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Introduction

A large class of BPS domain walls in 4d SUSY gauge theories.

Janus domain wall :
Gauge coupling or mass parameters vary along one direction.

• Construct Janus-like duality domain walls in 5d gauge theories.
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Introduction

We focus on 5d gauge theories obtained by mass deformations of 
the special UV SCFTs having global symmetry enhancement.

Different mass deformations in general lead to different IR gauge 
theories. 

        Symmetry in UV CFT           Duality in IR gauge theories.

SCFT

QFT 1 QFT 2

(m, g2) $ (m̃, g̃2)

IR Duality

m, g2 m̃, g̃2

[Seiberg 96], [Intriligator-Morrison-Seiberg 97]



Introduction

   
   Duality domain walls

What can we learn?

- UV symmetry enhancement from IR physics.

- Close relation between 5d duality and 4d duality.

QFT 1 QFT 2
(m, g2) (m̃, g̃2)

4d domain wall
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Duality walls in SU(N) theories



Pure                       gauge theory

   Five-brane web construction
      (at the origin of Coulomb branch)

• SU(2) symmetry from parallel NS5 branes when            .

• Mass deformation     breaks this SU(2) to U(1). 

• IR description is              gauge theory with gauge coupling

N = 1 SU(N)N

m

m ⇠ 1

g2

(1,0) (1,0)

N x (0,1)
(-1,N)

(-1,-N)

m ⇠ 1

g2

 = N

SU(N)N



5d Duality in IR gauge theories

• Symmetry in UV CFT reduces to a duality between IR QFTs.      

• We propose a 1/2-BPS domain wall connecting two IR dual QFTs.

�m ⇠ g�2
2 > 0

m ⇠ g�2
1 > 0

IR duality
(g�2

1 $ g�2
2 )

4d Duality wall

Weyl reflection in SU(2)
(m $ �m)

QFT (left) QFT (right)



Duality wall

• We couple a 4d theory to Neumann b.c. of the gauge theories on two 
sides of the wall.  (1/2-BPS)

• 4d          theory :

• Strong constraints by anomaly cancellation
1. 4d theory has cubic anomaly of unit     for each bulk gauge  

group, and it is cancelled by bulk CS-terms with           .
2. Boundary                         is fixed by mixed ’t Hooft anomaly.
3. Anomaly-free           glues together  

instanton symmetries          and 
with opposite signs.

W = b detq

U(1)R ⇢ SU(2)R

&

4d5d 5d

SU(N)l SU(N)r U(1)R U(1)B
q N N̄ 0 1/N
b 1 1 2 �N

U(1)� U(1)B U(1)Il U(1)Ir
q 1/N 1/N 0 0
Il 1 0 1 0
Ir �1 0 0 1

N
 = N

N = 1

U(1)�
U(1)Il U(1)Ir

[Gaiotto, H.-C Kim 15]



Duality wall

Anomaly-free           glues together two instanton symmetries on two sides 
of the wall with opposite signs.

Therefore, duality wall inverts gauge coupling                           .

* Duality wall implements      action in SU(2) global symmetry of UV CFT.

4d5d 5d

Z2

� ⇠ e
� 4⇡2

g2 $ ��1

� ��1gauge coupling :

U(1)�



Composition of duality walls

• Consistency check :

- 4d theory is now            gauge theory with              & superpotential:

- 4d “Seiberg dual” theory in IR consists of a meson            and baryons             
                             subject to a constraint                             with  
  superpotential :                     .

SU(N) q, q̃, b, b̃

W = b detq + b̃ detq̃

M = q̃q

B = detq, B̃ = detq̃ detM �BB̃ = ⇤2N

W = bB + b̃ B̃

Trivial interface!

SU(N) SU(N) SU(N) SU(N) SU(N)

?
=



SUSY indices with Duality walls



SUSY index with duality wall

We now see a more non-trivial check with supersymmetric indices in the 
presence of the duality wall.

• Superconformal index (SCI)

-            are Cartan generators of                          .
-      are Cartans of flavour symm. and    is instanton number.
- SCI is equivalent to twisted partition function on            .

