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Abstract

Coherent effects in electronic transport constitute a fascinating topic in mesoscopic
physics of disordered materials. Among many others, coherent corrections to the clas-
sical Drude conductance are well studied theoretically and experimentally. The leading
correction, termed weak localization (WL), results from a long range interference ef-
fect. In two dimensional materials, the WL correction to the electrical conductance
determines the nature and existence of Anderson metal-insulator transition.

Interference effects and WL corrections result from quantum crossings in electronic
propagation. This interference affects the conductance in a matter determined by the
presence of time-reversal symmetry (TRS). This anti-unitary symmetry, along with
the particle-hole symmetry (PHS), classify disordered systems into 10 classes. This
is known as the Altland-Zirnbauer (AZ) 10-fold classification of topological materials.
Using a description based on effective non-linear sigma models, it was shown that in
three of the ten classes, all quantum corrections to the Drude conductance vanish for
undoped systems.

In our work, we present a novel interference effect associated with PHS which con-
tributes to the WL correction. This effect is responsible for the vanishing correction
in the above-mentioned three classes, where it cancels the interference associated with
TRS. Our method also provide an alternative explanation to the vanishing of all cor-
rections using simple arguments. Combining both effects, the sign of WL aligns with
known results in the literature, and thus provides a complete picture of WL for all
symmetry classes.

We also present numerical results for the scaling of conductance as expressed by the
beta function β(g), using a tight-binding model of a bipartite lattice (e.q. graphene)
with various types of disorder. To this purpose we use the Thouless expression for
the electrical conductance, a very efficient computational tool. Each model of disorder
belongs to a certain AZ class. The sign of the WL correction to β(g) is then computed
for each model, and the results back up our analytical calculations. In particular, the
vanishing of all quantum corrections to β(g) is observed for disorder potentials which
maintained the anti-unitary symmetries of pristine graphene.
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Abbreviations and Notations

WL : weak localization
WAL : weak anti-localization
TRS : Time-reversal symmetry
PHS : Particle-hole symmetry
d.o.f : Degrees of freedom
B.C : Boundary conditions
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Chapter 1

Introduction

In this chapter, the main topic and the results we have obtained are presented without
much details. The preliminary material is introduced in chapter 2, and the detailed cal-
culations leading to our main result are presented in chapter 3. The numerical results
backing up our calculations along with an introduction to the Thouless conductance
are presented in chapter 4.

Quantum coherent effects in transport constitute a multifaceted and active area of
research in mesoscopic physics, both theoretically and experimentally. In particular,
weak localization correction to electronic conductance has been the focus of many active
works. Since the prediction of disorder-induced electron localization by Anderson [1],
much progress was made in this field. The well known paper by Abrahams et al. [2]
suggested that the metal-insulator transition is continuous, and electrical conductance
g obeys scaling, i.e there exists β(g), which for g ≫ 1 takes the form,

β(g) = d− 2 − α

g
+ ... . (1.1)

Here α/g is the weak localization (WL) correction to the Drude conductance. As a re-
sult of scaling, its sign is important. A positive α leads to localization for any arbitrary
small disorder, whereas a negative α introduces a metal-insulator phase transition. In
[2], a negative α was found, however it was later shown [3] that in different symmetries,
such as systems with spin orbit scattering or magnetic impurities, sgnα could change.

Abrahams et al. used Langer and Neal [4] diagrams, which demonstrated that weak
localization results from an interference effect between crossed and ladder diagrams for
electronic diffusion. This approach provided a physical interpretation of sgnα and re-
lated it to the existence of time reversal symmetry (TRS). TRS classifies systems into
the three Wigner-Dyson classes [5, 6]. A magnetic field breaks TRS and suppress weak
localization, which provides an experimental way to measure it through the magneto-
resistance time-of-flight experiments [7–10].
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Altland and Zirnbauer [11] expanded the Wigner-Dyson classes so as to include
weak localization for metals in contact with superconductors, which induces particle
hole symmetry (PHS). Separately, families of gapped Hamiltonians were classified into
ten Cartan symmetry classes [12–14]. Each family of Hamiltonians was related to the
possible topological invariants it can support based on the symmetry class and dimen-
sion. Connections between these two approaches were proposed [15].

In our work, we provide a calculation and a physical interpretation of the weak
localization sign for systems with intrinsic symmetries TRS T or PHS P, belonging to
one of the Cartan symmetry classes, by combining two interference effects. This results
in the relation

sgnα = sgn T 2 − sgn P2 (1.2)

where sgn T 2 (P2) denotes whether T (P) squares to plus or minus the identity. The
first term in the left-hand side results from interference effect of weak localization. Our
main result is that the second term also results from interference. This expands the
results from Altland and Zirnbauer [11], and provides another interpretation for the
vanishing of α. Through simple arguments, it can be shown that all of the quantum
corrections in three of the chiral classes vanish, as was found by Gade et al. [16] and
others [17, 18]. The novel interference effect originates from the perturbative expansion
of the disorder-averaged two-point Green’s functions GRGR, GAGA appearing in the
Kubo formula, provided PHS is present. This leads to localization (anti-localization)
for systems with P2 = −(+)I.

A number of recent experiments on weak localization in two-dimensional materials
were performed in graphene [19–21], and show varying results for the WL sign. As
was previously discussed [22], long and short range potentials in graphene may possess
different symmetries. Disorder in the hopping terms or random vacancies (removal of
atoms) preserve the chiral symmetry and has both T and P squaring to identity at half
filling. In this case, we expect a scale-invariant conductance in a wide range of disorder
strengths due to the vanishing of β(g).

