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A spectral rather than geometric 
perspective of fractals as in the first 

lecture
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Today’s program

• Spontaneous emission from a vacuum with a 
discrete scaling symmetry (fractal)	

• Experimental study of the Fibonacci spectrum 
(polaritons)	

• Some wanderings
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A large variety of problems are conveniently described 
using the existing classification in spectral classes                                                                                                    

 absolutely continuous !
!

 singular-continuous !
!

 point spectrum



( absolutely continuous / singular-continuous / point spectrum):

!  Anderson localisation!
!  Quantum and classical wave diffusion!
!  Random magnetism!
!  …

A large variety of problems are conveniently described 
in terms of spectral classes                                                                                                    



A large variety of problems are conveniently 
described in terms of spectral classes                                                                                                    

 absolutely continuous !
!

 singular-continuous !
!

 point spectrumWhat about a fractal spectrum ? !



An  interesting problem to warm 
up… 

Part 1



Spontaneous emission from a fractal QED 
cavity/spectrum

(courtesy of J. Gabelli)



smooth continuum           Wigner-Weisskopf decay

Spontaneous emission for different QED vacua

atom

quasi-discrete mode           vacuum Rabi oscillations

structured continuum          non-exp./incomplete decay        
(photonic crystals, Yablonovitch ’87, Kofman et.al., John et.al. ‘94)

fractal spectrum



Fractal spectrum  ?



Fractal    ↔    Self-similar

Discrete scaling symmetry



The density of modes ρ(ω) : 

Fractal spectrum - an example

A quasi-periodic stack of dielectric layers of two types (nA,nB) 

Fibonacci sequence: 

  A→AB→ABA→ABAAB→ABAABABA→…

Discrete scaling symmetry



Discrete scaling symmetry: formal description
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Discrete scaling 
symmetry



Testing the discrete scaling symmetry
Scaling equation

(Ghez and Vaienti, ’89: the wavelet  transform of fractal measures) 

has the following general solution (dimensionless ω): 

Similarly for the convolution of ρ(ω)  with a window function

-  fractal exponent (absolutely continuous :    , pure-point :           ) 



Testing the discrete scaling symmetry - an example

A quasi-periodic dielectric stack

numerics



Summarise

A quasi-periodic dielectric stack

does not have a geometric fractal 
structure, but…



Summarise
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A quasi-periodic dielectric stack

does not have a geometric fractal 
structure, but…

its spectrum has a fractal structure :

Spectral fractal dimension ds



Two-level atom coupled to a continuum of states

-  the excited state probability   

density of photonic modes

We solve the time-dependent problem: Ψ t = 0( ) = e,0k



Two-level atom coupled to a continuum of states - basics

20

Probability amplitude
state after a time t : Ue(t) = e, 0k Û(t,0) e,0k

HAtom + HInt + HFieldÛ(t,0) evolution operator for the total Hamiltonian 
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.

30009-p2
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =
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kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
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initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
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times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
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From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
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approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
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function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
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possibly coexisting with a non-decaying component [3].
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scaling (2). In this case the weak-coupling limit becomes
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we are effectively in a strong-coupling regime g ≫ 1, even
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of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
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scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter
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In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
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ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.

30009-p2

Eric Akkermans and Evgeni Gurevich

spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
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scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
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allow for a thorough analytical derivation.
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Hamiltonian Hint =
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k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
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the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
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of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
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Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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!
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2. Spectral width      of 
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.

30009-p2

Eric Akkermans and Evgeni Gurevich

spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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is determined by the pole in 

Eric Akkermans and Evgeni Gurevich

spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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Short time limit – the Fermi golden rule 
revisited



Short-time limit

For short times, such that

the excited state probability is                                                           

A standard perturbative treatment:

α t( ) ≈α 0( ) = 1

where the differential decay rate            is given by the 
well known expression:

Γe t( )

Spontaneous emission from a fractal vacuum

At short times one obtains from (7) and (5)

|Ue(t)|2 ≃ 1−
∫ t

0
dt′ Γe(t

′), (9)

where

Γe(t) =
2t

h̄2

∫

dµ(ωk)|Vk|2
sin(ωk − ωe)t

(ωk − ωe)t
. (10)

While this expression constitutes textbook materials, we
wish to re-examine it in the context of a fractal spectrum.
The sinc function in (10) indicates that Γe(t) is a wavelet
(rather than a Fourier) transform of the spectral func-
tion Γe(ω). Generally, the wavelet transform Sw(a, b) of a
function s(x) is defined by [8]

Sw(a, b) ≡
1

a

∫

dx s(x)w

(

x− b

a

)

. (11)

It can be viewed as a mathematical microscope which
probes the function s(x) at a point b with a magnification
1/a and an optics specified by the choice of the specific
wavelet w(x). Thus, Γe(t) in (10) is the wavelet trans-
form of the IDOM µ(ω) at a frequency ωe, with a magni-
fication t and w(x) = sinc(x) as a probe. An important
property of the wavelet transform is that it preserves the
discrete scaling symmetry (1) of the probed function, here
the IDOM µ(ω) weighted by |Vk|2. For a smooth and con-
tinuous spectrum, the sinc function probes energy scales
of the order of t−1 and in the long-time limit it goes to
δ(ωk−ωe), so that Γe(t) becomes t-independent. However
there is no such well-defined limit for a fractal spectrum
and inserting (2) into (10) for ωe = ωu, we obtain instead3

Γe(t) = t1−α F̃1

(

ln t

ln |T ′(ωu)|

)

(12)

and from (9)

|Ue(t)|2 = 1− t2−α F̃2

(

ln t

ln |T ′(ωu)|

)

, (13)

where F̃1,2(x) are periodic functions of period unity. This
constitutes a short-time counterpart to the asymptotic re-
sult (3) [9]. The behavior of Γe(t) is illustrated in fig. 1
for the case of a Fibonacci quasi-periodic dielectric cavity
(to be discussed later on), whose IDOM is of the form (2).
We observe, as predicted by (12), an overall power law be-
havior with α ≈ 0.8, explainable by the renormalization
group analysis of [10], and also log-periodic oscillations
around it, which are the fingerprint of the underlying frac-
tal structure of the spectrum. Note that these log-periodic
oscillations are already noticeable for systems of finite size.
In order to go beyond the previous, short-time regime,

we consider the following model for the spectral function:

Γe(ω) =
C

π|ω − ωu|1−α

[

1 +A cos

(

2π

λ
ln

|ω − ωu|
Ω

)]

,

(14)

3We assume that |Vk|2dµ(ωk) also obeys the scaling form (2).

0 2 4 6 8 10

7

8

9

10

11

12

ln t

ln
Γ

e
(t

)

N = 1597
N = 4181
N = 10946
N = 28657

Fig. 1: (Color online) Numerical results for Γe(t), given by (10),
for Fibonacci dielectric cavities Sj (defined in text) of different
lengths N . The photonic spectrum has been obtained from a
diagonal tight-binding description of the Fibonacci potential.
A constant matrix element |Vk|

2 = V
2 was assumed in (10),

which amounts to averaging Γe(t) over the atom’s position in
the cavity. The dimensionless time t is in units of the tight-
binding hopping constant.

where 0 < α < 1 is the local spectral exponent introduced
in (2), C is the coupling strength, and 0 ≤ A ≤ 1 and Ω
define respectively the modulation amplitude and phase.
For simplicity, we let −∞ < ω < ∞. This expression
exhibits the basic features required to describe a fractal
structure of the vacuum, around ωu, as defined in (1) and
(2) with λ = ln |T ′(ωu)|. We have approximated the log-
periodic function by its first harmonic, which happens to
be a good approximation as shown in related situations
[6,11]. In the absence of log-periodic modulation, i.e. for
A = 0, we recover the known case of a singularity in the
spectrum [3]. The important point here is that the modu-
lation results from the scaling properties of the spectrum
defined in (1) and discussed subsequently. The model (14)
allows to obtain closed analytical expressions of the quan-
tum amplitude Ue(t) and therefore to recover previous re-
sults in the short-time limit and to study the long-time
limit which was not possible using the Fermi golden rule.
From (5), we obtain

Φe(t) = C
2e−iωut

πtα

[

Γ(α) cos
πα

2
−A ImF (t)

]

, (15)

where Γ(x) is the Euler Gamma function and we have

defined F (t) ≡ (Ωt)2iπ/λ cosh
(

π2

λ + iπα
2

)

Γ
(

α− 2iπ
λ

)

.

Thus, Φe(t) is not short-ranged in time. Consequently,
there is no Wigner-Weisskopf exponential decay. While
this is true already for A = 0, note that the log-
periodic modulation of Γe(ω) adds to Φe(t) an oscillatory
log-periodic term, which further modifies the behavior of
Ue(t). To investigate this point in more detail, we study
the pole structure in (7). The Laplace transform of Φe(t) is

Φ̃e(s− iωe) =
C

z1−α

[

csc
πα

2
+

A

2i

(

F̃ (z)− F̃ ∗(z)
)

]

,

(16)
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Valid for smooth spectrum + long times

Fermi golden rule

This      coincides with the exponential decay rate (Wigner-Weisskopf):Γe



Fermi golden rule

Valid for smooth spectrum + long times

This      coincides with the exponential decay rate (Wigner-Weisskopf):Γe

Ue t( ) 2 ≈1−Γe t Ue t( ) 2 =e−Γe t



Short time limit - fractal spectrum

Recall that the counting function satisfies

where

We immediately conclude that the general form of            is:

-   fractal exponent and scaling factor of the spectrum

-   time scales, specific to the considered problem.



