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Program for today

® Fractal spectrum and quasicrystals

® Basics - Gap labelling theorem - the
Fibonacci spectrum (experiments)

® Jopological meaning of GLT : winding
numbers

® Jopological numbers from structure - Bragg
(diffraction).




Fractal spectrum
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Quasi-periodic structure (Fibonacci quasi-crystal)
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Concatenation rule

Fibonacci sequence: _ _ _
q Ss =88, S=B, §=4
A—-AB—ABA—-ABAAB—ABAABABA—...




Quasi-periodic structure (Fibonacci quasi-crystal)
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Concatenation rule

Quasi-periodic stack of dielectric layers of two types (n,,ng)




Spectrum of the Helmholtz equation on a quasi-periodic chain
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Spectrum of the Helmholtz equation on a quasi-periodic chain
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Spectrum of the Helmholtz equation on a quasi-periodic chain
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Quasi-periodic structure (Fibonacci quasi-crystal)

Spectrum of modes

Transmission spectrum
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Density of modes
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Fractal spectrum of the Fibonacci quasi-periodic chain

The density of modes p(w) :

p(m)
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Discrete scaling symmetry
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Discrete scaling symmetry: formal description
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Testing the discrete scaling symmetry
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Testing the discrete scaling symmetry
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p(k)

Testing the discrete scaling symmetry
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Testing the discrete scaling symmetry
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Summary

A quasi-periodic dielectric chain

does not have a geometric fractal
structure, but,

1ts spectrum has a fractal structure :

-y —, F(x+1)=F(x)
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Spectral fractal dimension ;



Experimental study of a fractal energy spectrum
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Cavity polaritons

GaAs/AlGaAs
based structures
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(Distributed) Bragg reflectors




GaAs/AlGaAs
based structures

5K

Top DBR

Quantum Wells»e
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Cavity polaritons

(Distributed) Bragg reflectors

Cavity polaritons :

Angle 0 (°)
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Emission energy (eV)
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\ P // Photon

polariton
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kin-plane (“m )

between an optical cavity mode and confined excitons (quantum wells)




Cavity polaritons obey a d=2 Schrodinger equation
h2

2m,

El//(xay):_ AJ_W(X,)’)

%
Effective photon mass m,, =" E/z
C

n = effective refraction index, A, =9:+9;

E = Ekz = energy of the fundamental mode of the cavity
n



Cavity polaritons obey a d=2 Schrodinger equation

%
Effective photon mass m,, =" E/z
C

n = effective refraction index, A, =9:+9;

E = Ekz = energy of the fundamental mode of the cavity
n

Eigenmodes of the d=2 problem —— numerics



Cavity polaritons obey a d=2 Schrodinger equation

%
Effective photon mass m,, =" E/z
C

n = effective refraction index, A, =9:+9;

E = Ekz = energy of the fundamental mode of the cavity
n

Eigenmodes of the d=2 problem —— numerics

Well controlled d=1 effective model is preferable !
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Effective 1D model
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with

V(x)= Z;{(T_ln)ub

xX(x)=+

4 1’
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Effective 1D model
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Advantages of cavity polaritons :

allow for a
excitations in real and momentum spaces.

—> Visualisation/imaging of individual eigenmodes
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Energy (meV)

Labeling the gaps...
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Labeling the gaps... | AN—
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Energy (meV)
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Integrated Density of States-Gap Labeling
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Labeling the gaps... os = = ../
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Labeling the gaps... s
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This result has a broader range of validity : Gap

labeling theorem (Bellissard, 1982)
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Labeling the gaps... o3/ |

N(Egap) = p+ qT_l

p,qE€ /.

N
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0.4 i e

This result has a broader range of validity : Gap
labeling theorem (Bellissard, 1982)

Topological Invariants

independent of potential strength,

inhomogeneity;, ...
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Log-periodic oscillations : fingerprint of the
fractal spectrum
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Part 3

Topological content of the gap labelling theorem
(GLT) - winding (Chern) numbers



Chern numbers and gap labeling.

Is there a relation with other occurrences of Chern
numbers (e.g. quantum Hall effect, topological
insulators, graphene, Weyl semi-metals...) ?

Not so obvious : in the previous cases, topology and
assoclated Berry curvature result from the existence of
underlying magnetic fields, Aharonov-Bohm fluxes,
Dirac structure...



Quasi-periodic structure (Fibonacci quasi-crystal)

Transmission spectrum

p(K)

Density of modes
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Example : Free electrons in a 2D crystal + magnetic field

(Harper problem)

Non trivial group of magnetic translations:

U U,=e"""U,U, a:ﬂ _h

/
\
r \'\ \\
I

energy

R Y R/ 3;80 0
magnetic flux o = —

P,

Hofstadter butterfly Osadchy, Avron, (2001)



Topological features manitest through specific
properties of edge (gap) modes 1n the presence of
boundaries

Under certain (boundary) conditions, instead of observing
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Topological teatures manifest through the
behaviour of gap modes

Under certain (boundary) conditions, instead of observing
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Gap modes cross over the gaps while varying
a parameter ¢ yet to be determined

analogous to 7

. . j A
topological insulators N/
\<§ face states
Fermi level /
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Mo e ntumm

Energy
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Building quasi-periodic chains -

Winding (Chern) numbers



Equivalent ways to build quasi-periodic chains

e Characteristic function

e Cut & Project



Characteristic function

Xn =sign[cos(27m1'_1+¢)—cos(7m"1)] -I_—%z

ORI - 5 A3 5 A 54 A B AABRE

The angle ¢ IS a (legitimate) degree of freedom.