Our second goal was to show the behaviour of β(g) numerically in a tight-binding
model of graphene with various types of disorder. To that purpose we used the Thouless
expression for conductance [23, 24], where only the energy spectrum is needed, mak-
ing the numerical computations easier. It was shown [24] that in the diffusive regime,
Thouless and Kubo conductances are proportional. We find that a critical conductance
gc occurs for the Rashba potential, which adds a spin-orbit scattering (Figure 1.1). Ad-
ditionally, no such transition exists for on-site random potential, as we expect for α > 0
in this case. For hopping and random vacancy disorders, we find evidence that β(g) is
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scale invariant for a wide values of disorder strength (Figure 1.1), supporting (1.2) and
the general arguments presented in section 5.1.

Figure 1.1: Thouless conductance gT with respect to the disorder strength W/t as
defined in (4.6)-(4.9). From top-left clockwise: VAI , VAII , V h

BDI , V v
BDI .
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Chapter 2

Theoretical background

This chapter is divided into three parts. The first part is devoted to an introduction of
coherent effects and a definition of the mesoscopic regime. The second part introduces
the scaling theory of localization and the definition of the function β(g) for the elec-
trical conductance. This lays the ground to introduce the main concept of our work,
weak localization (WL) corrections. The third chapter discusses the two anti-unitary
symmetries time-reversal and particle-hole. These are the symmetries which a disor-
dered system may still possess, after all unitary symmetries were exhausted due to the
random disorder. The 10-fold classification based on these symmetries is presented, as
our main result associates each symmetry class with a sign of the WL correction. The
fourth chapter introduces the Green’s function method to compute WL as a part of
a diagrammatic expansion in the number of quantum crossings. First, the expansion
of the diffusion probability is discussed, and then related to the conductivity via the
Kubo formula. It then becomes apparent that WL is an interference effect. This helps
understanding the novel interference effect we unveiled in our work, which is a part of
a different yet similar diagrammatic expansion.

2.1 Electrical transport in mesoscopic conductors

Classical electronic transport in metals is well described by the Drude model. Under
the influence of an electric field, electrons propagate across the metal while scattering
off random impurities. A diffusive behavior results in a constant current, related to
the voltage difference by the conductance GD through I = GDV . For a hypercube of
length L in d dimensions, GD is given by

GD(L) = σD · Ld−2, σD = neτe

m
, (2.1)

where σd is the Drude conductivity and n, e, m, τe are the electron’s density, charge,
mass and scattering time, respectively. The parameter τe holds the information about
the impurity disorder.
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Electrons do not loose coherence when scattering off elastic impurities, however co-
herence depends on the coupling to external degrees of freedom (d.o.f) or irreversible
processes such as coupling to phonons at a finite temperature. The length an electronic
wavepacket transverses before loosing its phase information is defined as the coherence
length Lϕ. For L < Lϕ, coherent effects may be present. A second characteristic length
scale is the elastic mean free path le, related to the elastic scattering time τe through
le = vF τe where vF is the Fermi velocity of the electron. le determines the crossover
between ballistic and diffusive (multiple scattering) regimes. In this work we consider
le ≪ L ≪ Lϕ, defined as the mesoscopic regime (Figure 2.1). For low enough temper-
ature, Lϕ can be of 10µm, while le can be of 10 nm.

Mesoscopic
diffusive

ballistic classical
diffusive

Figure 2.1: Different regimes determined by the two characteristic length scales, the
elastic mean free path le and the coherence length Lϕ.

Conductance fluctuations are an example of coherent effect, observed experimentally
by Webb et al. [25]. A metallic ring of around 1µm in diameter was pierced by
Aharonov-Bohm (AB) flux ϕ (Figure 2.2. Electrons in the ring experienced a negligible
magnetic field, however, different electron trajectories acquired different phases due to
the vector potential A (Figure 2.2). The trajectories interfered at the other end of the
ring and an interference pattern was observed.

The Webb experiment was done for a specific realization of the disorder in the ring.
A question one can ask is whether coherent effects are self-averaging, i.e whether they
survive an average over disorder realizations. As was shown by Sharvin and Sharvin[26],
they do survive. A cylindrical conductor of height L ≫ Lϕ and diameter of R < Lϕ

realizes a disorder average of the Webb metallic ring, and the results showed that some
fluctuations persist, thus surviving the disorder average.

Another self averaging coherent effect is the quantum corrections to the longitudi-
nal Drude conductivity, the leading one is called the weak localization which will be
introduced in the next subsection. This coherent effect is a results from an interference
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Figure 2.2: Left: illustration of the electronic trajectories in a ring pierced by AB flux
ϕ. Right: experimental results, showing fluctuations G(ϕ).

affecting the back-scattering of electrons. Throughout this work, the dimensionless
conductance will be used, through

g(L) ≡ h

e2 G(L) (2.2)

where h/e2 ∼ 25 kΩ is the quantum of resistivity.

2.2 Weak localization and Anderson transition

The Anderson metal-insulator transition is a disorder induced phase transition between
a metallic and insulating phases. Those phases are defined by the behavior of the elec-
trical conductance g as we take the length scale of the system L to infinity. Such an
insulating phase does not require a band gap, and through the entire work only gapless
materials are discussed.

In order to understand the Anderson transition, scaling theory of the electrical
conductance needs to be introduced. In general, a quantity g(L) has scaling if there
exists a function f such that

g(λL) = f(λ, g(L)). (2.3)

Put in simple words, if an initial value g0 = g(L0) is known, scaling allows us to deduce
g(L) for any scale L - useful when composing several systems of size L0 to build a larger
system. Assuming scaling, it is possible to define the beta function,

β(g) =: d ln g
d lnL

(2.4)

which will depend on g(L) alone, rather that L. Thus, by knowing g, we know its flow
- i.e its behaviour with respect to L. This is equivalent to the above statement.
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When the disorder in a metal is weak enough such that electrons are not spatially
localized, the classical Drude model applies. The conductance g (2.1) is a homogeneous
function, and it therefore scales with a constant beta function

β(g) = d− 2. (2.5)

In the opposite limit, for a very strong disorder, electronic wavefunctions are localized.
For a 1D insulator, using Landauer formula [27],

g ∝ e−L/ξ, β(g) ∝ ln(g) (2.6)

Assuming a similar behaviour for 2 and 3 dimensions , the scaling theory [2] suggests
that g scales in between as well, so we can smoothly interpolate β(g) between (2.6) for
g ≪ 1 and (2.5) for g ≫ 1 (see Figure 2.3). In two dimensions, the sign of β(g) - the
flow - is fully determined by quantum corrections.

