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Figure 1 — A pentagonal pyramid in 3D space. The height (h) of the pyramid is chosen such that nonadjacent
vectors are orthogonal. Using the vectors (V,..,Vs) one can combine 5 states in 3x3 Hilbert space that form a UPB.
The entire 4-dimensional subspace complementary to the UPB contains no product-state, so that the uniform
mixed state over that subspace is a bound entangled state.
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and is used to improve the separable approximation ( p_ ) at the next iteration step.
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MDNYN TIFN 5¥2 A N¥MIOVN SV ODXY NOPY XINY , |¢) NP NOPN NN 2WM Ny (3
NP2 TN

D |g)=2 i), €H,
B mun nn nyonn NN v [¢) nnya @

TIWN Y¥a B n¥Mvn Hv msyn Mmopnn XNy ,| Z> vIN DTN MOPY avMm nyd (5
N1 DTN MNYN
DONDOPNN WY (s') 1 DV MOIdNNT TY 2-5 DXAOVN JY XDVIVINR PRI NN (6

DONDOPNN T NOPDNNY 5| DY DY NTIN-RD NITO DAP) NPNIVINRD TONNA
NTIPY DY TOIXIPRN NN MONN ORI DIOPN MNSD XN DY NIPNI DINOPNN

(| 2)) nonnnn

/(3) PND1 295 s SW 137y IR 2WND (5) INDN 23D o, N¥IVNN NN 222IND N2 DY
MY P2 PN (P57 pp PIVIPN DY) o1 2219 230 OO yown s >0 53pnn ON
P, TUND

(12) p,'=(1-Dp,+p,
0<A<T N
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9IXZ O ANV )., -0 P, PIVIPNOY P o VINNL NNKY IR >2ND DYV PR o9

DIPPHY XOANT N ,DNTIPN D29V 12D DRYDY o, DPI9N DXAYPN NITYY p, NN
: N2 MLV NN

2
(13) F= Tr(p—Z/Ikppkj
k
. Z/lk =1 :0”pnY (4, 20) 4 ©DNTPNHN NOPI DY NI PXPN 1N 1Y NV
k

IONDPNIN WY F N INoann A4, DNITPN NITO NN NISDMIVIIND INSIN
:(NAN2SVN OV p.) p, -1 AN NN )N NYD

A4) p,'=> 4Py
k

DY) DIDINNND DOV A, -1 MNTPNRY NON NN VNV 10 WV Py YANN 503 NN IWND
(F 5 13110005 099N DINY 9N NN

.72 N1 PN PPN A¥AN INK VINA TANR ADY P DPNDN NIV PNANY 2IWN

NRINY OIMVNND P, -2 DIVNNYN 2OV 531 IYUND DY 190N INNY Iy NN TONNN
.DTPN 2OV

noap (s> 0) MAYN XYY (3) INNYHNIA MIDPON NY9IHDN T D TYNRI N OIDVIVIN POIN
NV P19 2NN NINNY T2 )N ROV INWHNYN  NPXIVNRD NNXA (s <0) 1D00 NRNIN
MIXIVINI RV NPPAY NI . 0 NN NIVNT (p,) NP 0 NPPS ONMY o,

. £ =2 902 2PN P29 2NN VHNNA XN, NNTIPN
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:NAYN MOV —4 P99

TIP .DTIPN PI92 ININY DIMIMONN NN NNW»HRN rseparability” 15100 v onn 1ond
JN NS0 YN ("To_p_comp” 1Y NMNPNY NODINI) NINN

: DYNINNN 0NN NITHIN —4.1

INL,DXOIPP NV SUND) MOIWN-NN NV DY ANND MISMIPN o NNIVN NVYP (1

NN NXIVNN NN N YHPNYNNND (1D ,DXOIVPP MY IR ,VNIVYPY VIVP
SMTYOIN 2999 280 NINMND NN DX YAP TYNNLY NIDIND ToNNA PTIINY

NN ,NPN OX .TPVNIM MIAPN o NNIVNN DX PTI) :VIPN NVPPIN NPPTL (2
— N2 ONY L, T7(p) =1-v AINTHN 7IOINN )0 D .WHNYNY DN NYTIN NN
2107 yNann

