
Lecture 4

Model of disorder-Elastic mean free path 
and group velocity.

Dicke states- Super- and sub-radiance.

Scattering properties of Dicke states.

Multiple scattering and superradiance.

Comparison with experiments: slow 
diffusion of light.

Strong disorder-Effective Hamiltonian.

Distribution of escape times

Diffusing photons and superradiance in cold gases



Scalar waves in random media

Scalar and monochromatic (     ) electromagnetic wave:           is 
the electric field, solution of  the Helmholtz wave equation:
  

 (compare to                       equation with disorder)
Disorder potential is continuous : fluctuations of dielectric 
constant

Gaussian white noise model: 
   easy to do calculations

 

is related to scattering properties of individual scatterers
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Edwards model :      identical, localized, randomly distributed scatterers

                                                                             

The potential         is short range compared to        so that 

Weak potential limit (Born approximation) the scattering cross section 
of a single scatterer is
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Average amplitude of the field
Solution of the wave eq. with a source         is given in terms 
of the Green’s function                :

                                                                              

Solution of 

           may be expressed in terms of the free Green’s function         
without scattering potential:

Disorder average restores translational invariance and the Fourier 
transform of the Green’s function is 
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G(k) = G0 (k) 1+ Σ(k)G(k)⎡⎣ ⎤⎦

Σ(k)

the self-energy is given by the sum of irreducible scattering events

G(k) is expressed in terms of the self-energy         

The main contribution to         neglects interference effects between 
scatterers,  

Σ(k)

In real space:
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The self-energy      is a complex valued function. Its imaginary part
defines the elastic mean free path    ,

the first neglected term provides a correction

                                                             

identify the small parameter                  : weak disorder 

Average Green function: 
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      is proportional to the average polarizability of the scattering medium, 
so that its real part gives the average index of refraction

The group velocity                  of the wave inside the medium is, 
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Summary: multiple scattering

Characteristic lengths:
Wavelength:
Elastic mean free path:

 density of scatterers

Weak disorder                   independent scattering events  λ0  l ⇔

scattering cross section

l =
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niσ
! n

−1/d
i

λ0



 Multiple and resonant scattering of 
photons by a cold atomic gas.  

4

Γ δ{

ω0

|Jeme〉

|Jm〉

Figure 2. Left: a cloud of cold atoms as point scatterers with fixed random positions
r and randomly oriented total angular momenta J . Right: a zoom into the energy level
scheme of a resonant degenerate dipole transition, here the example of J = 1, Je = 2.
δ = ω−ω0 is the detuning of the probe light from the atomic resonance frequency ω0, and
Γ is the natural width of the excited atomic state. The polarisation of scattered polarised
photons (full and dotted lines) is coupled to the internal magnetic quantum numbers m.

smaller than the measured value of 1.2 in the channel of flipped helicity
(h⊥ h). It was soon realized that the degeneracy of the probed atomic
dipole transition J = 3 → Je = 4 is responsible for an imbalance of CBS
amplitudes and therefore reduces the measurable enhancement factor [10].
We thus have to generalise the theory of the multiple scattering of polarised
light by point dipoles to the case of an arbitrary atomic transition J →
Je [11]. This theory indeed explains the observed enhancement factors and
shall be described in the following.

2. Multiple scattering of a photon by atoms with internal degen-
eracy

2.1. THE ONE-PHOTON TRANSITION MATRIX

Consider a cloud of laser-cooled atoms confined in a standard magneto-
optical trap. The cooling is such that their velocity spread v is much smaller
than the Doppler velocity Γ/k (Γ is the natural width of the excited atomic
state). Therefore, we can neglect the Doppler effect and may assume that
the atoms’ positions rα,α = 1, . . . , N , remain fixed on the light-scattering
time scale. On the other hand, the velocity spread should be much larger
than the recoil velocity vrec = !k/M (where M is the atomic mass) for the
scattering of a photon of wave-vector k. This allows us to treat the positions
as classical random variables and to follow the standard diagrammatic ap-
proach to describe multiple scattering (see [12] and references therein). The
CBS probe beam with incident wave-vector k, polarisation ε and frequency
ω excites a closed atomic dipole transition defined by a ground state with
total angular momentum J and an excited state Je with frequency ω0. In



• The scattering cross section     is related to the elastic mean 
free path    by
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Resonant scattering is much more efficient than Rayleigh scattering

Scattering cross section and elastic mean free path



We have used a model of disorder where scatterers are independent :                 
Edwards model or white noise

In atomic gases, there are cooperative effects (superradiance, subradiance) 
that lead to an interacting potential between pairs of atoms.