Strong localized 
regime (insulator)

Metal-Insulator 
transition

Drude regime
(metal)

Figure 2.3: The electrical conductance β(g) function in 1-3 dimensions. The arrows
represent the flow of the conductance for L → ∞.

Taking the quantum corrections to the Drude conductance into consideration, a
calculation which will be presented in section 1.4, the conductivity becomes scale de-
pendent, and the formula for g takes the form

g(L) = σ(L)Ld−2 (2.7)

such that g(L) preserves scaling, and for weak disorder g ≫ 1 [2],

β(g) = d− 2 − α

g
+ ... (2.8)

the term α/g in the expansion is referred to as the weak localization (WL) correction
to the conductance. Originally, it was found that α > 0, leading to a small reduction
of g, hence its name WL. However, in some cases α < 0 increases g, a correction named
’weak anti-localization’ (WAL). In view of the scaling theory, this results in an Ander-
son transition in two dimensions (see Figure 2.4).
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Figure 2.4: Electrical conductance β(g) in 2 dimensions, with the addition of quantum
corrections, depending on the WL coefficient α. The arrows represent the flow of the
conductance for L → ∞.

Our main results discuss the relation between sgnα and the symmetries of the
systems, which will be discussed in the next section.

2.3 Anti-unitary symmetries and 10-fold classification

By definition of random disorder, there are no unitary symmetries remaining, hence
the system’s Hamiltonian cannot be further reduced into blocks. However such Hamil-
tonians can be distinguished by anti-unitary symmetries, which will be introduced in
this chapter. We will be working in the frame of single particle Hamiltonians, and use
first quantization.

Time reversal symmetry

Consider a particle moving in a random potential. Is the Hamiltonian symmetric with
respect to the inversion of motion, known as time-reversal symmetry (TRS)? T . This
kind of transformation cannot be achieved by a unitary operator. In fact, T is an
anti-linear operator, more specifically anti-unitary. It is defined by [28]

T = UT C, (2.9)

where UT is unitary and C satisfies

CiC† = −i, Ck̂C† = −k̂ Cr̂C† = r̂. (2.10)

Without other internal d.o.f, T acts on momentum states as follows,

T |k⟩ = eiϕT | − k⟩. (2.11)
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T is a symmetry if it commutes with the Hamiltonian,

T HT † = H. (2.12)

As an example, consider the Hamiltonian of an electron subjected to a magnetic field
B = ∇ × A and a potential V (r̂),

H = (p̂ − qA)2

2m
+ V (r̂). (2.13)

For A = 0, it is easy to check that the operator T = C satisfies (2.12). For B =
∇ × A = 0, the choice UT = e2iq

∫ r

0 A·dr gives the desired T . For a non vanishing B, it
can be shown that a UT cannot be found and H has no TRS.

Relation (2.11) leads to T 2 = I. However, this is not always so when adding d.o.f.
For example, consider a free electron in the presence of spin-orbit coupling,

Hso = p̂2

2m
+ ℏ

4mc2 σ⃗ · (∇V (r̂) × ˆ̇r), (2.14)

where σ⃗ = (σx, σy, σz) are Pauli matrices. After a Fourier transform to the momentum
k space, the eigenstates are labeled by |σ, k⟩ where σ = ±1 is the spin index. It can be
shown that the operator

T = iσy C, T |σ, k⟩ = σ| − σ,−k⟩ (2.15)

commutes with Hso while satisfying T 2 = −I.
For disordered systems, there exist 3 cases; T is absent or we have T satisfying either
T 2 = ±I. Families of disorder Hamiltonians can be classified according to these three
cases; these are known as the three Wigner-Dyson classes, labeled by A, AI, AII (see
Figure 2.5). It was shown [3, 29] that the sign of the WL correction depends on TRS
(Figure 2.5).

Figure 2.5: Summary of the known sign of the WL coefficient α in the three Wigner-
Dyson classes [30].
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Particle-hole symmetry

For some systems, the Hilbert space can be divided into two subspaces, known some-
times as particle/hole or particle/anti-particle states in different fields of physics. The
particle-hole symmetry (PHS), can be thought of as the symmetry with respect to
flipping the particle’s motion while also flipping its charge. By nature, PHS requires
additional d.o.f, and it is anti-unitary as well. Contrary to TRS, it anti-commutes with
the Hamiltonian in first quantization [13], as is also known from charge-conjugation in
Dirac Hamiltonians,

PHP† = −H. (2.16)

Like with TRS, two cases are possible, P2 = ±I. As an example, consider the Hamilto-
nian of a honeycomb lattice in a nearest-neighbors tight binding approximation. Near
the Dirac points,

H0 = vF

(
k̂x σx ⊗ 1 + k̂y σy ⊗ τz

)
, (2.17)

where σ, τ operate on the sublattice {A,B} and valley {K,K ′} spaces respectively.
The eigenbasis of H0 can be written as

|s, τ,k⟩ = s|στ , τ,k⟩ + eiφk | − στ , τ,k⟩ (2.18)

where s = ±1 represents the band, τ = K,K ′ represents the valleys and φk =
arctan ky/kx. In this basis, the operators

T = −i σz ⊗ σy e
−iφk C

P = −i σy ⊗ σx e
−iφk C

(2.19)

are the TRS (top) and PHS (bottom), satisfying (2.12), (2.16). They operate on the
eigenstates as

T | s, τ, k⟩ = −sτe−iφk | s,−τ,−k⟩

P| s, τ, k⟩ = −se−iφk | − s,−τ,−k⟩.
(2.20)

Note that PHS flips the band index s. Since (2.17) was given at the band center, it
flips electron and hole states, as expected.