TINIVNI o NYIVNY NP DIPN P>I9N 2NN NN MINONHN) o, NHIVN NP (3
DY19°92 NN NXIVN NPNY TPMPIY NYIAPI — NIYRIN TPXIVIRND N1Y (NN
L0 =290V Ty PN VTN o, AWN) TINIVIN DI 9ID) p > THXND OIM

MYNIANY OHNDDPNT NPXIVIND 00N NN I¥MNT iter num MINVHN NP (4
. £ -2 P390 11PN INN YINI

DV OONDIOPNN 1900N) ro_p_storage — MMNV MPII9 MNIVN DV TN NIRSPN - (5
INMTIN TN MPIVHN 93 ,NPNN (iter_num — > AV TN o, MIION
JDON MYIVNI NPMPIY

: 1IN NOWYNIN DINYD IINON — 4.2

DAY iter num TY NNYY DY MNNY IRND NNN OMNONNNN 0NN NITHIN INND
: 121NN 20 AN NN

DTIPN PI9N YV (2) NRNWN %Y ¢ N¥MLVN MDD (1
W | z) ,DVAPP MY YW A¥D AXPPY NI ,SYNY ONIPN | x) NOP nvBN (2

NN OITOIN-T ’UPbDD]P MNOM
cos(rX)-e*
1) o= (

sin(27 X)
(1-5 0 P2 ¥) DI MON PNY 1PN DDMIN Y-1 X TWND)
NYIAPNVY TO_Pp_comp”’ Y NMXPNAD NINTNN NI NYNINND :NHMIND INNY M8 (3
JA DXMVNN IR NAVNND IIPNON .7OYIN TN NN , 0 NNVN Z> MO

| 2) 0P MmN Mawnm B n¥Monn nx M, |¢) MOPIN NN ANTNYL NIWNN
MONNY | 7) MOPY DY DYEIN ro_p_comp” MPNGY MNWNIN 179N NN YN

TPNPNAD NPTIPN NN DY V91 HaAPNNY | ;(} VP DY DY NN INY NN

,MODNNN DPDA . g MISYN TN DY IORNDIOPND TIVD MODNND TY NINT N
079D @)1 | ) ©MOPI T DVAPNN NNNDIN NN

MPIVHN DRNT NNIDIM ,OTIPN PIAN SV (5) TRNWN 297, o N¥ILN M (4

.ro_p_storage - MIDINN NYINNA NREPIY NINNVN MPIIN
-n, . [ [ [ S [PA AN [
NN¥DY o, -0 ;MDD .0TIPN PIaN SY (3) DNNWN YD s MIYPON NYAONND IWN (5
DONDIOPNN NIV T MIDPO NYON NXXIAND INN
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NN TMYNIN IR NN AN NYNINN , s <0-1yNPN1.s>0 oNaNpdTa (6
0NN YNy

299 ANONNY (quadratic programming problem) n°¥a%9 NN NMYA PN (7
2 0 =99
P MSMIONN 50 DX 50N ,r0_p_storage — p, MNIVN DY DRND NI ¥ N
(FPNONN MINIVIND MAID) N TY WY NPNIVIND DNINIY
$090 NN DIIPND NANY A DMITPNN NVPY NN NXINND DY A

2) FzTr(p—Zﬂkp,,k]

9901 yN1N32 : (quadratic programming problem) 1P¥12>7 NNON NYAOIIN )
NP IPIMP DOMN NINHY W, 0, DNNY P DA SV 9D