Spontaneous emission and vacuum fractality

Differential decay rate  

(at small times)



34

Spontaneous emission from a fractal vacuum
to the 
Wigner-Weisskopf exponential decay.   

To summarise

The decay probability             is given by an algebraic time 
decrease modulated by a log-periodic function characteristic 
of the discrete scaling symmetry (fractal) of the vacuum, 

Eric Akkermans and Evgeni Gurevich

spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.
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spanning the range between smooth continuous and point
spectra [7].
We show below that the coupling of a two-level atom

whose resonance frequency is close to ωu leads to a similar
scaling behavior of the time-dependent decay amplitude
Ue(t), given in the long-time limit by

|Ue(t)|2 = t−2γ G
(

ln t

λ

)

, (3)

where G(x+1) = G(x) is another periodic function and γ is
a function of the spectral exponent α. The exponent γ, the
real parameter λ ≡ ln |T ′(ωu)| and the expression of G(x)
are direct consequences of the specific scaling relation (2).
Thus, for a fractal spectrum, spontaneous emission does
not follow the Wigner-Weisskopf exponential decay, a re-
sult which could be partly anticipated, since it is indeed
known that the existence of spectral singularities leads to
an algebraic time decrease of the decay probability [3].
But the existence of log-periodic fluctuations described by
the function G(x) is a direct consequence of the discrete
scaling symmetry (1).
Expression (3) constitutes the main result of this letter.

To establish it, we shall first recall some basic definitions
and results. Then, we will give a general perturbative
derivation starting from the Fermi golden rule, essentially
limited to small times. To go beyond this limit, we will
consider a model general enough to include all relevant
characteristics of a fractal spectrum, yet simple enough to
allow for a thorough analytical derivation.
A two-level atom (|g⟩, |e⟩), whose Hamiltonian is He =

h̄ωe|e⟩⟨e|, is coupled to the EM field described by HF =
h̄
∑

k ωka
†
kak, where k stands for an appropriate set of

quantum numbers. The atom-photon interaction is de-
scribed within the rotating wave approximation by the
Hamiltonian Hint =

∑

k(V
∗
k a

†
k|g⟩⟨e| + h.c.). The matrix

element Vk, which accounts for the strength of the cou-
pling, depends generally on the atom’s position. In the
initial state |e, 0k⟩, the atom is in the excited state and no
photon is present. The probability amplitude Ue(t) to find
the quantum system in the initial state a time t after it
evolves with the total Hamiltonian H = He+HF +Hint is
defined by Ue(t) = ⟨e, 0k|Û(t, 0)|e, 0k⟩. The evolution op-
erator Û(t, 0), written in terms of the resolvent operator
Ĝ(z) = 1/(z −H), is [1]

Û(t, 0) =
1

2πi

∫ +∞

−∞
dEe−iEt/h̄(Ĝ−(E)− Ĝ+(E)). (4)

The matrix element Ge(z) ≡ ⟨e, 0k|Ĝ(z)|e, 0k⟩ = 1/(z −
h̄ωe−Σe(z)) of the resolvent defines the self-energy Σe(ω±
i0+) = ∆e(ω)∓ ih̄

2 Γe(ω) in terms of two spectral functions,
∆e(ω) and Γe(ω), which respectively account for the shift
and the spectral width of the atomic energy.
The spectral function Γe(ω) is related to the vacuum

response function

Φe(t) =

∫

dω

2π
Γe(ω) e

−iωt =

∫

dµ(ωk)
|Vk|2

h̄2 e−iωkt, (5)

by using the IDOM µ(ω) in the second equality. Within
the dipole approximation [1], the response Φe(t) is the
time correlation function

Φe(t) = h̄−2|dge|2⟨0k|Êz(r, t)Ê
†
z(r, 0)|0k⟩ (6)

of the electric-field component Êz(r, t) along the polar-
ization direction ẑ of the atom. Here, dge and r are, re-
spectively, the dipole matrix element and the position of
the atom. A convenient form of the probability amplitude
Ue(t) is given in terms of the Laplace transform Φ̃e(s) of
the response function [1]:

Ue(t) =
1

2πi

∫ c+i∞

c−i∞
ds

e(s−iωe)t

s+ Φ̃e(s− iωe)
. (7)

From the previous definitions and results we identify
two relevant energy scales for the problem of spontaneous
emission. One, Γe(ωe), is the strength of the coupling
between the emitter and the vacuum. The second energy
scale ∆ is given by the spectral width of Γe(ω). Their
ratio defines the dimensionless coupling parameter

g = Γe(ωe)/∆. (8)

In the weak-coupling limit, g ≪ 1, the quantum ampli-
tude Ue(t) is determined by the pole in (7), given by the
approximate solution s ≈ −Φ̃e(−iωe) = −ih̄Σe(ωe + i0+).
This leads straightforwardly to the well-known Wigner-
Weisskopf exponential decay. At very long times, t ≫
Γ−1
e (ωe), this pole approximation breaks down, even in

free space, and both the probability amplitude Ue(t) and
the correlation function Φe(t), are dominated by the singu-
larity at the edge ω = 0 of the vacuum spectrum [1]. For
an atom coupled to the d-dimensional scalar QED vac-
uum Γe(ω) ∼ ρ(ω)|E(ω)|2, where the density of modes
ρ(ω) ∼ ωd−1 and the amplitude of the electric field
E(ω) ∼

√
ω, so that Γe ∼ ωd and Φe(t) ∼ 1/td+1 and,

according to (7), Ue(t) ∼ 1/td+1. In more structured
vacuum spectra such as in photonic crystals, the spectral
function Γe(ω) exhibits singularities of the type Γe(ω) =
C|ω − ωu|α−1θ(ω − ωu) around certain frequencies ωu [2].
In that case the coupling is strong and the pole approx-
imation is not valid. Instead, one obtains a generalized
exponential decay limited to small times well accounted
for by the Fermi golden rule, Ue(t)− 1 ≃ Ct2−α. At large
times, it turns into an algebraic decrease Ue(t) ≃ t−(2−α),
possibly coexisting with a non-decaying component [3].
We now consider a fractal vacuum spectrum obeying the

scaling (2). In this case the weak-coupling limit becomes
ill-defined, since the spectral function Γe(ω) ∼ ρ(ω) is
singular with a vanishing width ∆. Thus, according to (8),
we are effectively in a strong-coupling regime g ≫ 1, even
for a finite and small Vk. On the other hand, the short-
time perturbative limit remains applicable. We start with
this limit to present an intuitive explanation of the effect
of the vacuum spectrum fractality on the decay dynamics.

30009-p2

The exponent     is related to the spectral dimension.γ



Beyond the short time regime- 
Strong coupling and 

Inhibition of spontaneous 
emission 



A toy model

36

incorporates basic ingredients : 	
!

• A singularity in the spectrum (power law decrease)	
!

• Mimics the fractal properties	
!

• Reproduces the scaling in the short time limit	
!

• Can be treated analytically at all time scales	
!
!
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Experimental study of a fractal energy spectrum :
!

Cavity polaritons in a Fibonacci quasi-periodic potential

Part 2



The Fibonacci problem has a long and rich 
(theoretical and experimental) history.	

!
(Kohmoto,Luck, Gellerman, Damanik, Bellissard,Simon,...)



The Fibonacci problem has a long and rich 
(theoretical and experimental) history.	

!
(Kohmoto,Luck, Gellerman, Damanik, Bellissard,Simon,...)

But still much to be done...



Fibonacci sequence: 

  A→AB→ABA→ABAAB→ABAABABA→…

(233 letters) 

Number of letters of a sequence      is the Fibonacci 
number       so that   

A A A AB A B B.... ....

x

V

10 �m

a=1.35 �m

(a)

(b)

(c)
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(Distributed) Bragg reflectors

Cavity polaritons : 
an optical cavity mode and confined excitons (quantum wells)



with the effective photon mass mph =
n2Ec

c2

n = effective refractive index,

Ec =
!c
n
kz = energy of the fundamental mode of the cavity

Δ⊥ ≡ ∂x
2+ ∂y
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Eψ (x, y) =− !
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2mph

Δ⊥ψ (x, y)

Cavity polaritons are described using a d=2                     eq.Schr!!odinger
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with the effective photon mass mph =
n2Ec

c2

n = effective refractive index,

Ec =
!c
n
kz = energy of the fundamental mode of the cavity

Δ⊥ ≡ ∂x
2+ ∂y

2

Eigenmodes of the d=2 problem            numerics 

Well controlled d=1 effective model is preferable !

V (x) ?