¢ is known as a phason T =\/§+% ~1.62

Meaning ?



Characteristic function

X, =sign[cos(27mz'_1+¢)—cos(7m'

FN(¢) [951%2--- .JABAA

The angle ( ate) degree of freedom.

¢ is known as a phason T =\/§+% ~1.62

Meaning ?



Cut & Project method

Very active branch in maths of tiling, dynamical systems

Duneau & Katz
Moody, Meyer
Pinsner, Voiculescu
Mendes-France, Allouche
Bombieri, Taylor,

Kellendonk, Grimm,
Queffelec, Bellissard, ......

Generate both periodic and quasi-periodic (quasicrystals) structures.

A brief tutorial for practical implementation.



Start from a 2D lattice L = Z°




Start from a 2D lattice L = Z°

y = bx+const




For a rational slope : periodic superlattice

y =2%x+const

For an 1rrational slope : quasi-periodic structure

T:(1+\/§%

golden mean




Characteristic function C&P method

Z, :Sign[cos(zﬂn ! +¢)_COS(7”—1)} Is it possible to give a meaning
to A@ using the C&P method ?

¢ 1s an 1nnocuous and thus
ignored modulation phase.

For an infinite Fibonacci chain :

¢0_=3ro=3r1"

Define instead

X, = sign[cos(27tm'_l +¢.+ A(b) - COS(”T_l )}

(1 + x/gy We understand the meaning of A¢
T =
2

golden mean
56



Consider the infinite chain W_

|
AP <> An

Changing @is equivalent to moving along W._

57
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There are finitely many different finite segments

Fo@)=lx 2020 2v]

which are unitary related.
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There are finitely many different finite segments

Fo@)=lx 2020 2v]

which are unitary related.
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Varying ¢over a period 27

Letter number
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Scanning ¢ generates local structural changes. |II|

A structural degree of freedom



A torus




Are there spectral consequences
of these structural properties ?




Are there spectral consequences
of these structural properties ?

Almost No...

We have already calculated and measure the spectrum 1n details



Integrated Density ot States-Gap Labeling
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Integrated Density of States-Gap Labeling
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(p.q) € Z are topological invariants (Chern numbers).
Independent of the potential strength, inhomogeneity, ...



independent of the phase A¢g
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Spectral characteristics are independent of the phase A¢
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Scattering formalism

offers a general and elegant framework to study spectral properties
and transport (Landauer approach).

A (quantum,wave) system with a potential (defined w.r.t. a free part )
1s enclosed 1n a “black box™. We probe it using scattering waves.

s, °"R With obvious notations, the
( - ) (unitary) scattering matrix 1s :

(o) = (o) Gi) = (i)

. . it1
It can be diagonalised as (8 eicpz>

Defining the total phase shift : 6(k) = (¢1(k) + ¢2(k))/2



There 1s a relation between the total phase shift
and the change of density of states :

~1dd(k)
0(K) = po(k) = -
1 0
= ElmﬁlndetS(k)
since  detS(k) = 200 — _ L

G. Dunne, E. Levy, E.A.,”Optics of Aperiodic Structures: Fundamentals and Device Applications”,
L. dal Negro ed., Pan Stanford Publishing, (2013)



There 1s a relation between the total phase shift
and the change of density of states :

1L OR
> >
< -4 :

) ! (k)
1 do(k
p(k) — po(k) = K
Fibonacci chain embedded 1 5
between free spaces: = 5 - Im =7 Indet 5(k)

W, o
1

since detS(k) = &k = —ti*

~|
1
S|
mN
3,

Il

G. Dunne, E. Levy, E.A.,”Optics of Aperiodic Structures: Fundamentals and Device Applications”,
L. dal Negro ed., Pan Stanford Publishing, (2013)
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How to observe a A@ dependence ?
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How to observe a A¢ dependence ?
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How to create edge states and relate them to the
scattering formalism ?

Impose a closed boundary A Im W ml l“l




How to create edge states and relate them to the
scattering formalism ?

Impose a closed boundary I ||m I
{1t

Equivalent to
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How to create edge states and relate them to the
scattering formalism ?
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Edge states of }?N F N
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Edge states of }?N F N
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o This structure 1sn’t Fibonacci : it displays additional modes in the gaps
e Gap locations remain unchanged w.r.t. the original structure

e Frequencies of the gap modes depend on the structural
modulation phase A@
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Relation to gap labelling and Chern numbers
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Chern numbers [p,q] describe the topological behaviour of
edge states 1n the gaps when changing the structural
phase angle A¢
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Recently measured using cavity polaritons
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F. Baboux, E. Levy, J. Bloch, E.A, 2016



Energy (meV)

Recently measured using cavity polaritons
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Edge states

F. Baboux, E. Levy, J. Bloch, E.A, 2016
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F. Baboux, E. Levy, J. Bloch, E.A, 2016
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A diffraction measurement of Chern numbers

Fibonacci finite string

01 02 03 04 05 06
k., (2m/a)

0.0

CCD camera

A. Dareau, E. Levy, E.A, F. Gerbier and J. Beugnon, 2016



Optical setup

Laser @ 532 nm DMD | Digital Micromirror Device (DMD)

— mirror (“pixel”) size a~ 14 ym
— 1024 « 768 pixels

Fibonacci encoding: A |

fﬁfﬂf l B
4 ]
/ DMD front view
4 outside outside
7 Fibonacci chain (OFF)