A, DTPN NITO NN TPSDDOVINRN IRKIN . o PN 28N INPA NANPN
2ONPNN WY F NN nnoann

NI MATLAB mown Dy 5ommo d8pNea wpnwyd myan PInasy .1
2 NADIA DXONON N2 YINIWN 1IDINY PXPNN NNON .’quadprog”’

NN VNV TPSVDVND INKD NODPY A DNTPHN NVPY TN ,nyd .0
INVIPNY ONNN DPRY NON ,INIVI) DIND DANIWY A4, MDTPHN ONIN
MNMIVN NN VMW T0_p_storage MNIVNN NNRND TINN ,NNYTIdNA L(F v
M DY = pNNIVND WIND PPN — o1 IR AWVNN MIONNIDN P, -1
.DTPN P91 SV (14) NNON

DY 1-7 DMYON DY NN — NRIAN MIXIVINRD VIV TPYRIN IRNION NOONND NN (8
I P, -1

,PNIVININ NNRD s <0 NYAP N TPYRIN IRNIDNN DN NMIVIN NY PYO [ INND
(NPYIVIN iter num — Y97 TO) NMINNY NPNIVIND I HY MIN’IN DD IN

: NN VY — 4.3

P2 PN AVIND NDNN .NIDINN HY VOO ADW YN ,TPYRIN NRIIDNN NININON INND
:(AVINY NINNKD o, -N) NDY 210 20N P2I191 2IVPN PIAT NN o N¥IVNN

(3) distance =Tr (p - P, )2

TN NP9 NPN P NYI0NNY NN . 0= p -Y YNUN ,0ANY GNIY PNINDN DN

DOYNIVY DXNNV-DXPI9N DYANNN 190N ININ) DXNNV-D>P>I9 DXAYNY NPIP NN NN
ADMTPHRN NOPN, p NN

DN DPINND DIDIIMM NTY 2NN MIXND o NXO0NAY YOvn 0NN NNV PPN ON
AP»2 pNINN XY (o) 1N TPON NP NPIIAN NXIVNN

R, MMNOA MPPION MKHIVHN NN DI ,TNSN NN 0992 PINY ) DMIPHN NWA
. P, TN
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:DNIVH MNHN — 5 P9

MY OV AN NHNN 4X4 TN p MXIVN DY NN OTIPN P92 NININNDD NINNN

TN-TN Y NON DX12H2Y DI 1PIVIP D10 NMINNHIND NIND) PITID 1D, NNT .OOVAPP
MYIN 20-5 W2 P NNV DD NY LID D NP IN MY NN NXIVNN ONX I

INSIND NPIAPY XITND

LDMWYN DXANNT IAY WY MININD MINDNT PnD

LY 280 — 5.1

£ N2 MWD 2800 MY
0 0 0 0
1o 1 -1 0
P50 -1 1 0
0 0 0 0

:22PNNY NIINN VO

Insert a density matrix ro of size 4x4:
1/2*¥[0000;01-10,0-110;000 0]

The matrix ro is entangled. The closest separable state is:
ro_s_final =

0.1661 -0.0008 - 0.00041 -0.0009 - 0.00001 -0.0002 - 0.00041
-0.0008 +0.00041 0.3338 -0.1662 + 0.00031 0.0001 - 0.00041
-0.0009 + 0.00001 -0.1662 - 0.00031 0.3337 0.0001 +0.0002i
-0.0002 + 0.0004i 0.0001 +0.00041 0.0001 - 0.00021 0.1664

This separable state is a mixing of 6 pure product states, with the weights
lambda_final =

0.1735
0.1701
0.1904
0.1344
0.1762
0.1554

The distance between ro and the closest separable state is:
min_merhak =
0.3334
LMY 2NN NXIVNN DX P MDY NNPIND NN MDD

N NYIVNY MILVP NYION PO NYD
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p+eM™M
- T
Tr(p+eM'M)
£ =0.01-1,(marn o2 MM n¥»Monn) HRIPN 1OPYOIP NN 131 M WK