Eψ (x, y) =− !
2

2mph

Δ⊥ψ (x, y)

Eϕ(x) = !
2

2mph

− d 2

dx2
+V (x)⎡

⎣
⎢

⎤

⎦
⎥ϕ(x)

Cavity polaritons are described using a d=2                     eq.Schr!!odinger
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L
w(x)

x ∈ 0,L[ ]− w(x)
2

≤ y ≤w(x)
2

Eϕ(x) = !
2

2mph

− d 2

dx2
+V (x)⎡

⎣
⎢

⎤

⎦
⎥ϕ(x)

show how to map this 2D problem onto a 1D Schrödinger
equation with the effective potential:

VðxÞ ¼ π2

w2ðxÞ
þ π2 þ 3

12

!
w0ðxÞ
wðxÞ

"
2

: (4)

The first term of VðxÞ is the usual adiabatic approximation.
The second term accounts for the sharpness of the steps.
It is not perturbative, and it cannot be neglected (see
Supplemental Material [25]). As clearly visible in Fig. 1,
the strip shape is not perfectly abrupt but presents some
smoothness in the width variation introduced by the actual
etching process. The smoothness scale is used as a fitting
parameter in the calculations. The eigenfunctions ϕqðxÞ and
eigenenergies EC;q are obtained numerically. To calculate the
polariton modes, we consider the radiative coupling between
excitons with a flat dispersion to the photon modes which we
have obtained in our simulations. Since the coupling is
diagonal in the index q, the resulting polariton eigenfunctions
and photons have the same spatial behavior. Figure 2(b)
shows the polariton modes thus obtained numerically. Since
experimentally we cannot resolve states which are separated
by less than the polariton linewidth, we have averaged the
intensity over eigenmodes close in energy. Thus, what
appears in Fig. 2(b) as bright intensity spots at different
energies are actually bands separated by gaps. Clearly the
calculation reproduces very accurately the spatial structure of
the polariton modes observed in the experiment. This direct
imagingof the Fibonaccimodes in a quasiperiodic structure is
a clear asset offered by cavity polaritons.
Probing the polariton modes in reciprocal space also

provides remarkable information about the eigenmodes.
This is illustrated on Fig. 3(a), where taking advantage of
the one-to-one relation between the angle of emission and
in-plane momentum of polaritons, far field imaging of the
polariton emission is shown for the same wire as in Fig. 2.
A complex band structure appears with the opening of gaps
not regularly spaced unlike the case of a periodic modu-
lation [17]. The calculated band structure reproduces the
measurements quantitatively [Fig. 3(b)].
In the rest of the Letter, we show that despite the finite

size of the system, both in the numerics and in the
experiments, fundamental physical properties are evi-
denced in this complex band structure which indicate the
onset of a fractal density of states. To study the spectrum
and the position of its gaps, it is convenient to rewrite the
quasiperiodic potential VðxÞ in Eq. (4) under the form,

VðxÞ ¼
X

n

χðσ−1nÞubðx − anÞ; (5)

valid in principle [4] for an infinitely long system namely
j → ∞ in (3). ubðxÞ [which depends on wðxÞ] describes the
shape of the letter B while the periodic function χðxÞ
defined, within [0,1], by χðxÞ ¼ 1 for 0 < x < 2 − σ and

χðxÞ ¼ 0 for 2 − σ < x < 1, accounts for the quasiperiodic
order. The Fourier transform of VðxÞ consists of Bragg
peaks and is given by

VðkÞ ¼ ~ubðkÞ
X

p;q

χqδðka − 2πðpþ qσ−1ÞÞ (6)

in standard notation. Since σ is irrational, each Bragg peak
of the quasiperiodic potential can be uniquely labeled with
a set ½p; q& of two integers so that the corresponding wave
number is k ¼ Qp;q ≡ ð2π=aÞðpþ qσ−1Þ. Similarly to the
Bloch theorem for a periodic modulation, we may expect
that a series of gaps opens at each independent Bragg peak
Qp;q. Thus, to label the gaps and to obtain the IDOS given
in Eq. (2), it is tempting to consider the quasiperiodic
potential VðxÞ as a small perturbation. Albeit not justified
in the present experimental case, we shall first use this
assumption since it allows us to give a more intuitive
derivation of the gap labeling. But the Bragg peaks being
a dense set, we must be cautious and first approximate
σ by its finite approximants σj ¼ Fjþ1=Fj as defined after
Eq. (3). Then, VðxÞ in Eq. (5) becomes a periodic
approximant Vjþ1ðxÞ, built from periodically repeated cells
Sjþ1 of length aFjþ1. Thus, the properties of the single cell
Sjþ1 studied experimentally are essentially those of the
periodic potential Vjþ1ðxÞ. Its Fourier transform Vjþ1ðkÞ is
obtained replacing σ by σj in Eq. (6). Vjþ1ðkÞ thus defined,
is the structure factor of a periodic structure and there-
fore it has a finite density of Bragg peaks spaced by
Δk ¼ 2π=ðaFjþ1Þ. Perturbation theory in jVj ≪ 1 is now
applicable. To first order, each Bragg peak k ¼ Qp;q ≡
ð2π=aÞðFjþ1pþ FjqÞ hybridizes the degenerate Bloch
waves at wave numbers 'Qp;q=2. The coupling between
these plane waves is best described by a two-level
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FIG. 3 (color online). (a) Spectrally resolved far field emission
measured on the same wire cavity used in Fig. 2. (b) Correspond-
ing simulation. Position of the gaps labeled with two integers
½p; q& is indicated with red arrows.
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Adiabatic 
approx. Non perturbative 

correction - unusual !	
Steps sharpness
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Advantages of cavity polaritons :	
!
allow for a 
excitations both in real and momentum spaces. 	

Visualisation/imaging of individual eigenmodes

of a quasi-1D cavity in the shape of a Fibonacci sequence.
Using nonresonant excitation in the low density regime, we
probe the modes both in real and reciprocal space. We
observe a quantitative agreement between experiments and
the calculated modes and density of states. In particular, we
evidence features of a fractal energy spectrum, namely gaps
densely distributed and an integrated density of states
reflecting the existence of a discrete scaling symmetry as
expressed by Eq. (2).
In our sample, cavity polaritons are confined within

narrow strips (wire cavities), whose width is modulated
quasiperiodically. These wires are fabricated by processing
a planar high quality factor (Q ∼ 72 000) microcavity
grown by molecular beam epitaxy. It consists in a λ=2
Ga0.05Al0.95As layer surrounded by two Ga0.8Al0.2As=
Ga0.05Al0.95As Bragg mirrors with 28 and 40 pairs in the
top/bottom mirrors, respectively. Twelve GaAs quantum
wells of width 7 nm are inserted in the structure resulting
in a 15 meV Rabi splitting. 200 μm long wires with the
lateral dimension modulated quasiperiodically are designed
using electron beam lithography and dry etching [Figs. 1(a)
and 1(b)]. The modulation consists in two wire sections
(“letters”) A and B of same length a but different widths wA
and wB respectively [Fig. 1(b)]. The modulation of the wire
width induces an effective 1D potential for the longitudinal
motion of polaritons, as discussed in the sequel. The letters
are arranged according to the Fibonacci sequence [4] using
the recursion,

Sj≥3 ¼ ½Sj−2Sj−1#; and S1 ¼ B; S2 ¼ A; (3)

where ½Sj−2Sj−1#means concatenation of two subsequences
Sj−2 and Sj−1. The number of letters (length) of a sequence
Sj is given by the Fibonacci number Fj, such that
Fjþ1 ¼ Fj þ Fj−1. The ratio Fjþ1=Fj tends to the golden
mean σ ¼ ð1þ

ffiffiffi
5

p
Þ=2≃ 1.62 in the limit j → ∞, while

the corresponding sequence S∞ becomes rigorously qua-
siperiodic and invariant, i.e., self-similar, under the iteration
transformation Eq. (3). Our sample corresponds to S13
counting 233 letters with a ¼ 0.8 μm, wA ¼ 3.5 μm and
wB ¼ 1.86 μm. To study the polariton modes in these

quasiperiodic wires, we perform low temperature (10 K)
microphotoluminescence experiments. Single wires are
excited nonresonantly using a cw monomode laser tuned
typically 100 meV above the polariton resonances. The
excitation spot extends over a 80 μm-long region along the
wire. The sample emission is collected with a 0.65
numerical aperture objective and focused on the entrance
slit (parallel to the wire) of a spectrometer coupled to a
CCD camera. Imaging of the sample surface (the Fourier
plane of the collection objective) allows for studying the
spectrally resolved polariton modes in real (reciprocal)
space. Excitation power is kept low enough to stay below
the condensation threshold and obtain a nearly homo-
geneous population of the lower energy polariton states.
Figure 2(a) displays the spatially and spectrally resolved

emission measured on a single modulated wire cavity for an
exciton-photon detuning around −8 meV (defined as the
energy difference between the cavity mode at normal
incidence and the exciton resonance). Several polariton
modes are imaged. They present complex patterns of bright
spots distributed all over the region of the wire under
investigation. To understand the nature of these modes and
properties of their spectral density, we have calculated the
polariton eigenstates in such quasiperiodic structures.
In ourmodel, whose details are given in the Supplemental