The Cartan symmetry classes

According to the presence and type of the two anti unitary symmetries P and T , 9
symmetry classes are possible. Additionally, the chirality Γ, a unitary symmetry that
anti-commutes with the Hamiltonian is considered. It exists when both T , P exist
and it is given by their product Γ = PT , however it can also exist on its own, adding
a tenth class. These ten classes (Figure 2.6) have a WL sign associated with them
[11, 15, 16, 29] as given in (1.2). On the right side of the Table, homotopy groups
of the classifying spaces are given for topological insulators as has been obtained by
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Kitaev and Teo et al. [12, 13]. Systems with the Z group are characterized by an
integer topological invariant, such as the Hall conductivity in the integer quantum Hall
effect. Z2 denotes the possibility of two distinct topological phases, and the trivial
group means that the system has only a topological trivial phase. The development of
this part of the Table did not involve disordered gapless Hamiltonians. However, there
seem to be a connection between the groups and the vanishing of all quantum correc-
tions to β(g) in the chiral classes BDI, CII, AIII. This will be discussed in section 5.2.

Figure 2.6: Classification table of weak localization and topology. Left: the ten Cartan
classes of Hamiltonians along with the anti-unitary symmetries present [11, 16]. ±1
indicate a symmetry that squares to ±I, vacant space indicate lack of symmetry. Mid-
dle: Homotopy groups related to the classifying spaces of the Cartan classes [12–14].
Vacant spaces are trivial groups. Right: the sign of weak localization in each class, as
given by (1.2).

Matrix elements

A repeated method that will be used in this work is to compute matrix elements
of unitary operators while inserting the (minus) Identity - T 2 or P2, and then use
(anti) commutation rules and applying T or P on states. This process should be
done carefully, as anti-linear operators do not have properly defined matrix elements.
Operation of an anti-linear operator A is defined as operating on the ket state, denoted
by parenthesis. The following relation applies,

⟨ψa |
(
A |ψb⟩

)
= ⟨ψb |

(
A† |ψa⟩

)
. (2.21)
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For an anti-unitary operator A satisfying A2 = ±I, it can be shown that A† = ±A.
Given a linear operator O and a commutation relation [A, O] = 0, we can have a
relation between matrix elements of O,

⟨ψa |O |ψb⟩ = ±⟨ψa |OA2 |ψb⟩ = ⟨ψa |O (A |Aψb⟩) = ±⟨ψa | (AO |Aψb⟩) . (2.22)

Using (2.21),

±⟨ψa | (AO |Aψb⟩) = ±⟨Aψb |
(
O†A† |ψa⟩

)
= ⟨Aψb |O† |Aψa⟩ (2.23)

Thus giving
⟨ψa |O |ψb⟩ = ⟨Aψb |O† |Aψa⟩. (2.24)

This calculation can be repeated for anti-commutation relation {A, O} = 0, resulting
in

⟨ψa |O |ψb⟩ = −⟨Aψb |O† |Aψa⟩. (2.25)

2.4 Diffusion probability and Kubo formula

The Kubo formula involves the disorder-averaged probability for an electronic wave
packet to diffuse from r to r′ in time t, denoted as P (r, r′; t). For a wave packet
centered around energy ε, its Fourier transform to frequency space is proportional to

P (r, r′, ω) ∝ GR
(ε)(r, r′)GA

(ε−ω)(r, r′) (2.26)

where GR,A are the retarded, advanced Green’s functions, related by GR = GA∗ , and
(...) denotes average over the disorder. The probability amplitude GR represents a sum
over all multiple scattering amplitudes,

G(ε)(r, r′) =
∞∑

N=1

∑
CN

|A(r, r′; CN |ei k LN , (2.27)

where A(CN is the amplitude of scattering in a trajectory CN , and k is the electron
momentum.

Plugging (2.27) into (2.26) leads to a sum of different trajectories for GR,A (Fig-
ure 2.7) of lengths LN , L′

N with a phase of k(LN − L′
N ). In the low disorder limit

k le ≫ 1 where le is the mean free path, LN − L′
N is at least of order le, and thus the

phase is much larger than 2π. Hence, it oscillates rapidly between random different
trajectories. On average over disorder, most terms disappear.

The phase of the terms where the trajectories of GR,A are identical to each other
will cancel out and they will survive the averaging (2.8). These correspond to classical
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Figure 2.7: A process contributing to the diffusion probability P (r, r′, ω) for a specific
realization of disorder.

diffusion, and represent an excitation called the ”diffuson”, denoted here by Pd. They
contribute to the classical Drude conductance [30]. Using the reciprocity theorem, one
can reverse one of the trajectories. The phase will cancel out almost everywhere, how-
ever, a crossing needs to be present (Figure 2.8), which adds phase information due to
the difference in the trajectories. This corresponds to the first order quantum correc-
tions is called ”cooperon”, denoted by Xc [30].

Figure 2.8: Left: parallel trajectories, contributing to the classical diffusion probabil-
ity Pd (diffuson). Right: inverse trajectories and a crossing, contributing to the first
quantum correction Xc (cooperon).