Insert a density matrix ro of size 4x4:

[0.0256 0.0074-0.00631 0.0032+0.0129i 0.0224-0.0010i;
0.0074+0.0063i 0.5281 -0.4986+0.0144i -0.0010+0.00511;
0.0032-0.0129i -0.4986-0.0144i 0.5155 -0.0012-0.0119i;
0.0224+0.00101 -0.0010-0.0051i -0.0012+0.01191 0.0279]

The matrix ro is entangled. The closest separable state is:

ro_s_final =
0.1665 0.0041 - 0.0060i 0.0019 + 0.0103i 0.0203 - 0.00041
0.0041 + 0.00601 0.3370 -0.1686 + 0.00411 -0.0037 + 0.00521

0.0019-0.01031 -0.1686 - 0.00411 0.3258 -0.0026 - 0.01131
0.0203 + 0.00041 -0.0037 - 0.00521 -0.0026 + 0.01131 0.1708

This separable state is a mixing of 6 pure product states, with the weights
lambda_final =

0.2071

0.1745

0.1790

0.1622

0.1804

0.0968
The distance between ro and the closest separable state is:
min_merhak =

0.2469

AP PXI9N ANNN 12D 12 PNV DAN NTY TN 28NN NYIFNN NODIN INND D) 98D

.DXNOXN NP2

(2219 38n —5.2

: NI P90 23NN 7Y

07 0 0 0
~ 00 0
P= 00 0

0 0 03

:22PNNY NIINN VY

Insert a density matrix ro of size 4x4:
[0.7000;0000;0000;,0000.3]
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Ro represents a separable state that consists of 2 pure product-states, with the weights
lambda_final =

0.7000
0.3000

L7799 2895 NNIVNN NN NI INDD NNONN NN , DY D)

I NINIVNY MILP NYIDN PO NYD

Insert a density matrix ro of size 4x4:
[0.7202 0.0196+0.00701 0.0105-0.0037i 0.0066-0.00001;
0.0196-0.00701 0.0274 0.0083-0.01261 0.0024-0.00871;
0.0105+0.00371 0.0083+0.01261 0.0275 0.0109+0.0052i;
0.0066+0.00001 0.0024+0.00871 0.0109-0.00521 0.3240]

Ro represents a separable state that consists of 8 pure product-states, with the weights
lambda_final =

0.6429
0.2824
0.0112
0.0115
0.0184
0.0182
0.0078
0.0076

N NN OWVWITI NYD TN ,P2I9 INN 28NN NYIINN NIDIN INKD DI ,NINIY 1NNV 9D
AMNX WY 5°2v3 (2 ©IpN2 8) DNNV-DIPII0 DIANN

:NNV-PAI9 NN —5.3

:NNV-P>39 2NN II2Y NNIINN NN N> NYD

N
—_ = =
— — — —
) ek ) et
— — — —

:9apPNNY VYN

Insert a density matrix ro of size 4x4:
1/4*ones(4,4)

Ro represents a separable state that consists of 1 pure product-states, with the weights
lambda_final =

1
(A 0PN TN Y2IR) NNV P29 2N MY NODP 98D
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21V NINYIVNY MVP NYION PO NYD

Insert a density matrix ro of size 4x4:
[0.2855 0.2776+0.0019i 0.2826-0.0013i 0.2814+0.0020i;
0.2776-0.0019i 0.2814 0.2797-0.0025i 0.2786-0.00134;
0.2826+0.0013i 0.2797+0.00251 0.2844 0.2827+0.00351;
0.2814-0.00201 0.2786+0.00131 0.2827-0.00351 0.2868]

Ro represents a separable state that consists of 6 pure product-states, with the weights
lambda_final =

0.9875
0.0036
0.0042
0.0022
0.0016
0.0009

YI9)) 27N NON ,DTIP 19D NNV-P2I19 XD TR L7779 INN 280N NYIINN NADIN INKD 10D
DINNN D12 DY MDY ANNN NN NN NYISNNY NN (DYNNV-DP1I19 DIANN 657y NYD
.Y DINN PINY MPAI9N MNIVNN DV