Material [25], we describe the confined photon modes
using a 2D scalar wave equation with vanishing boundary
conditions on the boundary of the wire, considered as an
axially symmetric strip where the longitudinal coordinate
x ∈ ½0; L# (L being the length of thewire), and the transverse
coordinate −wðxÞ=2≤y≤wðxÞ=2. Here, wðxÞ > 0 accounts
for the x-dependent width of the wire [Fig. 1(c)], i.e., a
quasiperiodic sequence of segments of width wA and wB, as
defined in Eq. (3). In the Supplemental Material [25], we
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FIG. 1 (color online). (a) Scanning electron microscopy image
of an array of modulated wires. (b) Zoom on a particular wire,
showing the shape of the A and B letters. (c) Schematic of the
nominal potential corresponding to the lateral shaping of the
wire cavity.
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FIG. 2 (color online). (a) Spectrally and spatially resolved
emission measured on a single modulated wire (the linear
polarization parallel to the wire is selected). Bottom of the figure:
letter sequence corresponding to a part of the whole S13 potential
sequence. (b) Calculated polariton Fibonacci modes as a function
of energy and real space coordinate.
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of a quasi-1D cavity in the shape of a Fibonacci sequence.
Using nonresonant excitation in the low density regime, we
probe the modes both in real and reciprocal space. We
observe a quantitative agreement between experiments and
the calculated modes and density of states. In particular, we
evidence features of a fractal energy spectrum, namely gaps
densely distributed and an integrated density of states
reflecting the existence of a discrete scaling symmetry as
expressed by Eq. (2).
In our sample, cavity polaritons are confined within

narrow strips (wire cavities), whose width is modulated
quasiperiodically. These wires are fabricated by processing
a planar high quality factor (Q ∼ 72 000) microcavity
grown by molecular beam epitaxy. It consists in a λ=2
Ga0.05Al0.95As layer surrounded by two Ga0.8Al0.2As=
Ga0.05Al0.95As Bragg mirrors with 28 and 40 pairs in the
top/bottom mirrors, respectively. Twelve GaAs quantum
wells of width 7 nm are inserted in the structure resulting
in a 15 meV Rabi splitting. 200 μm long wires with the
lateral dimension modulated quasiperiodically are designed
using electron beam lithography and dry etching [Figs. 1(a)
and 1(b)]. The modulation consists in two wire sections
(“letters”) A and B of same length a but different widths wA
and wB respectively [Fig. 1(b)]. The modulation of the wire
width induces an effective 1D potential for the longitudinal
motion of polaritons, as discussed in the sequel. The letters
are arranged according to the Fibonacci sequence [4] using
the recursion,

Sj≥3 ¼ ½Sj−2Sj−1#; and S1 ¼ B; S2 ¼ A; (3)

where ½Sj−2Sj−1#means concatenation of two subsequences
Sj−2 and Sj−1. The number of letters (length) of a sequence
Sj is given by the Fibonacci number Fj, such that
Fjþ1 ¼ Fj þ Fj−1. The ratio Fjþ1=Fj tends to the golden
mean σ ¼ ð1þ

ffiffiffi
5

p
Þ=2≃ 1.62 in the limit j → ∞, while

the corresponding sequence S∞ becomes rigorously qua-
siperiodic and invariant, i.e., self-similar, under the iteration
transformation Eq. (3). Our sample corresponds to S13
counting 233 letters with a ¼ 0.8 μm, wA ¼ 3.5 μm and
wB ¼ 1.86 μm. To study the polariton modes in these

quasiperiodic wires, we perform low temperature (10 K)
microphotoluminescence experiments. Single wires are
excited nonresonantly using a cw monomode laser tuned
typically 100 meV above the polariton resonances. The
excitation spot extends over a 80 μm-long region along the
wire. The sample emission is collected with a 0.65
numerical aperture objective and focused on the entrance
slit (parallel to the wire) of a spectrometer coupled to a
CCD camera. Imaging of the sample surface (the Fourier
plane of the collection objective) allows for studying the
spectrally resolved polariton modes in real (reciprocal)
space. Excitation power is kept low enough to stay below
the condensation threshold and obtain a nearly homo-
geneous population of the lower energy polariton states.
Figure 2(a) displays the spatially and spectrally resolved

emission measured on a single modulated wire cavity for an
exciton-photon detuning around −8 meV (defined as the
energy difference between the cavity mode at normal
incidence and the exciton resonance). Several polariton
modes are imaged. They present complex patterns of bright
spots distributed all over the region of the wire under
investigation. To understand the nature of these modes and
properties of their spectral density, we have calculated the
polariton eigenstates in such quasiperiodic structures.
In ourmodel, whose details are given in the Supplemental

Material [25], we describe the confined photon modes
using a 2D scalar wave equation with vanishing boundary
conditions on the boundary of the wire, considered as an
axially symmetric strip where the longitudinal coordinate
x ∈ ½0; L# (L being the length of thewire), and the transverse
coordinate −wðxÞ=2≤y≤wðxÞ=2. Here, wðxÞ > 0 accounts
for the x-dependent width of the wire [Fig. 1(c)], i.e., a
quasiperiodic sequence of segments of width wA and wB, as
defined in Eq. (3). In the Supplemental Material [25], we
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FIG. 1 (color online). (a) Scanning electron microscopy image
of an array of modulated wires. (b) Zoom on a particular wire,
showing the shape of the A and B letters. (c) Schematic of the
nominal potential corresponding to the lateral shaping of the
wire cavity.
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Wave packet dynamics (under study)



Measure of spectral function           intensity maps



Measure of spectral function           intensity maps

k

Upper 
polariton

Lower 
polariton

~ 5meV

-2 0 2

-20 -10 0 10 20

  

Top DBR

Bottom DBR

Quantum Wells

θGaAs/AlGaAs 
based structures

Exciton

Photon

Angle θ (º)

kin-plane (µm-1)
Em

is
si

on
 e

ne
rg

y 
(e

V)
Microcavity polaritons : mixed exciton-photon states

5 K

Semiconductor cavities : a model system to investigate
the physics of Bose condensates

Bosonic quasi-particule (J = +-1)

Low effective mass => Large De Broglie wave length

=> Condensation at high temperature

1
2 22

T
Bmk T

πλ
 

=  
 

h



Measure of spectral function           intensity maps

Upper 
polariton

Lower 
polariton

~ 5meV

-2 0 2

-20 -10 0 10 20

  

Top DBR

Bottom DBR

Quantum Wells

θGaAs/AlGaAs 
based structures

Exciton

Photon

Angle θ (º)

kin-plane (µm-1)
Em

is
si

on
 e

ne
rg

y 
(e

V)
Microcavity polaritons : mixed exciton-photon states

5 K

Semiconductor cavities : a model system to investigate
the physics of Bose condensates

Bosonic quasi-particule (J = +-1)

Low effective mass => Large De Broglie wave length

=> Condensation at high temperature

1
2 22

T
Bmk T

πλ
 

=  
 

h

k

Quantitative description !



where          

V (x) = χ σ −1n( )ub x − an( )
n
∑

Effective 1D model 
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where          

is the golden mean

V (x) = χ σ −1n( )ub x − an( )
n
∑

Effective 1D model 

χ(x)=
1, 0 < x < 2 −σ
0, 2 −σ < x <1

⎧
⎨
⎪

⎩⎪

σ = 5 +1
2 ≈1.62
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show how to map this 2D problem onto a 1D Schrödinger
equation with the effective potential:

VðxÞ ¼ π2

w2ðxÞ
þ π2 þ 3

12

!
w0ðxÞ
wðxÞ

"
2

: (4)

The first term of VðxÞ is the usual adiabatic approximation.
The second term accounts for the sharpness of the steps.
It is not perturbative, and it cannot be neglected (see
Supplemental Material [25]). As clearly visible in Fig. 1,
the strip shape is not perfectly abrupt but presents some
smoothness in the width variation introduced by the actual
etching process. The smoothness scale is used as a fitting
parameter in the calculations. The eigenfunctions ϕqðxÞ and
eigenenergies EC;q are obtained numerically. To calculate the
polariton modes, we consider the radiative coupling between
excitons with a flat dispersion to the photon modes which we
have obtained in our simulations. Since the coupling is
diagonal in the index q, the resulting polariton eigenfunctions
and photons have the same spatial behavior. Figure 2(b)
shows the polariton modes thus obtained numerically. Since
experimentally we cannot resolve states which are separated
by less than the polariton linewidth, we have averaged the
intensity over eigenmodes close in energy. Thus, what
appears in Fig. 2(b) as bright intensity spots at different
energies are actually bands separated by gaps. Clearly the
calculation reproduces very accurately the spatial structure of
the polariton modes observed in the experiment. This direct
imagingof the Fibonaccimodes in a quasiperiodic structure is
a clear asset offered by cavity polaritons.
Probing the polariton modes in reciprocal space also

provides remarkable information about the eigenmodes.
This is illustrated on Fig. 3(a), where taking advantage of
the one-to-one relation between the angle of emission and
in-plane momentum of polaritons, far field imaging of the
polariton emission is shown for the same wire as in Fig. 2.
A complex band structure appears with the opening of gaps
not regularly spaced unlike the case of a periodic modu-
lation [17]. The calculated band structure reproduces the
measurements quantitatively [Fig. 3(b)].
In the rest of the Letter, we show that despite the finite

size of the system, both in the numerics and in the
experiments, fundamental physical properties are evi-
denced in this complex band structure which indicate the
onset of a fractal density of states. To study the spectrum
and the position of its gaps, it is convenient to rewrite the
quasiperiodic potential VðxÞ in Eq. (4) under the form,

