follows that
H, —E has non-trivial eigenfunctions in the (linear) tensor product space (at
least for some z).

Non-existence of eigenvalues for the Stark Hamiltonian was first proved by
Titchmarsh for the hydrogen Stark effect [23]. His proof is quite involved and
relies on the special symmetry (the separability in parabolic coordinates) of the
problem. The non-existence of eigenvalues for a wide class of potentials was
announced by Agmon [1]. Although he subsequently published similar theorems
[2], a proof of the relevant result (Theorem 8 of [17) has not, to our knowledge,
appeared in the literature.

In the spectral theory of Schrédinger operators, two techniques have been
developed to prove absence of eigenvalues. One, due to Weidmann and Lavine,
was invented to handle (multiparticle) repulsive potentials and is technically
based on the existence of an operator which has a positive commutator with H
[14, 24]. The second, due to Kato [12], was introduced to prove absence of positive
eigenvalues and is based on the analysis of a rather artificial-looking object [9, 20].
It so turns out that Kato’s ideas can be extended to Stark Hamiltonians to prove
absence of eigenvalues for a large class of potentials, V. Unfortunately, the proof
is involved. On the other hand, techniques of positive commutators handle only
special classes of potentials. We shall start by mentioning two results of this type
because their extreme formal simplicity contrasts nicely with the general analysis
(via Kato’s method) to be presented subsequently. [No attempt at rigor will be
made in (a) and (b) below.]

(a) Repulsive cores: Let ¢=|x,|, x,€R? (x, is in the plane perpendicular to
the homogeneous field) and 0V /0p<0 in some suitable (distributional) sense.
Let U, be the dilation

U p(x, x ) =1w(x, ox Jor

and pe D(p?) N D(p* + V — gy x) satisfying
Hy=(p*+V —eox)p=Eyp.

Then p=0. In fact
0=(U,y, [U,HU, ' —H]y)
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and

lim(e—1)" (U, [UHU, ' — Hlp)= —(w, [2p — 00V /%Jw)=0

imply p=0.

(b) A continuously differentiable function V(x) is a classically non-binding
potential if Ine R" such that V, V(x) is of fixed sign. Let U, be the unitary translation
in the n direction, V classically non-binding, and ype 2(p*)n2D(p*+V)

(P*+Vp=Ep.

Mimicking the argument in (a) one finds (¥, ¥, Vip)=0. Hence =0 on the support
of V,V. For V satisfying the hypotheses of a unique continuation theorem, =0
(Theorem 5.2).

We shall now turn to the general analysis. In the following it is convenient to
choose the field in the positive x direction, i.e.

Hoy=—-4-x (x=(x,x)).
H=H,+V, with V satisfying the following regularity conditions:

A V=V, +V, Ve PR3, V;(x)=0if x=R
V,e L*(R3), for some R>0.
B. There is an x,> 0 so that for x=x,
the operator V, defined on I*(R?) by

Vop(x )= V(x)yp(x,)

is bounded and strongly differentiable in x with a derivative V satisfying

IV{l<e, if xZx,.

There are two distinct results which taken together guarantee the absence of
eigenvalues. The first says that a particle cannot remain indefinitely in regions of
space where there is a net force pushing it out to infinity. This is the subject of
the following theorem:

Theorem 5.1. Suppose V satisfies A, B and in addition for x=x,, V,<1—0, for
some 0>0. If (H—Eyp=0 and pe D(H) then p(x)=0 for all x=x,.

The second result says that for certain V’s a quantum mechanical particle
will always “tunnel” through classically forbidden regions. (It will thus “leak out”
to regions of space when the force accelerates it to infinity.) This is a well known
result from the theory of partial differential equations [3]. Unfortunately the
requirements on V are rather strong (perhaps unrealistically so).