CCD camera ' : '
IIIII.DIIDIDIIDII[EIIII



A diffraction measurement of Chern numbers

Fibonacci finite string

DMD
G{j Related to the transmission
S \7T
- spectrum
0 | 10
| 0000111 11
Rl ) 0, » » !o g
i 100
00 01 02 03 04 05 06
ky (27 /a) \J U
CCD camera 0 0.5 1

K

A. Dareau, E. Levy, E.A, F. Gerbier and J. Beugnon, 2016



Transmittance
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F U | “ : I Transmission spectrum
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DMD Pattern

r/a

4+—>
89 letters

Experiment, no artif. palindrom (linear scale)
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No eftect of ¢

Creating edge states



DMD Pattern

r/a

4+—>
89 letters

DMD Pattern

89 letters

iy
==

e

Transmittance
Ly {

=
=

Experiment, no artif. palindrom (linear scale)

0.0 0.2 0.4 0.6 0.8
1 1 ] I I
0.0 0.2 0.4 0.6 0.8

No eftect of ¢

Experiment (linear scale)

0.0 0.2 0.4 0.6 0.8

Transmittance

|

0.0 0.2 0.4 0.6 0.8

There is an effect of the phason @)



DMD Pattern Diffraction pattern
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2D diffraction experiment

tsead of [ INERIAIMRMTIINN

consider all realisations




DMD Pattern

y axis is associated with ®

Diffraction pattern

o0 —
| u I | | Q | 1
g=49 =48
0L q=46 g
IS &ESO -
20t w _
10 S .
N T T it .
0.1 0.2 03 04 05 0.6 0.7 08 0.9
ke (2m/a)
g 0.5
S 0.0 |, 1 ‘ t .
0.0 0.2 0.4 0.6 0.8




Summary-Further directions

e Demonstrate the fractal structure of the energy spectrum
using polaritons in a Fibonacci cavity.

e Gap Chern numbers are the winding numbers of the chiral
reflection phase.

e Gap traversing of edge states 1s completely determined by
corresponding gap Chern numbers.

e Scattering theory gives a simple way to calculate/measure Chern
numbers.

o Topological Chern numbers are also contained in structural data of
the quasi-crystals. They can be retrieved from a Young-slit
diffraction experiment. This approach allows for a measurement of
high numbers even for short chains.




An algebraic description :

Consider the infinite chainW_and a finite segment F (()) EW]\?

Wy =0ily.. Uy.



An algebraic description :

Consider the infinite chainW_and a finite segment F (()) EW]\?

Wy =l1ly... Uy

Shift operator (translation by one unit) :

T (b1ly .. by .. =bols .. by ...



An algebraic description :

Consider the infinite chainW_and a finite segment F (()) EW]\?

Wy =l1ly... Uy

Shift operator (translation by one unit) :

T (b1ly.. by ..) =Lolg. . lpiq...
Wi =T" (W)

Each word W, is a valid segment of the Fibonacci chain
corresponding to a specific value of ¢

TN (WR)=Wg  (torus) 104



Define the symmetric matrix







Define the symmetric matrix [ Wi

1
N — N

N\

Define the unitary transformations : ~ Ug2i0 = 244
1 m' = ==~ (mod F,)

with Uq (m,7 m) = 9

\ 0 otherwise

qe0...F, —1

107






The unitary matrices Uq form an abelian group U = {Uq}gial
Uqur‘ — UL(q,’I")
L(g,r) = qrFn—z (mod Fy)

F, are Fibonacci numbers



The unitary matrices {/, form an abelian group U = {Uq}f;;al
UqU’r’ — UL(q”)")
L(gr)=gqrFu— (mod F,)

F are Fibonacci numbers

~

The Fourier transform matrices U, form also an abelian group

ﬁqﬁs — ﬁsﬁq — ﬁFN—(quN_g) mod (Fn)

110



20 40 60 80
Letter number

111



The matrices A_ defines an abelian group isomorphicto Z/FyZ

An example for Fy; = 5:

2 4 1 3 0
4 3 2 1 0
s 1 2 3 4 0
3 1 4 2 0
0O 0 0 0 O

112



Winding numbers W,

2 4 1 3 0
q=1 43 2 1 0
s 1 2 3 4 0
31 4 2 0
O 0 0 0 O
W,=2 q
clockwise .-
s=4
s=1
s=3



Winding numbers W,

2 4 1 3 0

2 4 1 3 0

O

— <3

N M

™M N

<t

oo

— <

N MM

™M N

< v

31 4 2 0

31 4 2 0
0O 0 0 0 O

0O 0 0 0 O

0

S =

zf counterclockwise

0

S =

2
clockwise

Wq




A, =F,—|gsF,, mod(Fy)]

The matrices A_ defines an abelian group isomorphicto Z/FyZ

An example for Fg = 5:

W
S Wk H N
S BB WIN -
SN Bk W
o O OO O
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i :I'|h

JH
| . r .
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llllllil
‘ III
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b
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ydyy
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{ LFlllllJ |
| ,itlﬂ:,l!‘ll'

r| I|
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J.

Ll
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1
A0
E
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I|'| II

Fi() — 89 115



Normalise A EFN—[quFN_2 mod(FN)] between [0,1]

9<89 Fibonacci substitution

Ll
p—
C
(NHN] S
X
Ll
p—
C
S’
—hy
O
0

h

rl'u'lr

s

LRy

)

B
o :—
-
]
i,
(] :—
L
{ =
.