VðxÞ ¼
X

n

χðσ−1nÞubðx − anÞ; (5)

valid in principle [4] for an infinitely long system namely
j → ∞ in (3). ubðxÞ [which depends on wðxÞ] describes the
shape of the letter B while the periodic function χðxÞ
defined, within [0,1], by χðxÞ ¼ 1 for 0 < x < 2 − σ and

χðxÞ ¼ 0 for 2 − σ < x < 1, accounts for the quasiperiodic
order. The Fourier transform of VðxÞ consists of Bragg
peaks and is given by

VðkÞ ¼ ~ubðkÞ
X

p;q

χqδðka − 2πðpþ qσ−1ÞÞ (6)

in standard notation. Since σ is irrational, each Bragg peak
of the quasiperiodic potential can be uniquely labeled with
a set ½p; q& of two integers so that the corresponding wave
number is k ¼ Qp;q ≡ ð2π=aÞðpþ qσ−1Þ. Similarly to the
Bloch theorem for a periodic modulation, we may expect
that a series of gaps opens at each independent Bragg peak
Qp;q. Thus, to label the gaps and to obtain the IDOS given
in Eq. (2), it is tempting to consider the quasiperiodic
potential VðxÞ as a small perturbation. Albeit not justified
in the present experimental case, we shall first use this
assumption since it allows us to give a more intuitive
derivation of the gap labeling. But the Bragg peaks being
a dense set, we must be cautious and first approximate
σ by its finite approximants σj ¼ Fjþ1=Fj as defined after
Eq. (3). Then, VðxÞ in Eq. (5) becomes a periodic
approximant Vjþ1ðxÞ, built from periodically repeated cells
Sjþ1 of length aFjþ1. Thus, the properties of the single cell
Sjþ1 studied experimentally are essentially those of the
periodic potential Vjþ1ðxÞ. Its Fourier transform Vjþ1ðkÞ is
obtained replacing σ by σj in Eq. (6). Vjþ1ðkÞ thus defined,
is the structure factor of a periodic structure and there-
fore it has a finite density of Bragg peaks spaced by
Δk ¼ 2π=ðaFjþ1Þ. Perturbation theory in jVj ≪ 1 is now
applicable. To first order, each Bragg peak k ¼ Qp;q ≡
ð2π=aÞðFjþ1pþ FjqÞ hybridizes the degenerate Bloch
waves at wave numbers 'Qp;q=2. The coupling between
these plane waves is best described by a two-level
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The first term of VðxÞ is the usual adiabatic approximation.
The second term accounts for the sharpness of the steps.
It is not perturbative, and it cannot be neglected (see
Supplemental Material [25]). As clearly visible in Fig. 1,
the strip shape is not perfectly abrupt but presents some
smoothness in the width variation introduced by the actual
etching process. The smoothness scale is used as a fitting
parameter in the calculations. The eigenfunctions ϕqðxÞ and
eigenenergies EC;q are obtained numerically. To calculate the
polariton modes, we consider the radiative coupling between
excitons with a flat dispersion to the photon modes which we
have obtained in our simulations. Since the coupling is
diagonal in the index q, the resulting polariton eigenfunctions
and photons have the same spatial behavior. Figure 2(b)
shows the polariton modes thus obtained numerically. Since
experimentally we cannot resolve states which are separated
by less than the polariton linewidth, we have averaged the
intensity over eigenmodes close in energy. Thus, what
appears in Fig. 2(b) as bright intensity spots at different
energies are actually bands separated by gaps. Clearly the
calculation reproduces very accurately the spatial structure of
the polariton modes observed in the experiment. This direct
imagingof the Fibonaccimodes in a quasiperiodic structure is
a clear asset offered by cavity polaritons.
Probing the polariton modes in reciprocal space also

provides remarkable information about the eigenmodes.
This is illustrated on Fig. 3(a), where taking advantage of
the one-to-one relation between the angle of emission and
in-plane momentum of polaritons, far field imaging of the
polariton emission is shown for the same wire as in Fig. 2.
A complex band structure appears with the opening of gaps
not regularly spaced unlike the case of a periodic modu-
lation [17]. The calculated band structure reproduces the
measurements quantitatively [Fig. 3(b)].
In the rest of the Letter, we show that despite the finite

size of the system, both in the numerics and in the
experiments, fundamental physical properties are evi-
denced in this complex band structure which indicate the
onset of a fractal density of states. To study the spectrum
and the position of its gaps, it is convenient to rewrite the
quasiperiodic potential VðxÞ in Eq. (4) under the form,

VðxÞ ¼
X

n

χðσ−1nÞubðx − anÞ; (5)

valid in principle [4] for an infinitely long system namely
j → ∞ in (3). ubðxÞ [which depends on wðxÞ] describes the
shape of the letter B while the periodic function χðxÞ
defined, within [0,1], by χðxÞ ¼ 1 for 0 < x < 2 − σ and

χðxÞ ¼ 0 for 2 − σ < x < 1, accounts for the quasiperiodic
order. The Fourier transform of VðxÞ consists of Bragg
peaks and is given by

VðkÞ ¼ ~ubðkÞ
X

p;q

χqδðka − 2πðpþ qσ−1ÞÞ (6)

in standard notation. Since σ is irrational, each Bragg peak
of the quasiperiodic potential can be uniquely labeled with
a set ½p; q& of two integers so that the corresponding wave
number is k ¼ Qp;q ≡ ð2π=aÞðpþ qσ−1Þ. Similarly to the
Bloch theorem for a periodic modulation, we may expect
that a series of gaps opens at each independent Bragg peak
Qp;q. Thus, to label the gaps and to obtain the IDOS given
in Eq. (2), it is tempting to consider the quasiperiodic
potential VðxÞ as a small perturbation. Albeit not justified
in the present experimental case, we shall first use this
assumption since it allows us to give a more intuitive
derivation of the gap labeling. But the Bragg peaks being
a dense set, we must be cautious and first approximate
σ by its finite approximants σj ¼ Fjþ1=Fj as defined after
Eq. (3). Then, VðxÞ in Eq. (5) becomes a periodic
approximant Vjþ1ðxÞ, built from periodically repeated cells
Sjþ1 of length aFjþ1. Thus, the properties of the single cell
Sjþ1 studied experimentally are essentially those of the
periodic potential Vjþ1ðxÞ. Its Fourier transform Vjþ1ðkÞ is
obtained replacing σ by σj in Eq. (6). Vjþ1ðkÞ thus defined,
is the structure factor of a periodic structure and there-
fore it has a finite density of Bragg peaks spaced by
Δk ¼ 2π=ðaFjþ1Þ. Perturbation theory in jVj ≪ 1 is now
applicable. To first order, each Bragg peak k ¼ Qp;q ≡
ð2π=aÞðFjþ1pþ FjqÞ hybridizes the degenerate Bloch
waves at wave numbers 'Qp;q=2. The coupling between
these plane waves is best described by a two-level
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Calculating the integrated density of states (IDOS) 

[-1,2]

[1,-1]

[2,-3]

[-3,5]
[-4,7]

[3,-4]

[-2,4]
[6,-9]

(a) (b)

THEORYEXPERIMENT

[4,-6]

THEORYEXPERIMENT[3,-5][2,-3]

[-1,2] [1,-1]
[7,-6]

[-4,7]
[7,-6]

[2,-3]
[-1,2]

[1,-1]

[-4,7]

say scy

sby sdy

N
or

m
al

iz
ed

 In
te

gr
at

ed
 

In
te

ns
ity

EXPERIMENT

ln
sID

O
S

y

THEORY

sey

[3,-5]

[2,-3]

[-1,2]

[1,-1]
[7,-6][-4,7]

[-4,7]
[7,-6]

[2,-3]
[-1,2]

[1,-1]



61

[-1,2]

[1,-1]

[2,-3]

[-3,5]
[-4,7]

[3,-4]

[-2,4]
[6,-9]

(a) (b)

THEORYEXPERIMENT

[4,-6]

sd
y

[-4
,7
]

[7
,-6
]

[2
,-3
]

[-1
,2
]

[1
,-1
]

[-1,2]

[1,-1]

[2,-3]

[-3,5]
[-4,7]

[3,-4]

[-2,4]
[6,-9]

(a) (b)

THEORYEXPERIMENT

[4,-6]



where          

is the golden mean

V (x) = χ σ −1n( )ub x − an( )
n
∑

χ(x)=
1, 0 < x < 2 −σ
0, 2 −σ < x <1

⎧
⎨
⎪
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σ = 5 +1
2 ≈1.62
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N ε = EQp ,q 2( ) = p + qσ
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show how to map this 2D problem onto a 1D Schrödinger
equation with the effective potential:

VðxÞ ¼ π2

w2ðxÞ
þ π2 þ 3
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!
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: (4)

