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ABSTRACT

The topological properties of finite quasiperiodic tilings are examined. We show
that the topological winding numbers found in previous works are related to the
phase of the diffraction spectrum of a characteristic function. The winding num-
bers imply the location of the gaps in the spectrum. This ongoing research will be
published in [1].

1D TILINGS

Substitutions and Atomic Distributions

Define a binary substitution rule by

a— a®b?
b— a’b®

o(a) = a*b?

o(b) = a’°
Associate occurrence matrix: M = (?; ¥ )
Consider only primitive matrices:

o Largest eigenvalue \; > 1 (Perron-Frobenius)
o Left and right first eigenvectors are strictly positive

Distribution of letters underlies distribution of atoms:

xo a r1 b T2 b X3 a T4 b Is a e b x7
{ J { J [ ) ( J ( J [ ) o —

Define atomic density

plx) =) 0(z—m)

k

with distances for a and b given by 0y = T 1 — Tk = dap.
Let d be the mean distance and wu;, the deviations from the mean. Define

SEk:J]{—I—(S’LLk, 0 =d, — dp

Let g (£) = >, e '%%k be the diffraction pattern, and S (§) = |g (€)]? the structure
factor. Bragg peak are located at [2, 3]
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Families:

Pisot: The second eigenvalue |\;|<1.

Non-Pisot: The second eigenvalue |\;
bounded [4]; there are no Bragg peaks [5].
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Examples

Fibonacci: a — ab, b — a. Itis Pisot, M = (1}),

A1 = 2(vV/5 4 1) = 7 the golden ratio and A\, = —7~ 1. Bragg peaks: &, , =

L (p+qr).
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Thue-Morse: a +— ab, b +— ba. Here it is Pisot, M = (1 1),
A1 = 2and Az = 0. Bragg peaks: {,;, n = 5-3~-
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BRATTELI DIAGRAMS

Consider the infinite word
wi® = 0 (a) = abaababaabaababaababaabaababaabaab . . . .

Next, consider the collared graph of the two-letter words A = aa, B = ab, C = ba
such that

ws. = BOCABCBCABCABCBCABCBCABCABCBCABC ...

(see left graph below), with o = AB, 8 = BC, v = CA, 6 = CB.

Calculate the boundary operators, where 0y (A) = 0 and 0, (? = 1@) = B — A.

Represent them as matrices and calculate the cohomology groups H* (G) = %.
i+1

Consider the inflation rule:

Calculate its inflation matrices Aj, and Aj].
Calculate ¢-function ¢ (z) =exp >, fix ™|

m

det (I — zAj)

™. The 1D (-function is given by [6]