~H Irll 1rini Ir
]

'



Normalise A EFN—[quFN_2 mod(FN)] between [0,1]

A

]

udls
illy ||P||nr|

;

J:E: 'I

f
i
R

'
i
| I‘Ir

;

B = = i
o = S
E: == = = —

i
i

O_ | | | | | | ] -
0.1 02 03 04 05 06 07 08 09

k

Transmission spectrum
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Normalise A EFN—[quFN_2 mod(FN)] between [0,1]

:

rl IIlllr
I‘ILI

h'u:l:;'q;:u i

1.t
1
M

| II II I*

rl 1 II I
i

b
)

b4

g
i
i

J
Iy

Locations of the gaps are given by

K(W N) v mod(F, )

q,
N
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Gap Labeling Theorem (GLT)

_ _ —1

N(s EQM/Z) =p+qgT

N
[ [ [ [

0.8 . i 2520

........ N(E,, )=p+qT || 136
[0,1]

0. S .
...................................... B e
............................... 24

04.....1 [ 1.’.'..1] ....................................................... i

[4,-6]
L2

O’zﬁ [ [ [ [ |
0.2 0.4 0.6 0.8

k

Ky ={IDOS(g9ap)} = (Z+ 7Z) N |0,1] = 7Z N [0, 1].

K(W N) v mod(F,, )

q,
N

lim K (W, N)n[0,1] = K,

O" | ] | ] | | | =
0.1 02 03 04 05 06 07 08 09

k

Transmission spectrum
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0.6

0.4

0.2

Gap Labeling Theorem (GLT)

[ [ [ [

How to observe these
topological winding numbers ?
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A structural degree of freedom

s fes)
<l <
o Ji<
< hnd) o0
<l <
fua) 0]

A single structural
change for each

value of A¢

Le
- & R

05

05

Letter number

Is there a symmetry of the Fibonacci chain probed

when scanning the phase over a period ?



Cut & Project method

Very active branch in maths of tiling, dynamical systems

Duneau & Katz
Moody, Meyer
Pinsner, Voiculescu
Mendes-France, Allouche
Bombieri, Taylor,

Kellendonk, Grimm,
Queffelec, Bellissard, ......

Generate both periodic and quasi-periodic (quasicrystals) structures.

A brief tutorial for practical implementation.



Start from a 2D periodic lattice L = Z°




Start from a 2D lattice L = Z°

'y =bx+const



Start from a 2D lattice L = Z°




Start from a 2D lattice L = Z°




Start from a 2D lattice L = Z°




Start from a 2D lattice L = Z°

y = bx+const




For a rational slope : periodic superlattice

y =2%x+const



For a rational slope : periodic superlattice

y =2%x+const

For an 1rrational slope : quasi-periodic structure

T:(1+\/§%

golden mean




Characteristic function

X :Sign[cos(Zﬂ'n T +¢) _003(7”_1 )}

¢ 1s an 1nnocuous and thus
ignored modulation phase.

For an infinite Fibonacci chain :

¢0_=3ro=3r1"

Define instead

X, = sign[cos(27m’t'_1 +¢.+ A¢) - COS(”T_l )}

T:(1+x/§%

golden mean

191



Characteristic function

X :Sign[cos(Zﬂ'n T +¢) _003(7”_1 )}

¢ 1s an 1nnocuous and thus
ignored modulation phase.

For an infinite Fibonacci chain :

¢0_=3ro=3r1"

Define instead

X, = sign[cos(27m’t'_1 +¢.+ A¢) - COS(”T_l )}

T:(1+x/§%

golden mean

C&P method

Is it possible to give a meaning
to A@ using the C&P method ?

y= 7' x+const

132



Characteristic function C&P method

Z, :Sign[cos(zﬂn ! +¢)_COS(7”—1)} Is it possible to give a meaning
to A@ using the C&P method ?

¢ 1s an 1nnocuous and thus
ignored modulation phase.

For an infinite Fibonacci chain :

¢0_=3ro=3r1"

Define instead

X, = sign[cos(27tm'_l +¢.+ A(b) - COS(”T_l )}

(1 + x/gy We understand the meaning of A¢
T =
2

golden mean
133



C&P method - Properties AQ

e Each value of the phase A¢@ accounts for an existing
segment of the infinite Fibonacci chain.

o AQ is 2 7-periodic.

e AQ corresponds to a translation (along the chain) cycle

Ap=2mt"" An

134



A¢

I;l axxaxa
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Y 27
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How a change of phase 1s implemented along the chain ?

i

‘H H E E EE B E

0.8

0.7

periodicity

0.3
0.2

0.1

| . . N =

20 22 24 26 28 30 3z 34 36 38 40
slab number

-




How a change of phase 1s implemented along the chain ?

1

Translation

AW :;L--__---. ...... [T __ DO L R L__ TR L __ WP
2r —

o I - _l_- L -_J_ ] + -__L_- = - -
20 30 40
slab number



A structural degree of freedom

IJI EZKEZE
e
sﬁc‘“as

LS 9
‘C{\)d' (\e\ °
1 : st‘&\ : i) S et WO a7
[mr@"" s oy ax \
L quasi™ ane @ “O? g 10 e na ﬁ?& neliC ne

Letter number 0, 05 0 05 :

Is there a symmetry of the Fibonacci chain probed
when scanning the phase over a period ?




Palindrome

Scanning the phase A¢drives the chain through a palindromic cycle.

Palindrome ?

Palindrome

f" :mffsw o \\N [ “II\_ ||| |
‘"3‘ ‘*‘ oesserrs” ARG

spelled

8 P backwards




Palindrome

Scanning the phase A@drives the chain through a palindromic cycle.

40 50
[etter number

nx (; /6

=

2;4 |Zj (A(b) a ZN—]' (A¢)|

n(Ag) % _



Remarks :

e Palindromic symmetry is (almost ?) ubiquitous
in C&P quasicrystals.

e Counterexamples for non C&P cases : non
Pisot substitutions are not palindromic.

e The phason ¢ cannot be defined for non C&P
guasicrystals.

e But the Gap Labeling theorem and associated
Chern numbers are well defined.