£Y7PNN 28D NINK MO NYIDN PO NYD

Insert a density matrix ro of size 4x4:
[0.2767 0.2661-0.00911 0.2765-0.00561 0.2752-0.0038i;
0.2661+0.00911 0.2671 0.2710+0.00561 0.2694+0.00751;
0.2765+0.00561 0.2710-0.00561 0.2827 0.2828-0.00011;
0.275240.0038i 0.2694-0.00751 0.2828+0.00011 0.2894]

The matrix ro is entangled. The closest separable state is:
ro_s final =

0.2463 0.2382 - 0.00631 0.2469 - 0.00231 0.2449 - 0.00391
0.2382 + 0.00631 0.2405 0.2422 +0.00461 0.2409 + 0.00391
0.2469 + 0.00231 0.2422 - 0.00461 0.2566 0.2515 - 0.00211
0.2449 +0.00391  0.2409 - 0.00391 0.2515+ 0.00211 0.2566

This separable state is a mixing of 6 pure product states, with the weights
lambda_final =

0.9713

0.0042

0.0021

0.0068

0.0075
0.0082

The distance between ro and the closest separable state is:
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min_merhak =

8.5584e-005

NINM HN (MPXI9N MINIVNN DY DINNN D12 DY NPNY) 2NN NN PAINY NYI9NN 0¥
SNTYD TON A8NN P9, DY DINND

: VNI NYN ANIYN ANND — 5.4

MY 2NN P9 2NN DY INDY NPY KINY 28D NP

1 000 1 0 0 1 1

p=g 01 00 +(l—q)0 0 00 — p- 1 0

0010 000 0| 7 7 1+42g] 0

000 1 1o oo 1) -
separable entangled

0

q
0

0

o O O

l-g¢
0
0
1

q= % My (" 20) P9 p 28PNV YAPNN , 09 PIVIP NIYON INNY

: ¢ =0.49 7y DNIMOND NN PN

Insert a density matrix ro of size 4x4:
(1/(2+2*0.49))*[1 0 0 1-0.49; 0 0.49 0 0; 0 0 0.49 0; 1-0.490 0 1];

The matrix ro is entangled. The closest separable state is:
ro_s_final =

0.3333 0.0015 - 0.0004i -0.0016 - 0.00021 0.1666 + 0.00071
0.0015 + 0.00041 0.1662 -0.0001 + 0.00001 0.0002 - 0.00061
-0.0016 + 0.00021 -0.0001 - 0.00001 0.1673 -0.0002 - 0.00051
0.1666 - 0.00071 0.0002 + 0.00061 -0.0002 + 0.00051 0.3332

This separable state is a mixing of 7 pure product states, with the weights
lambda_final =

0.1696
0.1700
0.1904
0.1969
0.2124
0.0446
0.0162

The distance between ro and the closest separable state is:
min_merhak =

7.5686e-005

:q =0.51 712y DIMONRD NN P NYd
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Insert a density matrix ro of size 4x4:
(1/(2+2*0.51))*[1 00 1-0.51; 0 0.51 0 0; 0 0 0.51 0; 1-0.51 0 0 17;

Ro represents a separable state that consists of 11 pure product-states, with the weights
lambda_final =

0.0413
0.1287
0.1680
0.0072
0.0016
0.1872
0.1932
0.1994
0.0619
0.0069
0.0046

q= % My PN g < % T2Y MY ANNNIY NP M9N8D
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tINPON NPOM VT —6 PI9