• SCI factorizes into two “hemisphere” indices by localization.

I(wa, q; p, q) = Tr(�1)F pj1+Rqj2+R
Y

a

wFa
a qk

SO(2, 5)⇥ SU(2)Rj1, j2, R

Fa k
S1 ⇥ S4

II

II: Hemisphere index
  = Partition function on               with Omega deformationS1 ⇥ R4

I(wa, q; p, q) = hII|IIi =
I

dµzII(z, wa, q; p, q)II(z, wa, q; p, q)

II = Zpert · Zinst

[S.-S Kim, H.-C Kim, K. Lee 12], [Terashima 12]

S4



SUSY index with duality wall

We can insert a duality wall at the equator (with 1/2-SUSY)

The superconformal index of the full system simply becomes

where                     is the superconformal index of the 4d d.o.f at the 
interface (which also depends on the boundary condition).

S3
Duality wall

I = hII(q�1)|I4d(q)|II(q)i =
I

dµzdµz0II(z, q�1; p, q)I4d(z, z0, q; p, q)II(z0, q; p, q)

I4d(z, z0, q; p, q)



Duality wall action on hemisphere index

• 4d superconformal index at the interface

• We can couple this 4d SCI to hemisphere index :

• Duality wall is conjectured to flip the sign of the gauge coupling, therefore, 
we claim that

I4d =

QN
i,j=1 �(�

1/Nzi/z0j)

�(�)
, (q = �)

�(x) : Elliptic gamma function

D̂IIN (z,�) ⌘
I N�1Y

i=1

dz0i
2⇡iz0i

I4d(z, z0,�)
QN

i,j �(z
0
i/z

0
j)
IIN (z0i,�)

D̂IIN (zi,�) = IIN (zi,�
�1)

SU(N)l SU(N)r U(1)R U(1)�
q N N̄ 0 1/N
b 1 1 2 �N

4d SU(N) vectormultiplet

Duality wall



Duality wall action on hemisphere index

• Duality wall :

• The hemisphere index is actually given by a series expansion in instanton 
number.  Thus, this is a very surprising claim since the index             is 
expanded by        , while the dual index               is expanded by            .

• Can be checked in                 expansion.
- Numerical checks for                 at least up to      order.

• More surprisingly,  assuming                                             ,   
the integral equation  
 
 
 
uniquely determines the instanton partition function         in    expansion!!

D̂IIN (zi,�) = IIN (zi,�
�1)

�k�0

IIN (z,�)

D̂IIN (z,�) (��1)k�0

N = 2, 3, 4 x

4

II = Zpert · Zinst = Zpert · (1 +O(x))

x

Zinst

I N�1Y

i=1

dz0i
2⇡iz0i

I4d(z, z0,�)
QN

i,j �(z
0
i/z

0
j)
IIN (z0i,�) = IIN (z,��1)

x ⌘ (pq)1/2

[Gaiotto, H.-C Kim 15]



Duality wall action on hemisphere index

• Analytic proof of 

• There is an integral formula (elliptic Fourier transform)

• This proves                                .

I
dµz0

QN
i,j �(�

1/Nzi/z0j)

�(�)
QN

i,j �(z
0
i/z

0
j)

I
dµz00

QN
i,j �(�

�1/Nz0i/z
00
j )

�(��1)
QN

i,j �(z
00
i /z

00
j )

f(z00) ⇠ f(z)

D̂D̂II(z,�) = II(z,�)

SU(N) SU(N) SU(N) SU(N) SU(N)=

[Spiridonov, Warnaar 04]

D̂2 = I



SU(N) theories with flavours



 SU(N) gauge theory with flavours

   Five-brane web construction

• Parallel external NS5 branes when                      .

• SU(2) global symmetry at UV fixed point will be broken to U(1) by mass 
deformation with     .

• IR gauge coupling is identified as                       where       is the mass 
parameter for the overall                      flavor symmetry.

• We propose a duality domain wall which inverts the sign of the mass 
parameter                .

m

(1,0) (1,0)

N x (0,1)
(-1,N)(-1,-N)

Nf x (0,1)
(-1,Nf-N)

 = N �Nf/2

m

U(1)f ⇢ U(Nf )

m $ �m

mB

mBg�2 ⇠ m+
Nf

2
mB



Duality wall with flavours

• Boundary condition for a hypermultiplet                    at the interface is 
chosen such that            while      couples to the interface.