Palindromicity

Scanning the phase A@drives the chain through a palindromic cycle.

Fibonacci chains generated using substitution or concatenation
are “almost” palindromic.

They correspond to Ap=0 < ¢p=¢_=3r7"

and a length equal to a Fibonacci number N,
Palindrome
N=8 8 A

An 1nfinite chain contains arbitrary long palindromic substructures




The deviation from palindromicity saturates.

ot
(o]

o
o

o
N

n(¢): Deviation from a palindrome
o
S

;O

76.3%

05 0
Ad/n

The saturation value depends on the C&P slope, 1.€.,
on type of quasi-periodic potential.



The deviation from palindromicity saturates.

23.7%

pd

ot
o

@
5 76.3%
%’o.e- ® 0.23| + Occurrence |
- e —Fit
g 0.4 g | ' -
= = 0.26]
15 S 0.22 0.25/
L) O 0.24| '
0.2 = I 023;'".“‘" %

2 ; 0.217, 022!
= 0.217

0, 0.5 0 : 0.2 135 140 145 150 |

Ad/n . 4 A
0 2000 4000

Length

The saturation value depends on the C&P slope, 1.€.,
on type of quasi-periodic potential.

For the Fibonacci chain, the saturation corresponds to the occurrence
of [AA] doublets, knowing that [BB] doublets are forbidden.



Are there spectral consequences
of these structural properties ?




Are there spectral consequences
of these structural properties ?

Almost No...

We have already calculated and measure the spectrum 1n details



Scaled finite size Fibonacci chains

1 1 . — I
0.8 0.8 ‘ 1 o8
0.6 0.6 I 06
0.4 0.4+ 4 04
0.2 0.2} } 0.2

{ ) | 0

4 1.6 fa 145 15 1.55 1.6

d 14

Density of modes

0.6~
P 0.55 |
L 05 05

0‘2/— 0.45/’_- 1 0.49-
0 | 0.4¢ _ . 10.48

S
90

Counting Funct
) O
+ N

1 1.5 2 146 148 15 152 154 1496 1498 1.5 1502 1504
o/ o/ o/
Integrated Density of

147



Scaled finite size Fibonacci chains

S
o)

Lo

=
S~

Counting Funct.

0.2/— /F_‘
o/ | 0.4/ 1048

1 1.5 2 146 148 15 152 154 1496 1498 15 1502 1.504
O/t o/ o/T

Integrated Density of
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Integrated Density of States-Gap Labeling

1

1+\/_/ 0.8}

golden mean 0




1+J_/

golden mean




Integrated Density of States-Gap Labeling

_outden mean




Integrated Density of States-Gap Labeling

-
,, 1 —
N \}1(1/”’ :

N(wgap): p+qr’ within a | p,q| gap

(p.q) € Z are topological invariants (Chern numbers).
Independent of the potential strength, inhomogeneity, ...



Existence of Chern numbers 1s independent of the
palindromic symmetry and of the phason A¢

(1+ x/gy H0
£= 2 o 0.6}
golden mean 8 0.4l
0.2}

N(a)gap): p+qtr within a [p,q] gap

(p.q) € Z are topological invariants (Chern numbers).
Independent of the potential strength, inhomogeneity, ...




All these characteristics are independent of the phase A¢

0.6

V4 145 1.5 1.55 1.6
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Each seqguence has exactly the same spectrum.
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But...since the phase A¢ measures the deviation from palindromicity,
it should show up in the difference between the 2 scattering configurations,

t . HI”“I

i0,
: r‘e

=i}




Since A@ measures the deviation from a palindrome, it should show up
in the difference between the 2 scattering configurations,

\\100
——————]

;o= l?'eie

Ad/n



Since A@ measures the deviation from a palindrome, it should show up
in the difference between the 2 scattering configurations,

F =[Fle”

The chiral angle O depends on the structural phase A¢

W,
1

~|
|l
S|
mﬂ
.l

0.8 —
0.6 _
0.4 -
0.2 —o-— Ia(¢,7~mjdgap)l -
| —n($)
0 I
0 0.5 1 1.5 2
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Since A¢ measures the deviation from a palindrome, it should show up
in the difference between the 2 scattering configurations,

7
¢

= C
1 angle O

base A(P
The chi on the Stﬂlc““a\ D onase A
nce
rg d€
1

~|
| -
~| “:
QN

S

0.8 —
0.6 —
0.4 =
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How to create edge states and relate them to the
scattering formalism ?



Since A@ measures the deviation from a palindrome, it should show up
in the difference between the 2 scattering configurations,

!
I

\\100
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The chi\

0.6
04

0.2} g
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Relation between Chern numbers and

the scattering matrix
‘Mm - WMN N

\\1M

ei

i

r =re

l

0.8+ —
0.6 —
0.4 =
0.2 — Ia(¢’lmidgap)l L

| —n(®)

0 :
0 0.5 1 | > 2
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Winding number of &, (@,9)

The Chern number g 1s the winding number of the chiral
phase o, (®,9)




How to create edge states and relate them to the
scattering formalism ?

Impose a closed boundary I“l \lm ||||| lml ||m IH ul |
| III' L0 0 L
i




How to create edge states and relate them to the
scattering formalism ?