Pd and Xc can be represented diagrammatically by introducing vertex functions,
representing the summation of scattering processes. In the case where the trajectories
are parallel (as in Pd), the vertex function is denoted by Γd. For inverse trajectories
(as in Xc), it is denoted by Γc. A disorder that is isotropic on average is assumed, and
the Fourier transform to momentum space, (r− r′) → q is taken. The contributions to
the Kubo conductivity that we will consider involve a spatial summation of diffusion
processes, corresponding to the limit q → 0. Moreover, the d.c conductivity corresponds
to the limit ω → 0. The diffuson Pd and cooperon Xc (Figure 2.9) have the following
equations,

Pd (ω, q → 0) =
∑
k,k′

G
R
(ε)(k)GA

(ε−ω)(k) Γd
ω(q)GR

(ε)(k′)GA
(ε−ω)(k′)

Xc (ω, q → 0) =
∑
k,Q

G
R
(ε)(k)GA

(ε−ω)(−k) Γc
ω(Q)GR

(ε)(k)GA
(ε−ω)(−k),

(2.28)
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where Q = k + k′ and the disordered averaged Green’s functions are

G
R,A
(ε) (k) = 1

ε− ε(k) ± iℏ/2τe
, (2.29)

where τe is the elastic scattering time. The independence of Xc on q indicates that it
is spatially localized, and thus affects mainly the return probability P (r, r, ω). Note
that this does not mean the quantum effect is localized; As will be explained in the
following, when TRS exist, Γc is long ranged.

Figure 2.9: The ladder and crossed diagrams for the diffuson and cooperon. Q = k+k′.
ω notation is omitted.

The vertex functions satisfy a Bethe-Salpeter equation (Figure 2.10),

Γd(q) = Bd(q) +
∑

k

G
R(k)GA(k − q)Bd(q) Γd(q)

Γc(Q) = Bc(Q) +
∑

k

G
R(k)GA(Q− k)Bc(Q) Γc(Q),

(2.30)

where Bc,d denote elementary vertices which describe a single scattering process in
(2.26),

Bd =
⟨
k |V | k′⟩ ⟨k |V | k′⟩∗

Bc =
⟨
k |V | k′⟩ ⟨−k′ |V | − k

⟩∗
.

(2.31)

The effect of TRS can be demonstrated as follows; when one of the trajectories is
reversed in direction, it is in fact motion reversed - and when TRS exists then the
inverse trajectory equals the original one, and thus Γd = Γc. From (2.30), Γd satisfies
the diffusion equation,

Γd
ω = 1

−iω +Dq2 (2.32)

where D = vle/d is the diffusion constant in d dimensions. In the limit ω → 0, it
represents a long-ranged Goldstone mode. Thus, in a system with TRS, Γc(Q) will
also satisfy the diffusion equation. The long range of Γc in the coherent Cooperon Xc

explains why the conductivity, a local classical quantity, is now scale dependent (2.7).
Recalling that Q = k + k′, its main contribution will be in back-scattering processes
where k′ = −k.

The total return probability P = Pd + Xc describes an interference pattern. This
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Figure 2.10: Diagrams for the vertex functions. Top: for the diffuson. Bottom: for the
cooperon.

interference is constructive when no other degrees of freedom are present (free electron
gas) and it increases the return probability, hence enhancing WL. As shown in Chap-
ter 3, additional degrees of freedom may result in this interference being destructive,
leading to weak anti-localization. This will depend on the type of TRS present, as
suggested by Figure 2.5.

The diffusion probability will now be linked to the electrical conductivity via the
Kubo formula. Consider a Hamiltonian perturbed by a weak random disorder H =
H0 + V . At zero temperature, the Kubo formula can be brought to a form where the
longitudinal d.c conductivity σxx is a trace over current and resolvent operators [30],

σxx (εF , ω → 0) = 2ℏ
πΩ

Tr

(
ĵxĜR

εF
jxĜA

εF −ω − 1
2
ĵxĜR

εF
ĵxĜR

εF −ω − 1
2
ĵxĜA

εF
jxĜA

εF −ω

)
,

(2.33)
where εF denotes the Fermi energy, ĵx = e [ x̂, Ĥ0 ] and

ĜR,A
ε = 1

ε− Ĥ0 ± i0+
. (2.34)

Once the trace is expanded, it can be seen that the first term in the right-hand side
corresponds to the diffusion diagrams at q → 0 with vertex corrections given by the
current,

∆σ = |f |
∑
k,k′

j(k) j(k′)GR(k)GA(−k) Γc(Q)GR(k)GA(−k), (2.35)

where f is a constant, and the ε, ω notation was dropped. Under the summation
over the momentum direction k̂, the contribution of the current adds a minus sign,
since ⟨j(k)j(k′)⟩k̂′ ∼ −k2

F /d. ∆σ gives the WL correction to the conductivity. In the
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computation of (2.35), the coherence length cutoff Lϕ is taken, which suppresses long
trajectories where phase coherence is destroyed. In two dimensions, the WL correction
leads to [30]

∆σ = − e2

πh
ln Lϕ

le
. (2.36)
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Chapter 3

Weak localization and
symmetries

This chapter presents our main results - the dependence of the WL sign on the symmetry
class of the system (1.2). Systems with general degrees of freedom are discussed. In
the first part, the dependence of WL on TRS is presented, summarizing the known
results in a more compact form. In the second part, we present the new contribution
resulting from the presence of PHS. This contribution, along with the former known
contribution due to TRS, may cause the WL correction to vanish.

3.1 Time-reversal symmetry

In section 2.4, it was demonstrated that the Kubo formula for the electrical conductivity
σ = σd + ∆σ involves the diffusion probability. Namely, crossed diagrams (Cooperon)
along with vertex corrections due to the current jx contribute to the WL correction ∆σ.
For non-interacting electrons with random elastic impurities, the absence of magnetic
field and the existence of TRS lead to a doubling of the return probability. It is due
to inverse trajectories in the crossed diagrams being identical to parallel trajectories in
ladder diagrams.

In the Kubo formula, the current vertex corrections result in an overall minus sign to
the cooperon, ensuring that the WL correction ∆σ is negative. This makes sense phys-
ically, as an enhanced return probability reduces the propagation of electrons through
the conductor. However, as introduced in section 2.3, adding d.o.f may change this
behavior.