• 4d theory at the interface is again the theory of        with superpotential

• Cubic anomaly              at the interface is cancelled by the bulk CS-term.

• Anomaly-free U(1)’s on the two sides of the wall are identified as (in 
terms of fugacities)

� = (X,Y )

q, b

W = b detq + Y qX 0

YX = 0

SU(N) SU(N)

Nf

X 0Y

N �Nf/2

& q Il Ir X X 0

fugacity �1/N �w�Nf/2 ��1(w0)�Nf/2 w w0w = �1/Nw0

[Gaiotto, H.-C Kim 15]

e
� 4⇡2

g2 = �w�Nf/2 ,

e
� 4⇡2

(g0)2 = ��1(w0)�Nf/2 ,

emB = w , em
0
B = w0



4d Seiberg duality and 5d symmetry enhancement

• Example :            gauge theory with             flavours which has symmetry 
enhancement                                            at the UV fixed point.

• Since gauge group is pseudo real, we can define two different duality walls 
for two different choices of b.c. preserving the flavour  
 
 
 
where                   and          couple to the interface degrees.

•                             in                where

• Concatenation of the interfaces

SU(2) Nf = 2

SU(2)

D̂1 : (X,Y ) = (Q̃a, Qa) & (X 0, Y 0) = (Q0
a, Q̃

0
a)

D̂2 : (X,Y ) = (Qa, Q̃a) & (X 0, Y 0) = (Q̃0
a, Q

0
a)

X = Y 0 = 0 Y,X 0

SU(2)SU(2) SU(2)

SO(4)

. .
=

SO(4)⇥ U(1)I ! SU(2)⇥ SU(3)

D̂1D̂2

�

[Seiberg 96]

D̂3 : (Qa, Q̃a) $ (Q̃a, Qa)D̂1 , D̂2 , D̂3 ⇢ S3 SU(3)



4d Seiberg duality and 5d symmetry enhancement

• Example :            gauge theory with             flavours which has symmetry 
enhancement                                            at the UV fixed point.

• Since gauge group is pseudo real, we can define two different duality walls 
for two different choices of b.c. preserving the flavour  
 
 
 
where                   and          couple to the interface degrees.

•                             in                where

• Concatenation of the interfaces

SU(2) Nf = 2

SU(2)

X = Y 0 = 0 Y,X 0

SU(2)SU(2) SU(2)

SO(4)

. .
=

SO(4)⇥ U(1)I ! SU(2)⇥ SU(3)

D̂1D̂2

�

[Seiberg 96]

D̂3 : (Qa, Q̃a) $ (Q̃a, Qa)D̂1 , D̂2 , D̂3 ⇢ S3

ˆD2
ˆD3 (or

ˆD3
ˆD1)=

SU(3)

D̂1 : (X,Y ) = (Q̃a, Qa) & (X 0, Y 0) = (Q0
a, Q̃

0
a)

D̂2 : (X,Y ) = (Qa, Q̃a) & (X 0, Y 0) = (Q̃0
a, Q

0
a)



Symmetry enhancement and 4d Seiberg duality

• 4d Seiberg duality shows

• Therefore, duality wall actions (with help of 4d Seiberg duality) implement 
Weyl permutations of           global symmetry at the UV fixed point.

SU(2)SU(2) SU(2)

SO(4)

SU(2)SU(2)

SO(4)

. . .
=

D̂1D̂2 = ˆD2
ˆD3 (or

ˆD3
ˆD1)

SU(3)

Seiberg dual



Duality wall action on hemisphere index

• Hemisphere index of the boundary condition

• Duality wall action on the hemisphere index

• We claim that 

• Again, this integral relation of duality wall uniquely determines the full 
instanton partition function with fund. hypers in                  expansion.