Impose a closed boundary I ||m I
{1t

Equivalent to

R

l j J i
Nt et

i

FNFN 169




How to create edge states and relate them to the
scattering formalism ?

impoc sclostvoundry AR

| ||| i \llH Ll Ilmlb

Y

|"“ e St\) yg&efg A.mullllﬂmm

a&&eﬂﬂg

Equivalent to

sC FNFN 170



Edge states of }?N F N

o This structure 1sn’t Fibonacci : 1t displays additional modes 1n the gaps
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Edge states of F'y
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10NS remain unc

e Gap locat

e Frequencies of the gap modes depend on the structural

modulation phase A@
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Creating edge modes

 Edge modes show up in most finite superlattices at gap frequencies
which depend on boundary conditions:

A. Boundary states due to a “closed” boundary condition (e.g., mirror)
B. Interface modes

C. Detfect modes

 Edge modes have the same origin and are of topological nature.
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Relation to the palindromic cycle
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for all gaps
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Relation to gap labelling and Chern numbers
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Relation to gap labelling and Chern numbers
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Chern numbers [p,q] describe the topological behaviour of
edge states 1n the gaps when changing the structural
phase angle A¢
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Relation to gap labelling and Chern numbers

Edge states traverse the gaps

Wi
™

f7°7L4.'““" PR

0 o 5 2
sy
Chern numbers [p,q] describe the topological behaviour of

edge states 1n the gaps when changing the structural
phase angle A¢



The chiral phase O/ depends on the structural phase A¢

L= P =|7le’
r =re
For edge state 1n a gap with Chern number ¢ :
1 _ «— —
OCq (a),¢) —Hq T Qq
0.8 =
0.6 —
0.4|- ~
0.2 — Ia(¢’}"midgap)| —
| —n($)
O I
0 0.5 1 1.5 2

180



a, (a),¢) defines the spectral deviation from a palindrome

It depends on :
e the Chern number g 1n a gap
o the frequency @ in the gap

e the structural phase @




Winding number of «, (®,9)
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The Chern number g is half the winding number of the
chiral phase a,(@,9)




This factor 2 1s important : it accounts for the

underlying palindromic symmetry.

C&P guasicrystal : phason degree of freedom + underlying
palindromic symmetry - reflects in the additional factor 2
when expressing Chern numbers as the winding of a
phase.




A Hoftstadter butterfly for Fibonacci
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F. Baboux, E. Levy, J. Bloch, E.A, 2016



Recently measured using cavity polaritons
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Energy (meV)

Recently measured using cavity polaritons
(a) (b)
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Phase ¢ (units of m)

Note the factor 2 !

F. Baboux, E. Levy, J. Bloch, E.A, 2016



Energy (meV)

Measuring Chern numbers directly on the
wave function

(a) (b)

-~ Real space imaging
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Energy (meV)

Measuring Chern numbers directly on the
wave function
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wave function
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o, (a),AgD) defines the spectral deviation from a palindrome

It depends on :
e the Chern number g 1n a gap
e the frequency @ in the gap

* the structural phase angle A¢



A diffraction measurement of winding numbers

Fibonacci finite string

(b)

A. Dareau, E. Levy, E.A, F. Gerbier and J. Beugnon, 2016



Optical setup

Laser @ 532 nm DMD | Digital Micromirror Device (DMD)

— mirror (“pixel”) size a~ 14 ym
— 1024 « 768 pixels

Fibonacci encoding: A |

fﬁfﬂf l B
4 ]
/ DMD front view
4 outside outside
7 Fibonacci chain (OFF)

CCD camera ' : '
IIIII.DIIDIDIIDII[EIIII



A diffraction measurement of winding numbers

Fibonacci finite string

DMD
G{j Related to the transmission
S \7T
- spectrum
0 | 10
| 0000111 11
Rl ) 0, » » !o g
i 100
00 01 02 03 04 05 06
ky (27 /a) \J U
CCD camera 0 0.5 1

K

A. Dareau, E. Levy, E.A, F. Gerbier and J. Beugnon, 2016



Transmittance

Transmission spectrum
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A (diffraction) Young-slit measurement of
(topological) winding numbers



Juxtaposition of 2 identical Fibonacci chains

DMD Pattern
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Need to create edge states !

A Young-slit interference experiment



DMD~Rattern
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Experiment, no artif. palindrom (linear scale)
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A Young-slit measurement of windings

DMD Pattern Diffraction pattern
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A Young-slit measurement of windings

DMD Pattern

r/a
4—>
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Split of the diffraction peak

Diffr; oscillates with a period %]‘
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Cuts at a given k.
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A Young-slit measurement of windings

|
o

Cjt

Int. (norm.)

—10‘
0.0 0.5 1.0 1.5 2.0

O /7

Int. (norm.)

1.0
0.5
0.0 :

. —0.5 ¥

—1.0

0.0 0.5 1.0 1.5 2.0

® /7

05 1.0 1.5 2.0
¢/

0.0



We can do better |

Single shot experiment for all winding
numbers



2D diffraction experiment

stead of [ INIRIMIIRMINI

Consider all the realisations for all values of A¢ in a period

1
0.5¢
=
= 0
<
-0.5
A
20 40 60 80

Letter number




2D diffraction experiment

tsead of [ INERIAIMRMTIINN

Consider all the realisations for all values of A¢ in a period




DMD Pattern Diffraction pattern
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DMD Pattern

y axis is associated with ®

Transmittance
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tructural origin of Chern numbers
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Structural origin of Chern numbers

For a chain of size N, there exist N values of the Chern

numbers - all visible 1n the diffraction experiment
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X

Chern numbers appear in pairs (-q,q)



Quasi-Brillouin zone
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Robustness of topological features
against noise.