This section’s goal is to show that in the presence of TRS T , inverse and parallel
trajectories are equal up to the sign of sgn(T 2). Additionally, the current jx always
contributes a minus sign, so that sgn(∆σ) will be dependent on sgn(T 2) alone.
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In this chapter we assume that the eigenfunctions of the clean Hamiltonian H0 are
labeled by a multi-index α describing the quantum numbers due to the additional d.o.f
along with momentum k. In this case both diffuson and cooperon (Figure 3.1) take the
form [30],

Pd (q → 0) =
∑

α,β,k,k′

G
R
α (k)GA

α (k) Γd
αα;ββ(q)GR

β (k′)GA
β (k′)

Xc (q → 0) =
∑

α,β,k,Q

G
R
α (k)GA

β (−k) Γc
αβ;βα(Q)GR

β (k)GA
α (−k),

(3.1)

where Q = k + k′, and the limit q → 0 is taken as discussed in section 2.4. Here, GR,A
α

are the disorder-averaged single-particle Green’s functions,

G
R,A
α (k) = 1

ε− εα(k) ± iΣα
, (3.2)

where εα(k) = ⟨a, k |H0 |α, k⟩ is the clean dispersion relation and Σα = iℏ/2τα is the
self energy. Since we eventually take ε → 0, we will often drop the ε notation. As dis-
cussed in section 2.4, GR,A

α (k) represents the amplitude of free propagation broadened
by a width of the elastic scattering time τα.

Figure 3.1: The ladder and crossed diagrams for the diffuson and cooperon for systems
with degrees of freedom.

The vertex functions Γd
αα;ββ(q), Γc

αβ;βα(Q) become tensors, and Pd, Xc involve a
trace over the d.o.f. These vertex functions are given by the generalized Bethe-Salpeter
equations, similar to (2.30),

Γd
αβ;γδ(q) = Bd

αβ;γδ(q) +
∑
µ,ν,k

G
R
µ (k)GA

ν (k − q)Bd
µν;γδ Γd

αβ;µν(q)

Γc
αβ;γδ(Q) = Bc

αβ;γδ(Q) +
∑
µ,ν,k

G
R
µ (k)GA

ν (Q− k)Bc
µν;γδ Γc

αβ;µν(Q),
(3.3)

as illustrated in Figure 3.2. The elementary vertices Bd,c represent a single scattering
event in the two-particle scheme,

Bd
αβ;γδ =

⟨
α, k |V | γ, k′⟩ ⟨β, k |V | δ, k′⟩∗

Bc
αβ;γδ =

⟨
α, k |V | γ, k′⟩ ⟨δ,−k′ |V |β,−k

⟩∗
.

(3.4)
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Figure 3.2: Diagrams for the vertex function with the addition of indices. Top: for the
diffuson. Bottom: for the cooperon.

Similarly to the scalar case, we will relate Γc with Γd in the presence of TRS. In par-
ticular, different tensor elements are related, but such that the overall trace Xc have a
relative sign sgn(T 2) with respect to Pd. This results in an enhanced or reduced return
probability and thus a negative or positive WL correction ∆σ. Some tensor elements
will not adhere to this relation, but we will show that those are not massless Goldstone
modes and hence dephase quickly, therefore not contributing to WL.

We now consider a general TRS T such that THT † = H. It acts on eigenstates of
H0, |α, k⟩, according to

T |α, k⟩ = tα,k|α,−k⟩, (3.5)

where α denotes time-reversed indices. For example, in this notation, σ = −σ in
example (2.15) where σ denotes the electronic spin. The phase factor tα,k depends on
the choice of basis. Using (2.10), the effect of T 2 can be calculated,

T 2|α, k⟩ = T (tα,k|α, k⟩) = t∗α,ktα,−k|α, k⟩, (3.6)

which gives
sgnT 2 = t∗α,ktα,−k. (3.7)

From Equation (3.3), in the limit q,Q → 0, tensor elements of Γc are related to those of
Γd provided that the elementary vertices Bc,d and the average Green’s functions GA(k),
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G
A(−k) are related. Starting with the Green;s functions, we compute the commutation

relation of the average resolvant operator using (2.12),

T Ĝ
A

(ε) T † = T 1
ε− Ĥ0 + i0+

T † = 1
ε− Ĥ0 − i0+

= Ĝ
R

(ε). (3.8)

Then, matrix elements of the average Green’s function can be related by the inserting
T , through (2.24),

⟨α, k | Ĝ
A

|α, k⟩ = sgnT 2⟨α, k | Ĝ
A

T 2 |α, k⟩ = ⟨α,−k | Ĝ
A

|α,−k⟩, (3.9)

leading to
G

A
α (k) = G

A
α (−k). (3.10)

The elementary vertices (3.4) can be similarly related,

⟨β, k |V | δ, k′⟩ = sgnT 2⟨β, k |V T 2 | δ, k′⟩ = t∗δ,k′tβ,k⟨δ,−k′ |V |β,−k⟩, (3.11)

so that
Bd

αβ;γδ = t∗δ,k′tβ,kB
c
αβ;γδ

. (3.12)

By identifying the coefficients in (3.3), as detailed in Section A.1.