Dicke states:
g = Jg = 0,mg = 0

e = Je = 1,me natural width Γ

Pair of two-level atoms in their ground state + absorption of a photon.
Unperturbed 0-photon states :

Singlet Dicke state : 00 =
1
2

e1g2 − g1e2⎡⎣ ⎤⎦

Triplet Dicke states :

11 = e1e2 , 10 =
1
2

e1g2 + g1e2⎡⎣ ⎤⎦, 1−1 = g1g2



Second order in perturbation theory in the coupling to photons
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Superradiant state ε = +1 ε = −1

Γ(+1) = 2Γ Γ(−1) = 0
Photon is trapped by 
the two atomsCharacteristics of superradiance

Superradiance
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(attractive at short distance)

(for r = 0)



Scattering properties of Dicke states
Scattering amplitudes of a photon by pairs of atoms in 
superradiant       or subradiant       states are:T + T −
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Superradiance and Cooperon

• The scattering diagram of a photon on a 
superradiant state is analogous to a Cooperon
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Multiple scattering and superradiance
Multiple scattering of a photon by atoms in superradiant states, i.e. 
coupled by the attractive potential 

Use Edwards model to calculate the self-energy         in the weak 

disorder limit  k0 l 1 atomic density

maximum 
separation between

the two atoms.
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Absence of divergence of the group velocity
• The group velocity at resonance is
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• The CBS enhancement factor [3]

α = 1 +
IC

IS + IL

is smaller than 2 for IS > 0 and IC < IL.

1.2 Single scattering background

• A degenerate atomic dipole transition (J, Je) allows Rayleigh scattering (m′ =
m) and degenerate Raman scattering (m′ != m) of polarized photons:

⇒ Single scattering IS is present for all polarizations.

1.3 Reduced interference contrast

• Transition amplitudes are given for light ⊗ atoms:
! 10

5
for

85
Rb

! 0.26
vg(0)

c

! 3.84 × 10−5 Divergence of the group 
velocity for scattering by 

independent atoms
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vg(0)

c

! 3.1 × 10−5

D ! 0.66m2/s

Weak disorder: k0l ! 2 × 10
3
# 1

k0rm ! 0.51
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Strong disorder
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Onset of a photon localization transition: for a critical amount of 
disorder (density of atoms), there is a phase transition from delocalized 
to localized photon states.  
Ioffe -Regel criterion:

For resonant atom-photon scattering:

At resonance,             so that,                      

Cold vapor of                                   (far from localization)

                                 while
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Cooperative effects and dipole-dipole 
resonant interation

Dipolar atoms are not independent scatterers. 
There are long range dipole-dipole interactions.
Moreover, when two resonant scatterers are close 
enough, collective states appear (Dicke states) that 
change substantially the nature of the localization 
transition.

Characterize the onset of localization transition by mean of 
the distribution P(t) of escape times.



Effective Hamiltonian

with di
+ = d ei gi di

− = (di
+ )†and

Diagonal elements: spontaneous emission of isolated atoms

Off-diagonal terms: modification of the spontaneous emission 
due to collective effects and dipole-dipole resonant interaction.

Atoms = collection of resonant two-level systems: 

giGround state: Excited state: ei

Hint = −ih̄
Γ

2

Ni∑

i=1

|ei〉〈ei|− h̄
Γ

2

∑

i !=j

eik|ri−rj |

k|ri − rj |
d
+
i d

−
j



Distribution of escape times

Probability        that a photodetector placed outside the atomic cloud
will detect a photon at time    .  t

π (t)

π (t) = Γ
sin(k rij )
k rij

di
+ (t)dj

− (t)
i, j
∑

Probability to detect a photon between times 0 and t :

P(t)= π (t ')dt '
0

t

∫ Laplace transform
P (Γ)
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