The first term of VðxÞ is the usual adiabatic approximation.
The second term accounts for the sharpness of the steps.
It is not perturbative, and it cannot be neglected (see
Supplemental Material [25]). As clearly visible in Fig. 1,
the strip shape is not perfectly abrupt but presents some
smoothness in the width variation introduced by the actual
etching process. The smoothness scale is used as a fitting
parameter in the calculations. The eigenfunctions ϕqðxÞ and
eigenenergies EC;q are obtained numerically. To calculate the
polariton modes, we consider the radiative coupling between
excitons with a flat dispersion to the photon modes which we
have obtained in our simulations. Since the coupling is
diagonal in the index q, the resulting polariton eigenfunctions
and photons have the same spatial behavior. Figure 2(b)
shows the polariton modes thus obtained numerically. Since
experimentally we cannot resolve states which are separated
by less than the polariton linewidth, we have averaged the
intensity over eigenmodes close in energy. Thus, what
appears in Fig. 2(b) as bright intensity spots at different
energies are actually bands separated by gaps. Clearly the
calculation reproduces very accurately the spatial structure of
the polariton modes observed in the experiment. This direct
imagingof the Fibonaccimodes in a quasiperiodic structure is
a clear asset offered by cavity polaritons.
Probing the polariton modes in reciprocal space also

provides remarkable information about the eigenmodes.
This is illustrated on Fig. 3(a), where taking advantage of
the one-to-one relation between the angle of emission and
in-plane momentum of polaritons, far field imaging of the
polariton emission is shown for the same wire as in Fig. 2.
A complex band structure appears with the opening of gaps
not regularly spaced unlike the case of a periodic modu-
lation [17]. The calculated band structure reproduces the
measurements quantitatively [Fig. 3(b)].
In the rest of the Letter, we show that despite the finite

size of the system, both in the numerics and in the
experiments, fundamental physical properties are evi-
denced in this complex band structure which indicate the
onset of a fractal density of states. To study the spectrum
and the position of its gaps, it is convenient to rewrite the
quasiperiodic potential VðxÞ in Eq. (4) under the form,

VðxÞ ¼
X

n

χðσ−1nÞubðx − anÞ; (5)

valid in principle [4] for an infinitely long system namely
j → ∞ in (3). ubðxÞ [which depends on wðxÞ] describes the
shape of the letter B while the periodic function χðxÞ
defined, within [0,1], by χðxÞ ¼ 1 for 0 < x < 2 − σ and

χðxÞ ¼ 0 for 2 − σ < x < 1, accounts for the quasiperiodic
order. The Fourier transform of VðxÞ consists of Bragg
peaks and is given by

VðkÞ ¼ ~ubðkÞ
X

p;q

χqδðka − 2πðpþ qσ−1ÞÞ (6)

in standard notation. Since σ is irrational, each Bragg peak
of the quasiperiodic potential can be uniquely labeled with
a set ½p; q& of two integers so that the corresponding wave
number is k ¼ Qp;q ≡ ð2π=aÞðpþ qσ−1Þ. Similarly to the
Bloch theorem for a periodic modulation, we may expect
that a series of gaps opens at each independent Bragg peak
Qp;q. Thus, to label the gaps and to obtain the IDOS given
in Eq. (2), it is tempting to consider the quasiperiodic
potential VðxÞ as a small perturbation. Albeit not justified
in the present experimental case, we shall first use this
assumption since it allows us to give a more intuitive
derivation of the gap labeling. But the Bragg peaks being
a dense set, we must be cautious and first approximate
σ by its finite approximants σj ¼ Fjþ1=Fj as defined after
Eq. (3). Then, VðxÞ in Eq. (5) becomes a periodic
approximant Vjþ1ðxÞ, built from periodically repeated cells
Sjþ1 of length aFjþ1. Thus, the properties of the single cell
Sjþ1 studied experimentally are essentially those of the
periodic potential Vjþ1ðxÞ. Its Fourier transform Vjþ1ðkÞ is
obtained replacing σ by σj in Eq. (6). Vjþ1ðkÞ thus defined,
is the structure factor of a periodic structure and there-
fore it has a finite density of Bragg peaks spaced by
Δk ¼ 2π=ðaFjþ1Þ. Perturbation theory in jVj ≪ 1 is now
applicable. To first order, each Bragg peak k ¼ Qp;q ≡
ð2π=aÞðFjþ1pþ FjqÞ hybridizes the degenerate Bloch
waves at wave numbers 'Qp;q=2. The coupling between
these plane waves is best described by a two-level
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measured on the same wire cavity used in Fig. 2. (b) Correspond-
ing simulation. Position of the gaps labeled with two integers
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Log-periodic oscillating structure is the 
indisputable fingerprint of the underlying 

fractal structure of the spectrum. 



Imaging the modes in real space : spatially and 
spectrally resolved emission
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Summary-Further directions

• Coupling of a quantum emitter to a fractal quasi-continuum 
leads to an unusual decay dynamics.!

• The decay exhibits scaling properties related to the discrete 
scaling symmetry of the quasi-continuum.!

• The experimental study of a macroscopic coherent polariton 
gas in a Fibonacci cavity allows for a quantitative study of a 
fractal singular continuous energy spectrum : spectral 
function, wave functions and gap labeling. 



Further directions

• Long time dynamics of wave packets with a quasi-
continuum fractal spectrum. Log-periodic oscillations.!

• Study of the emission lineshape.!

• Different experimental realizations : tunnel junction 
and/or squbit in a microwave fractal resonator (J. 
Gabelli, Orsay) : Notion of photons- statistics-zero point 
motion with fractal spectra.!

• Generalization to other quantum field theory : BEC and 
superfluidity (massive bosons) - Quantum gravity 
(barycentric fractals). 
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FIG. 7: Numerical results on thte wave packet expansion.
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C. Numerical experiment time scale vs energy scales of the spectrum

To accomplish...

D. Choice of the initial site position

To accomplish...

IV. THEORETICAL BACKGROUND

A. Usually considered quantities

The time evolution of the initial state (the wave packet)  0 ⌘  (t = 0), k 0k = 1, is considered. At later time t,
it is given by

 (t) = Ĝ (t) 0, (1)

where Ĝ (t) = e

�iĤt, or by the implicit spectral decomposition

 (t) =



P

n cn�ne
�iEnt

, cn ⌘ h�n| 0i ,
R

g (E)� (E) e�iEt
dµ (E) , g (E) ⌘ h� (E) | 0i

, (2)

where the first and the second lines correspond respectively to the discrete and the continuous formulations, and µ (E)
is the spectral measure of the Hamiltonian.

To characterize the wave packet dynamics and to observe the fingerprints of the fractal spectrum (the power laws
and the log-periodic features) in it, the following quantities are usually considered (see the literature review above):

1. The auto-correlation function, or the mean probability to find the system in the initial state (the mean ”re-
turn/survival probability”) (e.g. in [3])

C (t) ⌘ 1

t

Z t

0
|h 0| (t0)i|2 dt0. (3)

2. The RMS displacement

�x (t) ⌘
r

D

(x̂ (t)� x0)
2
E

=



Z

(x̂ (t)� x0)
2 | (t, x)|2 dx

�1/2

, (4)

where for some reason people usually use the center x0 of the initial wave packet instead of the mean position
hx̂ (t)i.

3. The time averaged participation ratio

Pr (t) =
1

t

Z t

0
dt

0


Z

| (x, t0)|4 dx
��1

. (5)

B. Auto-correlation function (mean return probability) C (t)

The time average is motivated as follows. The probability to find the system in the initial state (the ”survival
probability”)) at time t is

p (t) = |h 0| (t0)i|2 =

2
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Further directions

• Long time dynamics of wave packets with a quasi-
continuum fractal spectrum. Log-periodic oscillations.!

• Spontaneous emission : tunnel junction and/or squbit 
in a microwave fractal resonator (J. Gabelli, Orsay) : 
Notion of photons- counting statistics-zero point 
motion with fractal spectra.!
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Let us conclude with something a 
bit weird…



Let us conclude with something a 
bit weird…

A simulator for quantum Einstein 
gravity



Einstein general relativity based on Einstein-Hilbert action is a 
highly successful effective field theory on length scales larger than

lPl =
!GN

c3
⎛
⎝⎜

⎞
⎠⎟
1
2
≈10−33 cm

Is it possible to promote it to a fundamental microscopic quantum 
theory of the gravitational interaction and space time structure ?

!

Quantum gravity 

What are the relevant degrees of freedom at the Planck scale?	

Which aspects of spacetime are dynamical at the Planck scale: 
geometry? topology? dimensionality?	

Classical General Relativity

Based on Einsteins equations

Rµν − 1
2 gµνR︸ ︷︷ ︸

space-time curvature

= −Λgµν + 8πGN Tµν
︸ ︷︷ ︸

matter content

• Newton’s constant: GN = 6.67× 10−11 m3

kg s2

• cosmological constant: Λ ≈ 10−35 s−2

– p. 4/45
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Basic tool : sum over histories 

Each path is a 4-dimensional, curved space time 
geometry “g” which can be thought of as a 3-dim., 
spatial geometry developing in time. 
associated with each “g” is given by the 
corresponding Einstein-Hilbert action S g[ ]

The fundamental problem
…) a functional integral over all metrics “g” on a space time.

A hard problem ! Several approaches on the market. !

Non renormalisable in perturbation theory. Very unfortunate !
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• Leave the framework of quantum field theory : 
String theory, spin foams,…!

• Stay within (non-perturbative !) QFT : 
Asymptotic safety!

!

!

• Statistical field theory (dynamical 
triangulations)

Weinberg’s asymptotic safety conjecture (1979, 2009): 
gravity in d = 4 has non-Gaussian UV fixed point

M. Reuter, F. Saueressig

Ambjorn, Jurkewicz, R. Loll.