IIN,Nf (zi, wa, q; p, q) =
(pq; p, q)N�1

1
QN

i 6=j(pqzi/zj ; p, q)1
QN

i=1

QNf

a=1(
p
pqzi/wa; p, q)1

Z
N,Nf

inst (zi, wa, q; p, q)

(x; p, q)1 : q-Pochhammer symbolcontributionY

D̂IIN,Nf (z, w,�) ⌘
I N�1Y

i=1

dz0i
2⇡iz0i

I4d(z, z0,�)
QN

i,j �(z
0
i/z

0
j)
IIN,Nf (z0i, w,�)

D̂IIN,Nf (zi, w,�) = IIN,Nf (zi, w
0,��1) w = �1/Nw0(with                     )

x = (pq)1/2

- Numerical checks for several small        N,Nf

X = 0



Wilson loops



We insert Wilson loops in representations      of the gauge group into two 

dual theories connected by the duality wall.

Duality wall with Wilson loops

Same duality wall

1

g2
� 0

1

g̃2
= � 1

g2
� 0

WR

R

WR



• Hemisphere index in the presence of  a Wilson loop could be computed 
by inserting the corresponding equivariant Chern character         into the 
partition function.

• However, there could be additional corrections when the Wilson loop
   changes asymptotic behaviour of the instanton partition function.

• So far, no systematic way to obtain the “correct” Wilson loop partition 
function in general representation is known.

Hemisphere index with Wilson loops

WR

D4

WR(z, q; p, q) = Z
1�loop

(z; p, q)
1X

k=0

qk
1

|Wk|
I
[d⇢]ChR(z, ⇢; p, q) · Zk(z, ⇢; p, q)

= Z
1�loop

(z; p, q)⇥ �
TrR(z) +O(q)

�

ChR

instanton correction

[Nekrasov, Okounkov 03], [Gaiotto, H.-C Kim 14]



• Duality wall action on the Wilson loop index

• We claim that the “correct” Wilson loop index satisfies

• A fundamental Wilson loop ends on a local operator     and continues as a 
fundamental Wilson loop on the other side of the wall. Since    has           
charge        , the resulting Wilson loop is dressed by a factor       .

• Similarly, Wilson loops in other rep. also acquire dressing factors.

Duality wall action

D̂WR ⌘
I N�1Y

i=1

dz0i
2⇡iz0i

I4d(z, z0,�)
QN

i,j �(z
0
i/z

0
j)
WR(z

0
i, w,�)

D̂WR(zi, wa,�) = �k(R)/NWR(zi, w
0
a,�

�1)

Dressing factor

q
q U(1)�

1/N �1/N

k(fund) = 1 , k(symm) = 2 , k(asym) = 2 , k(adj) = 3 , · · ·where



• Example : SU(2) Wilson loop in symmetric rep. of dimension        .

• Example : SU(3) Wilson loop in adjoint rep.

• In fact, by plugging perturbative result       
, as an input, into the integral equation,  
 
 
we can uniquely determine the “correct” Wilson loop index in  
expansion.

Duality wall action

D̂W
2,Nf

L+1 (a,�1/2w,�) = �L/2 W
2,Nf

L+1 (a,w,��1)

L+ 1

We have numerically checked that there is no additional correction.

D̂W̃ 3
adj(z,�) = �W̃ 3

adj(z,�
�1)

correction factor!

W̃ 3
adj(z,�) = W 3

adj(z,�)�
�

2
II3(z,�)where

WR(z, w,�) = Z

1�loop

⇥ �
TrR(z) +O(x)

�

x = (pq)1/2

I N�1Y

i=1

dz0i
2⇡iz0i

I4d(z, z0,�)
QN

i,j �(z
0
i/z

0
j)
WR(z

0
i, w,�) = �k(R)/NWR(zi, w

0,��1)



Sp(N) and SU(N+1) duality



• We’ve seen the (A,A)-type inversion formula which is, roughly, a square of 
the 4d SCI at the duality interface connecting two SU(N) gauge theories.

• (A,C) and (C,A)-type inversion formulas

• Duality and duality wall between Sp(N) and SU(N+1) gauge theory ?