Name Substitution Substitution on Doublets Self Properties Cohomology Zeta Function Gap Labeling Theorem Properties
Rule oy Occurrence M; Rule 0 Occurrence M,  Eigenvalue Ay Char. Polynomial H°(G) HY(G) C(2) Pisot char. Periodicity
) 1
Fibonacci 0 (14 ag (§ (}) (})) T A2 -A-1=0 VA VA 1 z p+q-T p,qEZ Pisot quasiperiodic
¢ oa —z—z
Cantor Set 00 (2D 6o ((2) 1 (2)) 3 A2 _B5A+6=0 VA A 1=z LS k,N€eZ not primitive limit-quasiperiodic
el 03 ¢ cee 003 (1—22)(1-32) 3N ’
) > aabe 2110 . . 1—=z p+q
Non-Pisot [sd 3% % = ?cd‘:fc <§ i % ?) +2 A2 —B5A+5=0 Z z3 T8 4% N p,q,N€Z non-Pisot limit-quasiperiodic
— bdc
1- k
Periodic 9 (1 arrab (1 2 A2 =22 =0 z VA 1_; 5 ke Pisot period
a — be 0110 1 ke
Thue-Morse 0 (i Z§b§ <§§?§> 2 A —20=0 z! 73 m Ty kNeZ Pisot period
. . a s be 011 . 11—z k X
Period Doubling 90 (58 b b (8i1) 2 NoA-2=0 7t 7 ey S NEZ Pisot  limit-quasiperiod
—dbd /01020
. . 1- 1
Circle Sequence e (% 9 2) 2P 83039 73 A =3\ -50—-1=0 VA VAS 7z2 —(p+q-7) pqEZ Pisot quasiperiodic
- 21 ~ acdbe  \ 11111 (1+42)(1—4z—2?) 2
e — acdbd 11120
— bf
—=be /01001000
¢ he .
Rudin-Shapiro 5 ( z) ’CL 5 % $ § § § é E § i 2 A —2X3 — 202 44X =0 VA Z° 1-z 5 i}\ kN €eZ non-Pisot aperiodic
— 1 fad 110010000 (1-22)(1-222)(1+2) 2
g—gd  \00010010
ho 0. 00100010
arac /10100
00 110 QHT 00000 3 oy2 _ 1 3 11—z ) ) 2 ) . JUPRUR
Luck Ternary #1 10 (1 0 1) s <§ (}) § ((13 i) 2.247 AP =20 = A+1=0 Z Z T " pPHqg-A+r-A] p,q, " €L Pisot quasiperiodic
€ > a
ar— c
¢3¢ Joo100 1
Luck Ternary #2 123 ([1) 0 11)> [iag 696017 1.4656 AN —1=0 VA 73 c pHqg-A+r-A? p.q,r €Z Pisot quasiperiodic
2051 011 de b 01100 1-2z-23
- 1-— k
Periodic 1-2 90 (1) g (1) 3 A2 —3A=0 Z A : il kel Pisot periodic
cra 11 1-3z 3
Lo a = ac 112 - 1—2 k . Lo
Periodic 1-3 90 (%) bira (% 1 3) 4 A2 —4x=0 Z VA T 1 keZ Pisot periodic
a > ac 3 . 1-— k
Periodic 1-4 9o (1 e (113) 5 A= 5A =0 7t 7! — ;Z : kez Pisot periodic
Periodic 2-3 =0 (23) B 113 5 A2 B =0 z! 7 1=z L kez Pisot eriodic
oo 2 s 3 -5z 5 P
; § 2 abdddde 1114 1—2 k
Periodic 2-5 oo (%32) o = abdddde (} i j) 7 A2—T7A=0 VA A 1= 7 kez Pisot period:
d + abddddc 1114 — iz
1 —
Golden Mean el (1) ¢ (g (1) (})) T AN -A-1=0 VA VA 1 z 5 pt+q-M p,qEZ Pisot quasiperiodic
- —z—z
1
Silver Mean 01 21 5 ( é <i> (l) ) V241 A2 -1=0 A 72 — - = pra-h P/ Pisot quasiperiodic
. e V13 3 . . 1-—
Copper Mean 9 o 38 = ( ) - *3 A2-3)A-1=0 A z? Hﬁ p+q-M pqEL Pisot quasiperiodic
) a — abe 1110 . . 1 k
Marginal 1398 (i) agis ((IJ i1 ?) 3 A —dA+3=0 z! YA -3 3% k,N€Z Pisot limit-quasiperiodic
d v bdc 0111 — 3z R
V131 1— -
Binary non-Pisot 079 (1) g 5 (§ é é) - + 3 A2—-A-3=0 VA VA . 72’3 5 % p,¢,N€Z non-Pisot limit-quasiperiodic
a
b
“A A
Ternary non-Pisot 2% ((1] B [1)> phe prg-hit p,q,7,N €Z Pisot limit-quasiperiodic
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SPECTRAL PROPERTIES OF TILINGS
Consider a 1D discrete tight-binding equation

— (Yp41 + V1) + Vb, = 2By

The gaps in the integrated density of states are given by [7]

N (mod 1), m,N € Z.

e )\ is the first eigenvalue of M.

e cis the gcd of the first eigenvectors of M; = M [v; = (1 ez - )], the collared
M2 [’02 = (fl J2 )], and )\1.
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FINITE STRUCTURES

Scattering Matrix
Inspect a system modulated in quasiperiodic manner. Solve the wave equation
d?e
— 75— kov (2) ¥ (2) = ko) (2)

with scattering boundary conditions.