: DTIPN P92 1ININY MINN NIXA NN NPIDINN NNPORN 1PND

MXNNN NN NPIVN NMNX NI DNYS 700N DIININN NN DIHINWD
VYN TNIY ,MINY MXIVN Y NIPNI IPOY VA I2TN .DXTPYY NMNY MYIAPNNN

NN 992 DY N distance

VIDN NY2 NYSHIINN DMNIVPI DY TIRIPRN N2NNN NN MIXNIND MNYD N2ON
D Ls'=Tr(p,0) MVIAN NN DIWOPNY NN p, DNV NP VN

Y TPRIPRN NN MON 1) YIRPIY 1N NPYIVIRD DDA HAPNNN DIOPNN
NPYI9N NIV NYIAP DY — NPNDN NNRIIND DY D) YIVN 1991 (NYRIN NOPIN

A2 PRIRN Y L(0) INTNN NXIVNY NP NP ( p,)

T0 ,TPUNIN IDINA NIPY YN NN YOO NPONIIVY MINSIN NYAP NTID MO
MDY VY9I NITNIIN MNSIND DMV 10 YNN DY ININY DNININN D NNYHY

MNONT) .o, =D p 2 298PAN (distance) PNINN 2PNN NIV NI NNIND
(AT 9PW N2 ANNRY TIDINN DY 1N OTIPN P92 NNXIND NNINN

Ty) MY 30-5 DIPOPN NNNY DY NINN N3D9DN INDIDN 4X4 57102 MNIVN MY
»15,100 YW 7YY yap) iter num VNI )PV (NPXIVOIND NN s <0 NHaph

NN 295 (s <0 NOIAP ,IMYI) NP2 NAIPN NPYION NNIVND MOIDNN NPVIAND
NONON NIRON
AN DAY TNN M DNPD Y9 NN MDY MNI0N NAY NN NN

Y TIYD Yavn iter num VNI

120NN XD MIPN N DI 1PIVIP MYSNNI D) IPTI) MNINN 9D HY NMINHIND
VOV 2 P2 MPND

.DNNV-DXP>I9 DX2¥N 11 DIPOPN Y-9Y W9 NI 2719 280 INNN P W

8 DIOPN MY YA (0,) INPA PHXR 2PN PXION A¥NDN ,INY AN INDD P -Y
.DNNL-DXPI9 DXAYN

Y 3 0IOPN NOWNI NNDINND NN

(1

(2

(3

(4

(5

MY DINNNN O2IAXN I12Y MNDI NMIRNIN NPADN DNININRND NN NYNNRNT MINND ,D10Y
(4x4 5v MNIVN) OVIIPP

N DY THIININD NOYIND ,NNNI NXI0N DY 7DD DI YDIDNN DMIMNINNY PIND VN
IVIP AYUNRD (MDY, VM0 PP+HVMIVVP DY 28N HWND) M) THINN DXANN NPPNI XPN'T
.Bound Entanglement -1 nyammn ny91m) ,mip»1aY 22901 MNIN NN K 110 D19

AON DM DTN DXAXNI D) TIINNY T ,1PON MOPA,NIDNN TP NN DIRNNY 1N
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:MATLAB nava 19990 NP — /N NAD)

: nseparability” N9

clear all;
close all;
clc;

$Initial data definition:

ro=input ('Insert a density matrix ro of size 4x4:\n');

[eivec,eival]l=eig(ro);
if min(diag(eival))<O0
disp ('Your matrix is an illegal density matrix - ro must be
positivel!');
break
end

if (ro~=ro')
disp('Your matrix is an illegal density matrix - ro must be
hermitian!');
break
end

ro=ro/ (trace (ro));

n=size(ro,1);
iter num=100; %number of iterations in the main loop

ro p final=[];
lambda=[];
lambda final=[];
ro s final=[];
min merhak=100;

for y=1:10 S%the algorithm runs 10 times for a given matrix ro

ro s=eye(n)./n;
ro p storage=zeros([n n iter num]);

for x=l:iter num S%the main loop of the algorithm
sig=ro-ro_s;

%generating of random vector "kai" to start the iterative
%$search for pure product state