(A,C)-type Elliptic integral formula

I
dµz0

QN
i,j �(�

1/Nzi/z0j)

�(�)
QN

i,j �(z
0
i/z

0
j)

I
dµz00

QN
i,j �(�

�1/Nz0i/z
00
j )

�(��1)
QN

i,j �(z
00
i /z

00
j )

f(z00) ⇠ f(z)

I
dµz0�(A)(z0, x,�)

I
dµz�

(C)(z, z0,�)f(z) = f(x) ,
I

dµz�
(C)(z, x,�)

I
dµz0�(A)(z0, z,�)f(z0) = f(x)

[Spiridonov, Warnaar 04]

�(A)(z0, z,�) ⇠
QN

i=1

QN+1
j=1 �(

p
�
�1

z±i /z0j)
QN+1

i>j �(pq�z0iz
0
j)

QN+1
i 6=j �(z0i/z

0
j)

,

�(C)(z, z0,�) ⇠
QN+1

i=1

QN
j=1 �(

p
�z0iz

±
j )

QN+1
i>j �(pq��1(z0iz

0
j)

�1)
QN

i>j �(z
±
i z±j )

QN
i=1 �(z

±2
i )



• We can regard                   as 4d SCI at the interface involving the 
contribution from the 4d vectormultiplet for Sp(N) gauge group.

• We propose that a domain wall connecting Sp(N) and SU(N+1) gauge 
theories on two sides of the wall is given by the 4d d.o.f at the interface

   with superpotential                                        .

• We find                                                                        is

A proposal for duality domain wall

�(C)(z, z0,�) ⇠
QN+1

i=1

QN
j=1 �(

p
�z0iz

±
j )

QN+1
i>j �(pq��1(z0iz

0
j)

�1)
QN

i>j �(z
±
i z±j )

QN
i=1 �(z

±2
i )

�(C)(z, z0,�)

Sp(N) SU(N + 1) U(1)R U(1)�
q N N + 1 0 1/2
M 1 N(N + 1)/2 2 �1

w : symplectic form of Sp(N)

X : chiral half of hypermultiplet in SU(N + 1)

X 0
: chiral half of hypermultiplet in Sp(N)

W = TrqM qT w +X qX 0

[Gaiotto, H.-C Kim 15]

SU(N + 1)N+3�Nf/2 , NfSp(N) , Nf
Anomaly free!

(Note that                            saturates                             ) = N + 3�Nf/2 ||  N + 3�Nf/2

[Bergman, Zafrir 14]



• Recently, it was proposed that                               gauge theory with  
fund. hypers has enhanced              global symmetry in the UV CFT.

• So            and                              have the same dim of Coulomb branch 
and the same global symmetry at the UV fixed point.

• We therefore conjecture a new duality between Sp(N) and SU(N+1) 
gauge theories.
- Note that            theory has UV fixed point when                     .  
- Whereas,                            has UV fixed point when                     .

Duality between Sp(N) and SU(N+1) theories

2�Nf/2 (or  = �N � 2+Nf/2). This suggests the global symmetry enhancement of

U(Nf ) ⇥ U(1)in ! SO(2Nf ) ⇥ U(1) at the UV fixed point. When  = 1 (or  = �1)

and Nf = 2N + 2, one more state with r = Nf (or r = 0) survive and it provides a

current multiplet which is singlet under the SU(Nf ). So the enhanced symmetry of

the UV fixed point becomes SO(4N + 4) ⇥ SU(2). When  = 1

2

(or  = �1

2

) and

Nf = 2N + 3, two states with r = 2 and r = Nf � 1 (or r = 1 and r = Nf � 2) can

provide current multiplets in the antisymmetric and the fundamental representations

of the SU(Nf ) with di↵erent U(1)B charges, �N + 1

2

and N + 1

2

respectively. So the

enhanced global symmetry of the UV CFT is SO(4N + 8). Lastly, when  = 0 and

Nf = 2N +4, two instanton states with r = 2 and r = Nf �2 survive and they provide

current multiplets in the rank 2 and rank Nf � 2 antisymmetric representation of the

flavor symmetry. It has been conjectured in [11, 12] that the SU(N)
0

gauge theory

with Nf = 2N+4 fundamental hypermultiplets is expected to be UV complete and has

a 6d fixed point. The corresponding 6d theory is the (DN+2

, DN+2

) minimal conformal

matter theory [39, 40].