!

The options
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The Spectral Dimension of the Universe is Scale Dependent
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We measure the spectral dimension of universes emerging from nonperturbative quantum gravity,
defined through state sums of causal triangulated geometries. While four dimensional on large scales, the
quantum universe appears two dimensional at short distances. We conclude that quantum gravity may be
‘‘self-renormalizing’’ at the Planck scale, by virtue of a mechanism of dynamical dimensional reduction.
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Quantum gravity as an ultraviolet regulator?—A shared
hope of researchers in otherwise disparate approaches to
quantum gravity is that the microstructure of space and
time may provide a physical regulator for the ultraviolet
infinities encountered in perturbative quantum field theory.
The outstanding challenge is to construct a consistent
quantum description of this highly nonperturbative gravi-
tational regime that stands a chance of being physically
correct.

Slow progress in the quest for quantum gravity has not
hindered speculation on what kind of mechanism may be
responsible for resolving the short-distance singularities. A
recurrent idea is the existence of a minimal length scale,
often in terms of a characteristic Planck-scale unit of
length in scenarios where the spacetime at short distances
is fundamentally discrete.

The alternative we will advance here is based on new
results from an analysis of the properties of quantum
universes generated in the nonperturbative and
background-independent causal dynamical triangulations
(CDT) approach to quantum gravity. As shown in [1,2],
they have a number of appealing macroscopic properties:
first, their scaling behavior as a function of the spacetime
volume is that of genuine isotropic and homogeneous
four-dimensional worlds. Second, after integrating out
all dynamical variables but the scale factor a!!" in the
full quantum theory, the correlation function between
scale factors at different (proper) times ! is described
by the simplest minisuperspace model used in quantum
cosmology.

We have recently begun an analysis of the microscopic
properties of these quantum spacetimes. As in previous
work, their geometry can be probed in a rather direct
manner through Monte Carlo simulations and measure-
ments. At small scales, it exhibits neither fundamental
discreteness nor indication of a minimal length scale.
Instead, we have found evidence of a fractal structure
(see [3], which also contains a detailed technical account
of the numerical setup). What we report on in this Letter is
a most remarkable finding concerning the universes’ spec-

tral dimension, a diffeomorphism-invariant quantity ob-
tained from studying diffusion on the quantum ensemble
of geometries. On large scales and within measuring ac-
curacy, it is equal to four, in agreement with earlier mea-
surements of the large-scale dimensionality based on the
scale factor. Surprisingly, the spectral dimension turns out
to be scale dependent and decreases smoothly from four to
a value of around two as the quantum spacetime is probed
at ever smaller distances. This suggests a picture of physics
at the Planck scale which is radically different from fre-
quently invoked scenarios of fundamental discreteness:
through the dynamical generation of a scale-dependent
dimensionality, nonperturbative quantum gravity provides
an effective ultraviolet cutoff through dynamical dimen-
sional reduction.

The spectral dimension.—A diffusion process on a
d-dimensional Euclidean geometry with a fixed, smooth
metric gab!"" is governed by the diffusion equation

@
@#

Kg!";"0;#" # !gKg!"; "0;#"; (1)

where # is a fictitious diffusion time, !g the Laplace
operator corresponding to gab!"", and Kg!";"0;#" the
probability density of diffusion from " to "0 in diffusion
time #. We will consider processes which are initially
peaked at some point "0,

Kg!"; "0;# # 0" # $d!"$ "0"!!!!!!!!!!!!!!!!
detg!""

p : (2)

A quantity that is easier to measure than Kg in numerical
simulations is the average return probability

Pg!#" :# 1

V

Z
dd"

!!!!!!!!!!!!!!!!
detg!""

q
Kg!"; ";#"; (3)

where V # R
dd"

!!!!!!!!!!!!!!!!
detg!""

p
is the spacetime volume. Note

that Pg!#" is a diffeomorphism-invariant quantity.
For an infinite flat space, the solution to Eq. (1) is simply

given by

PRL 95, 171301 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
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Dynamically generated four-dimensional quantum universe, 
obtained from a path integral over causal spacetimes

time

3-volume

This is a Monte Carlo “snapshot” - still need to average to obtain the 
expectation value of the volume profile.

Heat kernelZ(t) =Tre−Δt = dx x e−Δt x∫ = e−λt
λ
∑

Zd t( ) = ddx
Vol .
∫ Pt x, x( )= Volume

4πDt( )d 2

measure the  
spectral dimension
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DS(σ) probes quantum geometry at distances ~ σ1/2. There is no a priori reason 
why this should coincide with the dimension of the triangular building blocks.

Quite remarkably, in CDT quantum gravity in 4D we find that DS(σ) depends on 
the length scale: DS changes smoothly from 4 on large scales to ~2 on short 
scales. (J. Ambjorn, J. Jurkiewicz, RL, PRL 95 (2004) 171301)

More precisely, we extrapolate from the shown infinite-volume limit that 
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We conclude that on short scales, 
our “ground state of geometry” in 4D 
is definitely not a classical manifold. 

This could also mean that 
nonperturbative quantum gravity has 
its own built-in ultra-violet regulator.

Intriguingly, a similar short-scale “dynamical dimensional reduction” has been 
found in a couple of disparate (but also quantum field-theoretic) approaches:

  nonperturbative renormalization group flow analysis (M. Reuter, O. Lauscher, 
JHEP 0510:050, 2005)              M. Reuter’s talk

  nonrelativistic “Lifshitz quantum gravity” (P. Hořava, PRL 102 (2009) 161301)

3d: relating the curve DS(σ) of CDT (D. Benedetti, J. Henson, PRD 80 (2009)
124036) to dispersion relations of suitable differential operators on 3d flat 
space (T. Sotiriou, M. Visser, S. Weinfurtner, arXiv:1105.5646)

Dynamical dimensional reduction in 4D quantum gravity 
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Quantum gravity as an ultraviolet regulator?—A shared
hope of researchers in otherwise disparate approaches to
quantum gravity is that the microstructure of space and
time may provide a physical regulator for the ultraviolet
infinities encountered in perturbative quantum field theory.
The outstanding challenge is to construct a consistent
quantum description of this highly nonperturbative gravi-
tational regime that stands a chance of being physically
correct.

Slow progress in the quest for quantum gravity has not
hindered speculation on what kind of mechanism may be
responsible for resolving the short-distance singularities. A
recurrent idea is the existence of a minimal length scale,
often in terms of a characteristic Planck-scale unit of
length in scenarios where the spacetime at short distances
is fundamentally discrete.

The alternative we will advance here is based on new
results from an analysis of the properties of quantum
universes generated in the nonperturbative and
background-independent causal dynamical triangulations
(CDT) approach to quantum gravity. As shown in [1,2],
they have a number of appealing macroscopic properties:
first, their scaling behavior as a function of the spacetime
volume is that of genuine isotropic and homogeneous
four-dimensional worlds. Second, after integrating out
all dynamical variables but the scale factor a!!" in the
full quantum theory, the correlation function between
scale factors at different (proper) times ! is described
by the simplest minisuperspace model used in quantum
cosmology.

We have recently begun an analysis of the microscopic
properties of these quantum spacetimes. As in previous
work, their geometry can be probed in a rather direct
manner through Monte Carlo simulations and measure-
ments. At small scales, it exhibits neither fundamental
discreteness nor indication of a minimal length scale.
Instead, we have found evidence of a fractal structure
(see [3], which also contains a detailed technical account
of the numerical setup). What we report on in this Letter is
a most remarkable finding concerning the universes’ spec-

tral dimension, a diffeomorphism-invariant quantity ob-
tained from studying diffusion on the quantum ensemble
of geometries. On large scales and within measuring ac-
curacy, it is equal to four, in agreement with earlier mea-
surements of the large-scale dimensionality based on the
scale factor. Surprisingly, the spectral dimension turns out
to be scale dependent and decreases smoothly from four to
a value of around two as the quantum spacetime is probed
at ever smaller distances. This suggests a picture of physics
at the Planck scale which is radically different from fre-
quently invoked scenarios of fundamental discreteness:
through the dynamical generation of a scale-dependent
dimensionality, nonperturbative quantum gravity provides
an effective ultraviolet cutoff through dynamical dimen-
sional reduction.

The spectral dimension.—A diffusion process on a
d-dimensional Euclidean geometry with a fixed, smooth
metric gab!"" is governed by the diffusion equation

@
@#

Kg!";"0;#" # !gKg!"; "0;#"; (1)

where # is a fictitious diffusion time, !g the Laplace
operator corresponding to gab!"", and Kg!";"0;#" the
probability density of diffusion from " to "0 in diffusion
time #. We will consider processes which are initially
peaked at some point "0,

Kg!"; "0;# # 0" # $d!"$ "0"!!!!!!!!!!!!!!!!
detg!""

p : (2)

A quantity that is easier to measure than Kg in numerical
simulations is the average return probability

Pg!#" :# 1

V

Z
dd"

!!!!!!!!!!!!!!!!
detg!""

q
Kg!"; ";#"; (3)

where V # R
dd"

!!!!!!!!!!!!!!!!
detg!""

p
is the spacetime volume. Note

that Pg!#" is a diffeomorphism-invariant quantity.
For an infinite flat space, the solution to Eq. (1) is simply

given by
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measure the  
spectral dimension

DS(σ) probes quantum geometry at distances ~ σ1/2. There is no a priori reason 
why this should coincide with the dimension of the triangular building blocks.