X=rand;

Y=rand;

kai=[cos (2*pi*X) *exp (2*pi*i*Y); sin(2*pi*X)];

%looking for a pure product state ro p that maximizes the
$scalar product s=trace((ro_p-ro_s)*sigma)
for t=1:20

[kai new,phi new,miul,miu2]=ro p comp (kai,sig,n);

kai=kai new;

if abs (miu2-miul)<abs (miu2) /1000

break;
end;
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end;

ro p storage(:,:,x)=kron(phi new*phi new',kai new*kai new');
s=trace((ro p storage(:,:,x)-ro_s)*siqg);
if s<=0
break;
end;

$Solving gquadratic programming problem for best-weighted
$sum of pure product states
H=zeros (x, x) ;
for a=1l:x

for b=1l:x

H(a,b)=2*abs (trace(ro p storage(:,:,a)*
ro p storage(:,:,b)));

end;

end;

f=zeros(x,1);
for a=1:x

f(a,1l)=-2*abs (trace(ro*ro p storage(:,:,a)));
end;

A=[];
b=[1];
Aeg=ones (
beg=ones (
lb=zeros (
ub=ones (x

’

)
)7
)

1,x

1,1

x,1);
)

4 4

;1

’

lambda=quadprog (H, £,A, b, Aeq, beq, 1b, ub) ;
lambda ind=find(lambda>0.0001) ;
lambda=lambda (lambda ind) ;

ro p new=ro p storage(:,:,lambda ind);

sEstimation of new ro_ s
ro_s=zeros(n,n);
for a=l:size(lambda_ ind)
ro s=ro_ s+lambda(a)*ro p new(:,:,a);
end;

if abs(trace((ro-ro_s)"2))<=0.000001
break
end;

end; %end of the main loop
merhak=abs (trace((ro-ro_s)"2));

if (merhak<min merhak) && (sum(lambda~=0))
lambda final=lambda;
ro p final=ro p new;
ro_ s final=ro_s;
min merhak=merhak;
end;

end; %end of the algorithm repetitions
if min merhak>0.00001
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disp('The matrix ro is entangled. The closest separable
state 1is:"');
ro s final
disp(['This separable state is a mixing of'
;num2str (length (lambda final)), ' pure product states,
with the weights']);
lambda final
disp('The distance between ro and the closest separable
state is:');
min merhak
else
disp(['Ro represents a separable state that consists of '
;num2str (length (lambda final)), ' pure product-states,
with the weights']);
lambda final
end
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:UTO_p_comp’ Y MNNPND

function [kai,phi,miul,miu2]=ro p comp(kai,sig,n)

[

% Generating of Matrix A
A her=zeros (sqrt(n),sqrt(n));

for i=l:size (A her,2)
for k=1l:size (A her,2)
A her (i, k)=0;
for j=l:sqgrt (n)
for 1=1:sqgrt(n)
temp prod=(kai(j,1)) '*sig((sqrt(n)*(i-1)+Jj),
(sgqrt(n)* (k-1)+1))*kai(1,1);
A her(i,k)=A her(i,k)+temp prod;
end;
end;
end;
end;

% Phi vector computation (eigenvector of A her)
[V,eig vals]=eig (A her);

[miul, ind]=max (diag(eig_vals));

phi=V(:,ind) ;

% Generating of Matrix B
B her=zeros(sqrt(n),sqrt(n));

for j=l:sqgrt (n)
for 1=1:sqgrt(n)
B her(j,1)=0;
for i=l:size (B her, 2)
for k=l:size (B _her, 2)
temp_prod=(phi (i, 1)) "*sig((sqgrt(n)* (i-1)+3),
(sgrt(n)* (k-1)+1)) *phi (k,1);
B her(j,1)=B her(j,1)+temp prod;
end;
end;
end;
end;

% New Kai vector computation (eigenvector of B her)
[V,eig vals]=eig (B _her);