Nf SU(N)±(N+1�Nf/2) Nf SU(N)±(N+2�Nf/2)

 2N SU(Nf + 1)⇥ U(1)  2N + 1 SO(2Nf )⇥ U(1)

2N + 1 SU(Nf + 1)⇥ SU(2) 2N + 2 SO(2Nf )⇥ SU(2)

2N + 2 SU(Nf + 2) 2N + 3 SO(2Nf + 2)

Table 1. Enhanced global symmetries of the 5d SCFTs. See also [11, 12].

The discussion in this subsection strongly supports the duality proposed in this

section. Following the fermion zero mode analysis above, the SU(N + 1) gauge theory

with the CS-level  = N+3�Nf/2 may admit a UV completion with a global symmetry

SO(2Nf )⇥U(1) when Nf  2N +2 and SO(2Nf )⇥SU(2) when Nf = 2N +3, which

is the same as the expected UV global symmetry of the dual Sp(N) gauge theory.

7.2 From Sp(N) to exotic SU(N + 1)

We first discuss the superconformal index and the instanton partition function of Sp(N)

gauge theory. The superconformal index of the Sp(N) gauge theory with Nf funda-

mental flavors takes the form

I
N,Nf

Sp (wa, qSp; p, q) =
(IV )N

N !
·

I NY

i=1

dzi
2⇡izi

�����

QN
i>j(z

±
i z

±
j ; p, q)1

QN
i=1

(z±2

i ; p, q)1
QN

i=1

QNf

a=1

(
p
pqz±i /wa; p, q)1

Z
N,Nf

Sp,inst(zi, wa, qSp; p, q)

�����

2

. (7.12)

– 42 –

SU(N + 1)N+3�Nf/2 Nf

SO(2Nf )

Enhanced global symmetry

Sp(N) SU(N + 1)N+3�Nf/2

Nf  2N + 4Sp(N)
[Intriligator, Seiberg,

Morrison 97]

[Bergman, Zafrir 14], [Yonekura 15], [Hayashi, S.-S Kim, K. Lee, Taki, Yagi 15], [Gaiotto, H.-C Kim 15]

SU(N + 1)N+3�Nf/2 Nf  2N + 6 [Bergman, Zafrir 14]



• Some examples from five-brane web

• Indeed, we have numerically checked that          and                   theories 
have the same superconformal index.

Examples for N=2

Sp(2) SU(3)5�Nf/2

[Gaiotto, H.-C Kim 15]

5d R2,2n�1 theory has a gauge theory deformation described by USp(2n� 2)+ 2n+1, and
a global symmetry SO(4n + 2), fully realized by the gauge theory. Gauging a USp(2n)
subgroup of this gives a quiver gauge theory with USp(2n) ⇥ USp(2n � 2) + 1. The lift
of the proposed 4d dual of SU(2n) + 2 + 4 would therefore seem to be the quiver theory
with 3+USp(2n)⇥USp(2n�2)+1. Therefore on the quiver side of the duality the flavors
should be added as shown in Fig. 29b. This web can be obtained by adding D7-branes in
the appropriate places and following the procedures described in Appendix B.

(a) (b)

Figure 29: 5-brane webs for (a) USp(4) ⇥ USp(2) and (b) 3 + USp(4) ⇥ USp(2) + 1.

S-dualizing back (rotating the web back by 90 degrees) we get SU(2n)±1 + 2 + 4,
namely the bare CS level is ±1. Thus the 4d duality

SU(2n) + 2 + 4 $ 3 + USp(2n) ⇢ R2,2n�1 (3.16)

lifts to the 5d duality

SU(2n)±1 + 2 + 4 $ 3 + USp(2n) ⇥ USp(2n � 2) + 1 . (3.17)

The global symmetries of the proposed 5d duals agree. On the SU(2n) side the symmetry
is SU(4)F ⇥SU(2)A⇥U(1)BF ⇥U(1)BA ⇥U(1)I , where BF is the baryon number associated
to the flavors, and BA is the baryon number associated to the antisymmetric fields. On
the USp ⇥ USp side it is SU(4)F ⇥ SU(2)BF ⇥ U(1)F ⇥ U(1)I1 ⇥ U(1)I2 . There is no
enhancement in the 4d reduction (although there may be enhancement at the 5d fixed
point).