Theorem 5.2. Suppose S is a closed set of measure zero with R®\S connected.
Suppose W is a function bounded on compacts of R*\S. If pe I>(R*)n {¢:f pe
D(—A) for each fe CF(R?)} and Ayp=Wry as distributions, then if y vanishes on
an open subset of R3, p=0.
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As a corollary we thus have

Theorem 5.3. Suppose V satisfies the assumptions of Theorem 5.1 and in addition
is bounded on compacts of R3\S, S a closed set of measure zero which does not
disconnect R®. Then H=H,+V has no eigenvalues.

Before proceeding with a proof of Theorem 5.1 we need a technical result:

Proposition 5.4. Suppose V satisfies A, B. Let H=H,+ V.
a) If f:R3-C and (x2+1)1/2(|fl+ Zlajﬂ)-i—l/lfl is bounded then
J

P>+ f(H+) | <o0.
b) If ge C&(R') with suppg € {x:x=x,} then

Ip1(p* +1)g(H +1) | < 0.
A proof of Proposition 5.4 is sketched in Appendix A.

Proof of Theorem 5.1. Suppose Hyp = Eyp. Without loss of generality we can assume
that 1 is real-valued. The restriction of v, ., to a fixed value of x has certain
regularity properties by virtue of Proposition 5.4:
(i) v, is a twice continuously differentiable Z?(IR?) valued function of x.
(i) Let p;=—iV; and p} =p3+p3. Then w.e Z(p?) and p;y, is a continuously
differentiable [LZ(]R£) valued] function of x.
(iif)

) 3
§ x_ldx(z Ipspsl® + llw;llz) <. (5.1)

X0 Jj=2

Here the prime indicates differentiation with respect to x. Statements (i) and (ii)
follow from the easily proved inequalities.
bl S callp? + 1)l x> 1/4
ldx =, I Sc,ll(pl + e >~ 1) |
Syl + )5 Pl Ix—yI*f, 0> 1/4, f<1/2

and from part (b) of the proposition. Statement (iii) follows from the fact that

Ipx?+ )72 p,(H+i) || < o0
which in turn follows from (a) of the proposition. These results are needed to
justify the manipulations to be carried out below.

The central idea in the positive commutator technique for proving absence
of eigenvalues is the search for a dynamical variable that increases in time. Our
approach is, in some sense, a special, local version of this idea. One starts from the
observation that for x >x,, the expectation value, in the plane perpendicular to
the field, of the force in the x-direction is non-negative. Let f:[x,, «0)—>R be
given by

JX) =y, (L= V)we) Z 0wy, W) 20 , (52)
where

Pi=plv.+(Vimx—Ep,. (5.3)
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£ is integrable on [x,, c0), hence we consider the expectation of the force acting
on the “part of the particle” to the right of x:

[ f)dy=G(x)+c, (54
where
G()= = [We® +<pe (T + Vi—x—E)p,>. (5.5)

Equation (5.4) follows from the Schrodinger Equation (5.3). A function similar
to G was originally introduced by Kato [12]. We will henceforth analyze the
quantity G and other similar quantities (it will shortly be shown that the quantity
¢, in (5.4) is zero). Our procedure will be to show that if y> <26 then

00> [ dxe™ ([l +<{ W P + Xy i} - (5.6)

X0

This will lead to a contradiction unless 1, =0 for x> x,.
First note that if G is negative at some x, = Xx,, then by (5.4) and (5.2) |G(x)| =
|G(x,)}>0for all x=x;. If G is positive for all x= x, but }LIE, G(x)>0, then |G(x)| =

ylirg G(y)>0 all x=x,. In either case (5.1) implies

o= [IGE)lx~dx= [ x dx{lwl® +<v. plvy)

X0 X0

+ s, (Vi +x+Ep, < oo,

a contradiction. We have thus shown

G(x)=0, }13.10 G(x)=0. (5.7
(This means that ¢,=0.) Introducing the function g(x)=<v,, ., (5.2) then gives

Gx)zd | dyg(y). (5.8)
Note also that

9" () =4[y |* +2G(x) 20. (5.9)

Since g is a non-negative integrable function it is easy to see that g'(x) <0, }Lrg g(x)=
lim ¢'(x)=0.