Chern numbers are advertised as topological invariants, 1.e.
rather insensitive against disorder.

Make it more quantitative

1.0 . .
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0.0 | 0.0 I
0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.20 0.25 0.30 0.35 0.40 0.45 0.50
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Diffraction peaks-Finite chains

For the infinite Fibonacci chain §_Bragg peaks are at k, =p+q7~

(@) =

=
4%a

0 01 02 03 04 05 06 07 08 009
spatial frequency

[a—

ON SRR R U L

= J=§l=1l1;_1|;ill;zlkula:li:: PR
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9
spatial frequency

p—t



Wannier diagram
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Spectrum and Wannier diagram
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Spectrum and Wannier diagram
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Summary-Further directions

e Demonstrate the fractal structure of the energy spectrum
using polaritons in a Fibonacci cavity.

e Topological features 1in quasi-periodic chains can be displayed
using the underlying palindromic symmetry tor C&P structures.

e Gap Chern numbers can be viewed as the winding numbers of the
chiral reflection phase.

e Gap traversing of edge states 1s completely determined by
corresponding gap Chern numbers.

e Scattering theory gives a simple way to calculate/measure Chern
numbers.

e Never underestimate the information contained in 2x2 matrices.

e Topological Chern numbers are also contained in structural data of
the quasi-crystals. They can be retrieved from a Young-slit
diffraction experiment. This approach allows for a measurement of
high numbers even for short chains.
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Summary

Complete characterisation of the fractal spectrum of
quasi-periodic systems.

Given a topological meaning to the integers labelling
the gaps of the fractal spectrum.

Proposed a complete algebraic structure to account
for the topological integers (Abelian group structure

isomorphic to Z/FyZ

This Abelian group is isomorphic to the cohomology
gsroup HY defined on (Bratelli) graphs associated to
the quasi periodic structures.



Name Substitution Substitution on Doublets Self Properties Cohomology Zeta Function Gap Labeling Theorem Properties
Rule 0y Occurrence M; Rule oy Occurrence My  Eigenvalue Char. Polynomial HY(G) H(G) ((2) Pisot char. Periodicity
Fi . 0 01 11 a > be 011 9 _ 1 2 1-=2 . P
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S a —z—
1-— k
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a > aabe 2110 1—2 ptq-T
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(=4 C
1-— k
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b
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Name Substitution Substitution on Doublets Self Properties Cohomology Zeta Function Gap Labeling Theorem Properties