Quite remarkably, in CDT quantum gravity in 4D we find that DS(σ) depends on 
the length scale: DS changes smoothly from 4 on large scales to ~2 on short 
scales. (J. Ambjorn, J. Jurkiewicz, RL, PRL 95 (2004) 171301)

More precisely, we extrapolate from the shown infinite-volume limit that 
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The other option : non perturbative renormalisation group 
flow analysis (M. Reuter, F. Saueressig, 2012)
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Asymptotic Safety, Fractals,
and Cosmology∗

Martin Reuter and Frank Saueressig

Institute of Physics, University of Mainz
Staudingerweg 7, D-55099 Mainz, Germany
reuter@thep.physik.uni-mainz.de

saueressig@thep.physik.uni-mainz.de

Abstract

These lecture notes introduce the basic ideas of the Asymptotic Safety approach
to Quantum Einstein Gravity (QEG). In particular they provide the background for
recent work on the possibly multifractal structure of the QEG space-times. Impli-
cations of Asymptotic Safety for the cosmology of the early Universe are also dis-
cussed.

∗ Lectures given by M.R. at the Sixth Aegean Summer School on Quantum Gravity and Quantum
Cosmology, Chora, Naxos (Greece), September 2011.



A detailed analysis of this system was performed in [51]. The most important RG trajectories in the ⁄k ≠ gk

plane are shown in figure 5.1.

Figure 5.1: This figure is from [51]. RG flow in the ⁄k ≠ gk plane described by equations (5.11). The
direction of arrows is of increasing coarse graining, i.e, decreasing k. The flow is domination by a
non-Gaussian fixed point for gú = 0.32, ⁄ú = 0.36 and a trivial fixed point. The exponents of the
non-Gaussian fixed points are complex valued ◊

1.2 = ◊R ± i◊I . The trajectories entering the non-Gaussian
fixed point for increasing k spiral into it with log-periodic depdence on k corresponding to complex valued
◊

1,2. As a result, the flow close to the fixed point is DSI.

The RG flow is dominated by a trivial fixed point and a non-Gaussian fixed point at gú = 0.32, ⁄ú = 0.36.

There are three type of trajectories leaving the non-Gaussian fixed point. Types Ia,IIIa flow toward negative

and positive ⁄ respectively. There is a single trajectory, type IIa, that hit the trivial fixed point g = ⁄ = 0 for

k æ 0. The exponents of the non-Gaussian fixed points are complex valued ◊
1.2 = ◊R ± i◊I with ◊R = ≠1.72

and ◊I = 4.14. The trajectories entering the non-Gaussian fixed point for increasing k spiral into it with

log-periodic dependence on k corresponding to complex valued ◊
1,2. The solution near the fixed point reads

Q
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g
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R

db =

Q
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R

db

with b ¥ 1.1,„b ¥ 1

2

fi, A, „ integration constants and k
0

is a fixed reference scale. As a result, the flow close

to the fixed point is DSI and obeys the scaling relation (2.2) given by

�g (a
0

k) = b
0

�g (k)
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0

k) = b
0
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33

40

Figure 9. The g–�-theory space with the line of turning points, B, and a typical
trajectory of Type IIIa. The arrows point in the direction of decreasing k. The big
black dot indicates the NGFP, while the smaller dots represent points at which
the RG trajectory switches from increasing to decreasing � or vice versa. The
point T is the lowest turning point, and C is a typical point within the classical
regime. For �& 0.35, the RG flow leaves the classical regime and is no longer
reliably captured by the Einstein–Hilbert truncation. With kind permission from
Springer Science + Business Media: Reuter M and Saueressig F 2011 Fractal
space-times under the microscope: a renormalization group view on Monte Carlo
data J. High Energy Phys. JHEP12(2011)012 [60]. Copyright © 2011, SISSA,
Trieste, Italy.

7.3. The walk dimension in QEG

In order to determine the walk dimension for the diffusion on the effective QEG space-times,
we return to equation (7.7) for the untraced heat kernel. We restrict ourselves to a regime with a
power law running of �̄k , whence F(p2) = (Lp)� with some constant length scale L .

Introducing qµ ⌘ pµT 1/(2+�) and ⇠µ ⌘ (xµ � x 0

µ)/T 1/(2+�), we can rewrite (7.7) in the form

K (x, x 0

; T ) =

1
T d/(2+�)

8

✓

|x � x 0

|

T 1/(2+�)

◆

(7.18)

with the function

8(|⇠ |) ⌘

Z

ddq
(2⇡)d

eiq·⇠ e�L�q2+�

. (7.19)

For � = 0, this obviously reproduces (A.6). From the argument of 8 in (7.18) we infer that
r = |x � x 0

| scales as T 1/(2+�) so that the walk dimension can be read off as

Dw(T ) = 2 + �. (7.20)

In analogy with the spectral dimension, we use the notation Dw(T ) rather than dw to indicate
that it might refer to an approximate scaling law which is valid for a finite range of scales only.

New Journal of Physics 14 (2012) 055022 (http://www.njp.org/)
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point

ds ! 2

Zd t( ) = ddx
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Summarise
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A quasi-periodic dielectric stack

does not have a geometric fractal 
structure, but…

its spectrum has a fractal structure :

Spectral fractal dimension



Summarise

99

d=4 space-time manifold

does not have a geometric fractal 
structure, but…

its spectrum has a fractal structure :

Spectral fractal dimension

Dynamically generated four-dimensional quantum universe, 
obtained from a path integral over causal spacetimes

time

3-volume

This is a Monte Carlo “snapshot” - still need to average to obtain the 
expectation value of the volume profile.

α → ds ! 2



Is it possible to “mimic”
time
dimension

Not so simple to find one with ds ! 2

One serious contender : barycentric fractalStart o↵ with a simplex
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F����� �.�. Barrycentric subdivision

Consider any 2-simplex (triangle) T
0

in the plane, defined by the vertices [v
0

, v
1

, v
2

] which do
not all lie on a common line. The sides of T

0

are the 1-simplices: [v
0

, v
1

], [v
0

, v
2

], [v
1

, v
2

].
Definition 2.1. We perform barycentric subdivision (BCS) on T as follows: First, we add the
barycenters of the 1-simplices [v

0

, v
1

], [v
0

, v
2

], [v
1

, v
2

] and label them b
01

, b
02

, b
12

, respectively.
Thus, b

ij

is the midpoint of the segment [v
i

, v
j

]. Now we add the barycenter of T
0

which is the
point in the plane given by 1

3

(v
0

+ v
1

+ v
2

), which we denote b. Any 2-simplex in the collection
of 2-simplices formed by the set N = {v

0

, v
1

, v
2

, b
01

, b
02

, b
12

, b} is said to be minimal if its edges
contain no points in N other than its three vertices. Let B(T

0

) denote this collection of minimal
2-simplices. Note that these six triangles are of the form [v

i

, b
ij

, b] where i 6= j 2 {1, 2, 3} .
We define the process of performing repeated barycentric subdivision on T

0

as follows: For
a collection C of 2-simplices, we define B(C) =

S

c2C B(c) to be the collection of minimal
2-simplices obtained by performing BCS on each element of C. In this way we define the nth

level barycentric subdivision of T
0

inductively by Bn

(T
0

) = B(Bn�1

(T
0

)).
Definition 2.2. We call the elements of Bn

(T
0

) the level n o�spring of T
0

where T
0

is the level
n ancestor of its 6

n o�spring in Bn

(T
0

). Similarly, for any triangle T obtained from repeated
BCS of T

0

, we may consider the level n o�spring of T to be the collection Bn

(T ). We use the
terms child, (resp. grandchild) to denote the level 1 (resp. level 2) o�spring of T . Likewise, we
use the terms parent, (resp. grandparent) to denote the level 1 (resp. level 2) ancestor of T . We
will use t ⇢ T to denote that t is a child of T , and when necessary t ⇢ T ⇢ T 0 to denote that t
is a child of T and a grandchild of T 0. If s and t are both children of T , then we say that s and
t are siblings.
Definition 2.3. For any triangle T = [a, b, c] we define the boundary of T to be the union of its
sides, which we denote @T = [a, b] [ [b, c] [ [a, c]. A level k o�spring t of T is said to be a
boundary triangle for T or on the boundary of T if a side of t lies on @T . For a given triangle
T , we say that a level k o�spring of T is special with respect to T if it is on the boundary of T
and intersects T in a vertex.
Definition 2.4. We say that two level n triangles are adjacent if they share a side. Given a
level n triangle T = [v

0

, v
1

, v
2

], we know the children of T are of the form [v
i

, b
ij

, b] where
i 6= j 2 {1, 2, 3}. We say that two children of T are vertex adjacent if their common side is

3

ds ! 1.74

Simulator for quantum Einstein gravity at Planck length -
allows to measure/calculate other physical quantities not 

accessible otherwise
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Apparently not that weird...

F. Englert proposed a very similar idea back 
in 1986.



Apparently not that weird...

F. Englert proposed a very similar idea back 
in 1986.



Thank you for your attention.