We can again derive the explicit map of the U(1) charges by finding dual descriptions of
various charged operators. The simplest baryonic operator on the SU(2n) side is given by
the gauge invariant product of two fundamentals and the conjugate of the antisymmetric
field, qĀq. This transforms in (6,2)(2,�1,0) of SU(4)F ⇥ SU(2)A ⇥ U(1)BF ⇥ U(1)BA ⇥
U(1)I . The dual operator on the quiver theory side is given by the gauge invariant product
of a USp(2n) fundmental, the bi-fundamental and the USp(2n � 2) fundamental, which
transforms in the (6,2)(1,0,0) of SU(4)F ⇥ SU(2)BF ⇥ U(1)F ⇥ U(1)I1 ⇥ U(1)I2 .
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qĀ

q.
T
h
is

tr
an

sf
or
m
s
in

(6
,2

) (
2,
�
1,
0)

of
S
U
(4
) F

⇥
S
U
(2
) A

⇥
U
(1
) B

F
⇥

U
(1
) B

A
⇥

U
(1
) I
.
T
h
e
d
u
al

op
er
at
or

on
th
e
qu

iv
er

th
eo
ry

si
d
e
is
gi
ve
n
by

th
e
ga
u
ge

in
va
ri
an

t
p
ro
d
u
ct

of
a
U
S
p(
2n

)
fu
n
d
m
en
ta
l,
th
e
b
i-
fu
n
d
am

en
ta
l
an

d
th
e
U
S
p(
2n

�
2)

fu
n
d
am

en
ta
l,
w
h
ic
h

tr
an

sf
or
m
s
in

th
e
(6
,2

) (
1,
0,
0)
of

S
U
(4
) F

⇥
S
U
(2
) B

F
⇥

U
(1
) F

⇥
U
(1
) I

1
⇥
U
(1
) I

2
.

31

[Bergman, Zafrir 14]

Sp(2), Nf = 2 SU(3)4, Nf = 2

5d R2,2n�1 theory has a gauge theory deformation described by USp(2n� 2)+ 2n+1, and
a global symmetry SO(4n + 2), fully realized by the gauge theory. Gauging a USp(2n)
subgroup of this gives a quiver gauge theory with USp(2n) ⇥ USp(2n � 2) + 1. The lift
of the proposed 4d dual of SU(2n) + 2 + 4 would therefore seem to be the quiver theory
with 3+USp(2n)⇥USp(2n�2)+1. Therefore on the quiver side of the duality the flavors
should be added as shown in Fig. 29b. This web can be obtained by adding D7-branes in
the appropriate places and following the procedures described in Appendix B.

(a) (b)

Figure 29: 5-brane webs for (a) USp(4) ⇥ USp(2) and (b) 3 + USp(4) ⇥ USp(2) + 1.

S-dualizing back (rotating the web back by 90 degrees) we get SU(2n)±1 + 2 + 4,
namely the bare CS level is ±1. Thus the 4d duality

SU(2n) + 2 + 4 $ 3 + USp(2n) ⇢ R2,2n�1 (3.16)

lifts to the 5d duality

SU(2n)±1 + 2 + 4 $ 3 + USp(2n) ⇥ USp(2n � 2) + 1 . (3.17)

The global symmetries of the proposed 5d duals agree. On the SU(2n) side the symmetry
is SU(4)F ⇥SU(2)A⇥U(1)BF ⇥U(1)BA ⇥U(1)I , where BF is the baryon number associated
to the flavors, and BA is the baryon number associated to the antisymmetric fields. On
the USp ⇥ USp side it is SU(4)F ⇥ SU(2)BF ⇥ U(1)F ⇥ U(1)I1 ⇥ U(1)I2 . There is no
enhancement in the 4d reduction (although there may be enhancement at the 5d fixed
point).