Rule 0y Occurrence M; Rule oy Occurrence My  Eigenvalue Char. Polynomial HY(G) H(G) ((2) Pisot char. Periodicity
Fibonacci 0 01 19 8 b (8 h }> T AN _A-1=0 VA 72 =z p+q-T p,qEZ Pisot quasiperiodic
1=0 1o coa 100 1—2_ 22 J
Cantor Set 0= 010 (2 ues ((2J 1 g) 3 A2 —BA+6=0 A 73 e La k,N€eZ not primitive limit-quasiperiodic
15111 03 b cch 003 (1-2z2)(1-3z) 3N ’
a s aabe 2110 1-— .
Non-Pisot 0 0001 3 by aabe <% H ?) T+2 A2 —BA+5=0 A Vid 722 10—%# p,¢, N€Z non-Pisot  limit-quasiperiodic
90 e 0111 1-52+52 5
1-— k
Periodic 0o 1hH arab iH 2 A —2)1=0 VA z ﬁ 5 kel Pisot periodic
a — be
Thue-Morse 901 (1 i glod 2 A —22=0 7t 73 - _k kENeZ Pisot aperiodic
110 Lt d > cb §948 (1-22)(1+2) 32N '
. s s s 0+ 01010 390 a»—>gbaba (320) 2 _ n n 1—72 i o _— L
Sierpinski 1290 (32) 10; o (‘? 011 3 AP =BA+6=0 Z Z =25 (1—-37) 3N k,Ne€Z not primitive limit-quasiperiodic
g 2101000 1 .
Degen. Sierpifiski 93999 (3 3 ?) d > ddeg 0002108 4 TN 120 =0 z! z? S = k,NE€Z  not primitive aperiodic
2 > 1112 031 e > ddeg 0002101 (1-32)(1—42) 4N
g ¢ ’;zji;ﬂ; 0002101
Period Doubling 001 X)) [Ju g (8 1 %) 2 A2-2-2=0 VAl 73 B e _k k,N€eZ non-Pisot  limit-quasiperiodic
1500 20 b be 500 (1-22)(1+2) 3.2N ’
0+ 202 102 g:ggg 01030 1-=2 1
Circle Sequence 1 5 0202 (% 0 g) oo 2%%% (L%) ? [%) i) 73 A =3\ —5\A-1=0 VA 73 Ar90-6-2 3 (p+q-7) p.qEZ Pisot quasiperiodic
€ > ac
aw— bf
b s be 01000100
s =Y 1319 it i IR L e 12 ;
Rudin-Shapiro = < ) e ac 2 =2\ =2X\"+4X =0 Z Z — k,Ne€Z non-Pisot aperiodic
s ) (e e =T
h s ge 00100010
a v abe . 1- 2
Skau Example #1 =gt (34 b 5 b (i i i) V2+2 A2 —4r+2=0 VA z? m pj;# p, ¢, NeZ Pisot limit-quasiperiodic
Skau Example #2 0+ 010 3hH 63 bea (% i1 T4+1 A —3\+1=0 VA 7? 1oz p+q-T P,qEL Pisot quasiperiodic
L= 01 Lt ¢ be 011 1—3z+4 22 '
) a s abe 1110 i} 1— 2 ptq-T
Skau Example #3 0= 001 3hH b abd (1 1o 1) T+1 A —3\+1=0 VA VA —_— — p.qEL Pisot quasiperiodic
L H inG 0116 (1+2)(1-32+2) 5
0+ 010 21 a > bea (111> 2 _ _ 1 2 =2 p+av2 : e
Skau Example #4 15 Y001 (33) b beb 021 V242 A2 —4rA+2=0 Z Z 14722 oN p,¢;, N €L Pisot limit-quasiperiodic
a — abca . 1 k
Chacon 0= 9010 3H b abeb (z % i) 3 AN —4x+3=0 VA z? =3 I k,N€Z  not primitive limit-quasiperiodic
- -3z
b a s cab 1-—
Golden Mean Squared 0100 3hH b 5 cab (é i i) T+1 A —3\+1=0 VA 7?2 ﬁ p+qg-M p.qEL Pisot quasiperiodic
; 1-
Silver Mean Squared 9 — 1001000 (32) b fggﬁggg (% % %) 2v2 43 A —6A+1=0 VA 72 ﬁ p+q-M p,qEZ Pisot quasiperiodic
c = ca — 0z z
a +— caabcaabcaaab E 3v13 11 1-—
Copper Mean Squared ! 1990100010000 (93 b = caabeaabeaaab (E ? %) 5 Tt A2 1A +1=0 VA 72 ﬁ p+aq-\ p,qEZ Pisot quasiperiodic
Luck T #1 e’ (%%‘f) b e L0160 2.247 o222 - A+1=0 z A A Fq A+ ez Pisot iperiodi
uck Ternary 1002 101 g be groot . = TR oy pH+qg-A+r-A pgr iso quasiperiodic
e ade 10011
a > c
g 00100
. 1- . S
Luck Ternary #2 3 %‘ ((1J 9 é) ebe 09009 1.4656 AN -1=0 VA 73 7;:3 ptqg-M+r-A2  pqreZ Pisot quasiperiodic
212 011 e — bd 8}[1)(1)8 1—2z—2°
: 1— k
Periodic 1-2 0 o1t (12) B o (i i i) 3 AZ—3A=0 7 z — 3”2 3 kez Pisot periodic
; a > aceh : 1- k
Periodic 1-3 gt (13) b 5 acch (i i é) 4 A2 —4X=0 VA VA . 4Zz 1 kel Pisot periodic
g 1-— k
Periodic 1-4 0 o1 (14) g (i i g) 5 A2 —5A=0 z! z = 5’; = kez Pisot periodic
iodi 0 00111 23 60 andds 1113 2 _ & 1 1 l-z k ; o
Periodic 2-3 13 01l (33) o3 apaac 1113 5 A =5A=0 Z Z 152 5 kel Pisot periodic
d — abddc 1112
0+ 0011111 25 b Ghddde 1114 2 1 1 1-2 k
. o b o abdddde oy k ) . -
Periodic 2-5 § 3 oottt (32) G > abdddde <% 11 3) 7 AN —TA=0 Z Z 7, " kelZ Pisot periodic
a s cb . 1-—
Golden Mean 0= 8o &xD) [Rag ((1J 0 %) T M -A-1=0 VA 7? _F p+q-\ p,qEL Pisot quasiperiodic
- c b 010 1_ 522
1—
Silver Mean 0 100 (24 e gZZ ( (%J l} (i) ) NoES X2\ -1=0 A 72 127‘22 PEWIDH pqEZ Pisot quasiperiodic
c — 42 — Z
a — caab V13 3 1—2
Copper Mean = gooo (34 b= caaa (g (1) i) - + 3 A —-3\-1=0 VA 72 =5 pH+qg-M P,qEL Pisot quasiperiodic
“ 3,
a > abe 1110 1 k
Marginal 7o 3y b abe (}, H ?) 3 AN —4r+3=0 A z3 =3 3V k,NeZ non-Pisot  limit-quasiperiodic
d s bd 0111 .
b 2110 _ .
Luck non-Pisot 0. 0001 (1) b2 aand 2101 42 A —BA+5=0 7! 75 = Ll P, N€Z  non-Pisot limit-quasiperiodic
- a0 @ 6911 (z+1) (1 -5z +522) 1158
. b 00 01 1 a s be (011) vi3 1 >y a_ 1 3 1—2 p+aqg-M . - L
Binary non-Pisot 12 0oo (38 b be 011 5 + 3 AP=A=-3=0 Z Z Fp— T ¢, N €L non-Pisot limit-quasiperiodic
e 000010
b f 000001 1 A A2
ps 0 2 001 ¢ b 0190080 3y o _ 1 6 pPrq- A +r-AY D NP
Ternary non-Pisot ; o (1101 (} (21 8) Z Sa ! 8 0 (1) 8 3 1.5214 A A—2=0 Z Z 1297 T — p,q,r, N €Z non-Pisot limit-quasiperiodic
F o cac 102000




Sierpinski for Letters

Sierpinski gasket

Sierpinski for Nodes

11

a=01

H=Z' H =Z°

m(0) = 01010
(7|(l) =11

[ SV I

.\1‘_(3

W =3, W =() 1)

H'>Z' H'>Z*

Sierpinski for Edges

B, Hec X

ay(a) = ababa
ﬂg(b) =ch

ﬂ-_'(f') = oC

Sierpinski for Frames

H'>Z' H'=~ Z%

k
Gaps: 1—\H{U.l) for kKNe Z
not primitive , linit-quasiperiodic

Infiation: ({z) = 2z-1)(3z-1)




Thank you for your attention.