T s e O
e — B 1
sothat (Z) = (78 &0 )(2) =s(2).

The S-matrix is unitary and can be diagonalized to

8|—><ei¢1 0 )

0 el¢2

so that det S = €*1°") with § (k) = 2 (¢1 (k) + ¢2 (k)).
Using the Krein-Schwinger formula, find the density of states,

o(k) — 00 (k) = 5= Im -3 Indet S (k)
the integrated density of states reads
N (k) = No (k) = 10 (k).

A the infinite sequence w* is characterized by Fy words w; C w™ of size Fl.
Scattering matrices are related by a unitary transformation [8, 9]

S (wj) = U (i,5) S (w;) U (i, 5)

with U (i,7) = U (¢; — ¢;) and a gauge field ¢.

Characteristic Function

Take a characteristic function
X (n, ¢) = sign [cos (27m A+ (/5) — COS (7T)\1_1)}

withn =0... Fy —1and [0,27] 3 ¢ — ¢y = 351
Take its discrete Fourier transform w.r.t. n [1],

Fn—1

g&o)=

Calculate the structure factor S (&, ¢) = |g (&, ¢) |2 and phase 0 (¢, ¢) = arg g (&, 7).
The winding number at &, reads

27mi

w " (n,¢), w=eFn~ .

We, = % fgﬁ 39(5(9:(50@) do

Characteristic Function, x(n, ¢) Structure Factor, log S(&, ¢)
27 - 1 . ] 1 27
| HIrtH U]
6
1.57 1.57
< S 4
=) =) 2
g 1x S 1
< <
& = °
0.57 0.57 -2
-4
O I 1 I i | I 1 I | I x 1 0
0 20 40 60 80 0 20 40 60 80
Location, n Wavevector,
Phase, 0(€, ) = arg g(¢, 0) :
0 13 -8 5 -3 10-11 2 -6 7 -1 12 -9 4 -4 9 -12 1 -7 6 -2 11 -10 3 -5 8 -13
27
o 1.57 :-E-__-_;
- ——== —=_==
= — -
A = =2 S
o] = e
-~ — —
al —

;

057

Wavevector, &

The characteristic function x (n, ¢) admits periodic (toroidal) boundary conditions
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ALGEBRAIC STRUCTURES

Let [1]
so (n) = x (n,0) = sign [cos (2mn /A1) — cos (m/A1)].

Let 7 [so (n)] = so (n + 1) be a translation operator. Define

S0

So=| Tk
TFN —1 [50]

— Yo (n,0) = T*[s0 (n)]

Consider row permuted 3.,

S, =UrXo, Up(ml) =60 mrry_, = Sr(n,0) =T[54 (n)].

here, U, is a unitary operator satisfying an algebraic group structure

UrUs =UsUpr = U, sFy_5  (mod Fy)-

The group structure is isomorphic to Z/ FnZ.
Lemma. For ¢, = 22/ withn,£ =0... Fy — 1 one has x (n, ¢¢) = %1 (n, £).

The discrete Fourier transform of >; reads

Fn—1

GEn=y

The structure factor S (£, ¢) = |¢o (£)] is ¢-independent. The phase reads

w1 (n, f) = W™D ().

_ m (£ U
O (£,0) = argw™é = I%Nerf_l'
Corollary. For any ¢, = qFn_1 one has the (discrete) winding

@(gq):%gq — W, =4¢

F(Uq)x F(UE} for 89<89 Fibonacci substitution
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CONCLUSIONS

One dimensional quasiperiodic tilings show correspondence between the
diffraction pattern and the spectrum.

Constructing Bratteli diagrams reveals the topological nature of the tiling via
the cohomology group H' (G) and the ¢ (2) function.

In finite systems, the phason relates different structures of the same size via
the scattering matrix.

The phason determines a winding number in finite systems.

An algebraic structure is induced by the action of the characteristic function,
and defines the winding numbers.
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