We can again derive the explicit map of the U(1) charges by finding dual descriptions of
various charged operators. The simplest baryonic operator on the SU(2n) side is given by
the gauge invariant product of two fundamentals and the conjugate of the antisymmetric
field, qĀq. This transforms in (6,2)(2,�1,0) of SU(4)F ⇥ SU(2)A ⇥ U(1)BF ⇥ U(1)BA ⇥
U(1)I . The dual operator on the quiver theory side is given by the gauge invariant product
of a USp(2n) fundmental, the bi-fundamental and the USp(2n � 2) fundamental, which
transforms in the (6,2)(1,0,0) of SU(4)F ⇥ SU(2)BF ⇥ U(1)F ⇥ U(1)I1 ⇥ U(1)I2 .
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3.3 SU(N) + 4 + 2

Another possible higher-rank generalization of SU(3) + 6 is to SU(N) + 2 + 4. This
too is an exact SCFT in four dimensions with one marginal parameter. In this case the
conjectured dual theory is di↵erent for odd and even N [4]. For N = 2n+1 the dual theory
is given by 1 + USp(2n) ⇢ R2,2n+1, and for N = 2n by 3 + USp(2n) ⇢ R2,2n�1. Since
R2,2n+1 has a global symmetry SO(4n+ 6) ⇥ U(1), the global symmetry in both cases on
both sides of the duality (except for N = 3) is SU(4) ⇥ SU(2) ⇥ U(1)2.

In the SU(N) theory, all the symmetries come from the matter fields. In particular
one U(1) factor is the baryonic symmetry associated to the fundamentals, U(1)BF , and the
other one to the antisymmetrics, U(1)BA . In the dual theory for N = 2n, the SU(4) factor
is associated to the three flavors, one of the U(1)’s is intrinsic to the R2,2n�1 theory, and the
SU(2) together with the other U(1) come from the embedding SO(4n + 2) � USp(2n) ⇥
SU(2)⇥U(1), once the USp(2n) has been gauged. In the dual theory for N = 2n+1, the
SU(4)⇥ SU(2) comes from the embedding SO(4n+ 6) � USp(2n)⇥ SU(4)⇥ SU(2), one
U(1) is intrinsic to R2,2n+1, and the other is associated with the one flavor.

We will now discuss the 5d lifts of the two cases separately.

3.3.1 N = 2n

Let us begin with the 5-brane junction for a 5d SU(2n) gauge theory with two antisym-
metric hypermultiplets shown in Fig. 28a. Fig. 28b shows the deformed web for n = 2
(previously described in [11]). This corresponds to a CS level  = 2, which will be the one
relevant for us.8

(1, �1)

(1, 1)

n � 1

n n

n � 1

(a) (b)

Figure 28: 5-brane web for SU(2n) + 2

To lift the 4d SCFT we need to add four flavors to this. In terms of the 5-brane
web there are several possibilities, resulting in theories with di↵erent bare CS levels. To
motivate the correct choice, let us consider the S-dual web, Fig. 29a. This describes a
quiver gauge theory with USp(2n) ⇥ USp(2n � 2) (shown for n = 2). We know that the

8One can also generalize to other CS levels, as shown in Appendix C for the theory with a single
antisymmetric field.
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• Duality action on the hemisphere index of             gauge theory.

• We claim that                                                                            (if we 

identify the parameters as                                                                ).

• Checked this relation for           at least up to     order. (but not for           )

• Remark : under the constraint                 , we can always rescale  
              such that the left hand side and right hand side of this duality  
              wall relation are expanded only by positive power and only by  
              negative power of    , respectively.  
              This has been numerically checked for           .

• This relation can also be used to generate instanton partition functions in    
   expansion.

Duality wall action on hemisphere index
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Conclusion



Conclusion

• We have proposed duality domain wall connecting two dual SU(N) gauge 
theories and carried out various tests.

• Remarkabley, enhanced global symmetry in the UV CFT can be seen even in 
IR gauge theory through the duality wall action and 4d Seiberg duality at 
the interface.

• New duality between Sp(N) and SU(N+1) gauge theories and the duality 
wall between them have been proposed.