[miu2, ind]=max (diag(eig vals));

kai=V (:,1ind) ;
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The main part of the work deals with a general numerical method for examing
entanglement and separability. This method exploits the fact that each set of
separable states is convex, and is based on an iterative scheme to find the
closest separable state (and the distance to it) for any chosen density matrix
(test state), with no limitations of this matrix’'s dimensions. There are two
separate mathematical sub-problems that have to be solved numerically in
this scheme. The first problem is to find iteratively the pure product state
maximizing a scalar product. The second problem is the so-called quadratic
programming problem: given a finite number of pure product states, to find the
convex combination of these which is closest to the given state.

The nature of this work is the implementation of the algorithm in a MATLAB
program and its execution on matrices representing different two-qubit states.
The program takes a 4x4 matrix and determines whether this matrix is
entangled or separable. If the matrix is separable, the program outputs the
pure separable states of which the original matrix is composed (these are the
extremal points of the convex set of separable density matrices). If the matrix
is entangled, the program outputs the closest separable matrix and the
Hilbert-Schmidt distance between them.

Further chapters of this work describe the implementation of the iterative
algorithm and the examples of different runs made (for an entangled state, a
separable state, a pure separable state, and for a parameter dependent
state).

As part of this work’s summary, conclusions are made regarding the different
runs of the program, including comparisons of the outputs of the computer
program against results of the execution of the Peres Criterion on these states
(in these dimensions separable states can be fully identified by use of the
Peres criterion).

In conclusion, the program implementing the algorithm classifies correctly
matrices that represent two-qubit states for entanglement and separability. As
a universal algorithm for a given matrix of any dimension, one can adjust the
program (by a simple update of the code) to support the studying of the
composite states of higher dimensions (e.g. two-qutrit states), where Peres
criterion is only a necessary condition (but not sufficient) for separability.
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Abstract:

Entanglement is a phenomenon in quantum mechanics in which quantum
states of two (or more) systems are always described in relation one to the
other, even if the systems are physically remote from each other. For
example, when a measurement takes place on one of the systems, it is
immediately reflected in the other.

Such a correlation cannot be described in terms of classical physics
probability, but rather by a wave function that describes the joint quantum
state of all the systems.

The entanglement plays a key role in many applications of quantum
computation and quantum information, such as teleportation and

cryptography.

In this work we examined several existing methods for identifying
entanglement and for defining entangled states.

This work begins with a definition of a density matrix, of its characteristics
(Hermiticity, positivity, normalization), and a definition of an entangled
state. Immediately thereafter the Peres Criterion for Separability (the opposite
of Entanglement) is defined. This is a simple algebraic criterion, which can be
executed on a matrix that describes a quantum state consisting of two
subsystems (e.g., two qubits). The criterion states that every separable
density matrix is mapped into a positive semi-definite matrix by partial
transposition. The criterion provides a necessary condition for separability,
and for the special case of 2X2 system as well as for a 2X3 system (i.e., a
state of two qubits, or a state of qubit and quitrit), the Peres criterion is both
necessary and sufficient for a density matrix to be separable.

Later, a proof is shown that for a pure state, the Peres criterion for separability
is equivalent to the Schmidt criterion for separability. The proof is achieved by
executing the Peres criterion on a Schmidt decomposed state.

In higher dimensions the Peres criterion is not sufficient to identify the
separable states. In other words, there exist entangled states that remain
positive after a partial transposition.

Bound-Entanglement states are then shown — these are entangled states of
several higher dimensional systems (e.g., two qutrits and above). The density
matrices of these states, though entangled, remain positive under the partial
transposition condition of Peres. One way to construct a wide variety of such
states is by using UPB (Unextendible Product Basis). An Unextendible
Product Basis for a multipartite system is an incomplete orthogonal product
basis whose complementary subspace contains no product state. The uniform
mixed state over the subspace complementary to any UPB is a Bound
Entangled state.
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