Γd
αβ;γδ

(
k + k′) = t∗δ,k′tβ,kΓc

αβ;γδ

(
k + k′) . (3.13)

Only tensor elements of the form Γc
αβ;βα, Γd

αα;ββ. may be Goldstone modes [30], Other
terms have mass and get dephased, hence they do not contribute to ∆σ. According
to (3.13), these are related through Γc

αβ;βα ∝ Γd
αβ;βα

. Therefore, any crossed diagram
contributing to ∆σ must satisfy α = β, leading to

Γd
αα;αα = t∗α,k′tα,kΓc

αα;αα. (3.14)

As we take the limit k + k′ → 0, using (3.7),

Γd
αα;αα = sgnT 2 Γc

αα;αα. (3.15)

Recalling the Kubo formula (2.33), the trace of the GRGA term can be expanded as
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∆σ = |f |
∑

α,β,k,k′

jα(k) jβ(k′)GR
α (k)GA

β (−k) Γc
αβ;βα(Q)GR

β (k)GA
α (−k), (3.16)

where f is constant. Through summation of the Goldstone modes where α = β, it
appears that the vertex corrections due to the current account for an overall negative
factor like in the scalar case (2.35), due to

jα(k) = −jᾱ(−k) (3.17)

as a result from the assumption of T ĵ T † = −ĵ.
This means that the current operator is odd with respect to the momentum operator.
As a result, the overall negative factor ensures that 93.16) results in

∆σ = −sgnT 2 |α|
g
. (3.18)

indicating a reduction (enhancement) of the conductance due to the enhancment (re-
duction) of the return probability.

3.2 Particle-hole symmetry

Accounting for TRS alone, the method in the previous chapter determines the sign of
the WL correction for the three Wigner-Dyson classes, A,AI,AII. The GRGR, GAGA

terms can be also diagrammatically expanded. However, these diagrams do not con-
tribute to the first order term in 1/g [30].

But when considering our new contribution from the addition of PHS P - these
diagrams will contribute, and the interference effects due to crossed diagrams modify
∆σ, this time according to sgnP2. As the absence of TRS implies the vanishing of the
leading term in GRGA, the contributions of GRGA and GRGR, GAGA result from TRS
and PHS respectively but in a separate manner. This leads to our main result (1.2).

In the following, we will refer to the GRGR term only. In Section A.2 we show
that GAGA, appearing in the Kubo formula (2.33) with the same factor as GRGR,
contributes identically to ∆σ.

In order to see how the diagrams of GRGR contribute in the presence of PHS, we
write their first order contribution,
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Xc (q → 0) =
∑

α,β,k,Q

G
R
α (k)GR

β (−k) Γc
αβ;βα(Q)GR

β (k)GR
α (−k), (3.19)

where Γc satisfy

Γc
αβ;γδ(Q) = Bc

αβ;γδ(Q) +
∑
µ,ν,k

G
R
µ (k)GR

ν (Q− k)Bc
µν;γδ Γc

αβ;µν(Q), (3.20)

and
Bc

αβ;γδ =
⟨
α, k |V | γ, k′⟩ ⟨β,−k |V | δ,−k′⟩ . (3.21)

Assume that P satisfies PHP† = −H, and its action on eigenstates |α, k⟩ of H0, is
given by

P|α, k⟩ = pα,k|α,−k⟩, (3.22)

where α are the charge-conjugated indices. For example, in this notation, s = −s in
(2.20) where s is denotes the band index in graphene. As in (3.6), the action of P2 is

P2|α, k⟩ = p∗
α,k pα,−k| α, k⟩, (3.23)

which gives
sgnP2 = p∗

α,k pα,−k. (3.24)

Notice that

P Ĝ
A

(ε) P† = P 1
ε+ Ĥ0 + i0+

P† = − 1
−ε− Ĥ0 + i0+

= −Ĝ
A

(−ε) (3.25)

leads to (at the band center ε → 0)

G
A
α (k) = −GR

α (−k). (3.26)

From (3.3), (3.20) it is possible to relate tensor elements of Γd and Γc, so that the first
term of GRGR diagrams plays a similar role to the first term of the diffusion probability
GRGA diagrams. What is left now is to relate Bd to Bc. As was done in (3.11), a similar
computation is performed,

⟨β, k |V | δ, k′⟩∗ = sgn P2 ⟨β, k |V P2 | δ, k′⟩∗ = −p∗
δ,k′ pβ,k ⟨δ,−k′ |V |β,−k⟩∗. (3.27)

This time, a minus sign appears due to P anti-commuting with V . Since V is hermitian,
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⟨δ,−k′ |V |β,−k⟩∗ = ⟨β,−k |V | δ,−k′⟩, thus (recall (3.21))

Bd
αβ;γδ = −p∗

δ,k′pβ,kBc
αβ;γδ

. (3.28)

Again, we can use (2.24) to relate vertex functions,

Γd
αβ;γδ

(
k + k′) = −p∗

δ,k′ pβ,k Γc
αβ;γδ

(
k + k′) . (3.29)

Including only massless Goldstone modes, as in (3.14), (3.15),

Γd
αα;αα = −sgnP2 Γc

αα;αα. (3.30)

From the Kubo formula (2.33), the trace of the GRGR term has the form,

∆σ = −1
2

|f |
∑

α,β,k,k′

jα(k) jβ(k′)GR
α (k)GR

β (−k) Γc
αβ;βα(Q)GR

β (k)GR
α (−k). (3.31)

Through summation of the Goldstone modes where α = β, the vertex corrections due
to the current now account for an overall positive factor, since

jα(k) = jᾱ(−k) (3.32)

as a result of P ĵ P† = ĵ. Therefore, an overall negative factor similar to (3.16) is
present, which, accounting only for the GRGR term, results in

∆σ = sgnP2 |α|
g
. (3.33)

Along with (3.18), Our final result (1.2) is obtained.
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Chapter 4

Numerical modelization

In this chapter, our numerical results for β(g) in a tight-binding model of a bipartite
honeycomb lattice (e.q graphene) using the Thouless conductance are presented. In
Section 4.1, the Thouless expression for conductance is introduced. The results are
discussed in Section 4.3.

4.1 Thouless conductance

The Kubo formula requires information about the system’s wavefunctions. Numeri-
cally, one has to find the eigenvectors of the Hamiltonian matrix. A measure for the
localization of wavefunctions using boundary conditions (B.C) was proposed by Ed-
wards and Thouless [23]. This measure is known as the Thouless conductance gT . Its
notable advantage is that it is based on the energy spectrum alone. The numerical
computation of a matrix eigenvalues is easier than calculating its eigenvectors as well,
and this is why we turn to gT in order to find β(g).