4= T dys | dyag'(v) (5.10)

x Y1

and by Fubini’s theorem (5.10) implies

T g0)dy= | dyly—xP QI+ Go)). (5.11)
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Equation (5.8) then gives

G(x)20 ofo dy(y—x? 2]y} I + GO)1 - (5.12)

Using ¢"(x)22G(x) 226 | dyg(y) and Equation (5.10) results in the inequality

40925 [ dyly—x)240). (5.13)

Note that from Equation (5.12), G also satisfies this inequality. We next show that
any non-negative (finite valued) function, h, satisfying (5.13) also satisfies
| dxe™h(x)<oo  y><26. (5.14)

X0

We first multiply both sides of Equation (5.13) by (y —x)" and integrate to find

C,=

dy(n!)™" (y—xo)"h(y) 2 26 }0 dy((n+3)) 7 (v —xo)" *h(y)=20¢, 45 (5.15)

X0

g;.-ﬁg

where ¢, is finite for all n by induction. Equation (5.15) gives c3,,;=(26)" "¢,
j=0,1,2 so that for y3 <26

© o 2
[ dyeo=ohy)= ¥ yen< ( » cnv”)(l—y3/25)“‘-

xo n=0 =0

This proves Equation (5.14). Also note that from Equation (5.12)

[ ey lPdx<oo  93<25. (5.16)
Xo
Thus we have proved Equation (5.6). We complete the proof by showing that
Equation (5.6) is impossible unless p, =0 for x> x,: '
Let ¢, =¢, ,=w, exp(ix' ~% and note that ¢, satisfies the equation

v=20 ML —e)x " +(pi + Vo— (x+ E)— W)¢ (5.17)
where
W=W, , . =l(l—ex 175+ 22(1—g)?x ™%, (5.18)
We next introduce the function
G ()= = 9Ll +< s (pF + Vem (x + E) = Wo)s) (5.19)
and compute
2e(¥)= =41 —e)xT* [ PL]? + <Py (= L+ Vi = W)) (520)
where

—W=Ae(1—e*)x" 278+ 2eA*(1—g)?x 172, (5.21)
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Suppose y,, #0, for some x,; =x,. Choose 4, so large that G, (x,) <0 for all

¢ in the interval (0, 1/2). Choose ¢, >0 so small that
i h0,e0 <0/2 - (5.22)

Then since — W, is a decreasing function of x

om0 (XS —(0/2){@y, $>=0 all x=x,.

Thus G, ,,(X)<G;,.,(x1)<0 all x>x,. In particular G, , (x) is not integrable
on [x,, c0) in contradiction to' Equation (5.6). This proves Theorem 5.1.
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Appendix. Operator Bounds
We first consider the operator (p*+1)f(H+i)~". Using [p? f1= ) 2p;f;+4/,
fi=—10; f it is easy to derive ’

P*+1)f(H+i) = Zijfj(H-i-i)_l+(f(1—i+x)+Af—fV)

(HA+) "1+ 1. (A1)
On the other hand
Pjg(Ho+i)_1=ng(P2+i)_l+xgpj(p2+i)—1(H0+i)—1
+glp;(p? +1) ", xI(Ho+1) "' +g;(Ho+0) 7" (A2)
We also have
IH o +i)(H+1)" ' <00 (A3)

so that the first term of (A1) is bounded because of (A2), while the second term is
bounded because || V(H +i)™!| < co.

To prove part (b) it is enough by (A3) to show that
Ip1 (P> + 1) f(H+) " (Ho+i) <0 (Ad)
We use (A1) and note that
pip f(H+1)™!
is bounded by part (a) of the proposition. The expressions
pi(fl+i+x)+Af+ fVYH+i) !
and
pif(Ho+0)7"
are bounded by (A2).
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Note Added in Proof

We would also like to mention the recent results of P. Rejto and K. Sinha (Helv. Phys. Acta 49, 389—413
(1976)) who prove the absolute continuity of the spectrum of a class of one-dimensional Stark-like
Hamiltonians.