The main idea behind gT is the sensitivity of delocalized states to a change of
B.C compared to localized states, whose wavefunction vanishes near the edge. When
changing B.C, the shift in energies of delocalized states will be larger that the shift of
localized states. Thus, a measure of this average shift is an indicator of the localization
and hence the conductance of the system.

We propose a change of B.C applied to a periodic two dimensional system (cylinder)
by means of an Aharonov-Bohm flux ϕ piercing the cylinder. This is equivalent to
changing the periodic B.C by the phase ϕ,

ψ(0) = eiϕψ(L) (4.1)

where L is the size of the system. The change of each energy level n with respect to
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the flux, En(ϕ), can be measured by its curvature, denoted as Thouless energy ET :

ET =
⟨(

∂2En(ϕ)
∂ϕ2

)2

ϕ=0

⟩1/2

(4.2)

where ⟨...⟩ denotes the disorder and spectrum average. This energy, when compared to
the mean energy level spacing ∆, defines Thouless conductance gT ,

gT = ET

∆
. (4.3)

When combining two samples of length L with different realizations of disorder, new
B.C are formed in the middle. Since ET represents the level’s sensitivity to this change,
it results in the broadening of the levels with respect to generating new states that are
delocalized across the 2L system (Figure 4.1).

1 2

Figure 4.1: An illustration of the Thouless conductance gT and the wavefunction lo-
calization. Top: A 2L system is built out of two L cubes with different realizations of
disorder. Middle: A part of the energy spectra of the two cubes before their combi-
nation, with mean level spacing ∆ and a broadening described by ET , represented for
two cases with small and large gT respectively. Bottom: Illustration of wavefunctions
of the 2L system, corresponding to the spectra above. Delocalized wavefunctions have
energies denoted by the dotted black lines, when they overlap.

The relation between gT and the Kubo conductance was discussed in previous works
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[24, 31, 32]. It was found that in the metallic regime, both quantities are proportionate
to each other. This is a remarkable property consider how differently gT is defined.

4.2 Models of disorder

For our calculations we use a tight-binding model of a bipartite honeycomb lattice (e.q
graphene), described by the Bravais vectors

a1 = (1, 0) , a2 =
(

1
2
,

√
3

2

)

and a basis vector
δ =

(1
2
,

1√
3

)
.

Denote δn = R2πn/3δ where Rθ is a rotation matrix of angle θ in the plane. The bulk
Hamiltonian is

Hbulk
0 = t

∑
n=0,1,2

R∈S

|R, A⟩⟨R + δn, B| + h.c (4.4)

where t is the hopping parameter between neighbouring sites, A, B are the sublattice
indices, and S ∈ {R = na1 +ma2 |Rx < La1,x, R

y < La2,y}, such that the lattice
forms a square of L×L unit cells, producing zigzag and armchair B.C before applying
periodicity (Figure 4.2). Then, we apply periodic B.C in the x direction along with the
Thouless phase change in the y direction (Figure 4.2), such that the Hamiltonian is

H0 = Hbulk
0 + t

∑
⟨i,j⟩x

|Ri, A⟩⟨Rj , B| + t eiϕ
∑

⟨i,j⟩y

|Ri, A⟩⟨Rj , B| + h.c, (4.5)

where ⟨i, j⟩x (y) denotes nearest neighbours Ri, Rj are when we shift the sites in the
x (y) direction L− 1 unit cells, such that the boundaries connect.

Figure 4.2: Honeycomb lattice used for the model and Thouless B.C (red). Dashed
blue lines indicate periodicity in the x direction. Solid blue lines and orange dots
illustrate the bulk.

Four distinct random potentials are added to H0:
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• On-site disorder,
VAI =

∑
i

εi|Ri⟩⟨Ri| + h.c, (4.6)

where εi ∈ [−W/2, W/2] are uniformly distributed. This is the Anderson model
on the honeycomb lattice and it belongs to class AI - there is only TRS that
squares to the identity, similar to the Anderson model for a free electron.

• On-site disorder with Rashba spin-orbit coupling,

VAII =
∑
i,σ

εi|Ri, σ⟩⟨Ri, σ| + iλ
∑
⟨i,j⟩
σ,σ′

(r⃗ × σ⃗)σσ′

z |Ri, σ⟩⟨Rj , σ
′| + h.c, (4.7)

where each site contains two spin states σ = ±1. By adding this coupling, the
system moves to the AII class, as in (2.14).

• Hopping disorder,
V h

BDI =
∑
⟨i,j⟩

δ tij |Ri⟩⟨Rj | + h.c, (4.8)

where δtij ∈ [W/2 W/2] are uniformly distributed. This disorder maintains the
sublattice symmetry of the Hamiltonian - Its matrix can be put in the form of off-
diagonal blocks, like H0. As a result, it anti-commutes with the matrix σz ⊗ IN/2

in this basis, which is the chiral symmetry of the BDI class.

• Random vacancy disorder,

V v
BDI = −t

∑
i∈I

∑
⟨j,i⟩

|Ri⟩⟨Rj | + h.c, (4.9)

where I is a random sample of the N lattice sites such that |I|/N = W . This
accounts for the removal of [W · N ] atoms from the lattice, which preserves the
BDI symmetry class as well [33, 34].

4.3 Results

In order to compute gT according to (4.3), we set up a lattice of L × L unit cells de-
scribed by (4.5) with t = 1. For each realization of disorder, we computed its spectrum
En(ϕ) (Figure 4.3) and took a numerical second derivative at ϕ = 0, averaged over the
entire spectrum. This was repeated for a set of sizes L, and for a range of disorder
strength W , for each type of disorder potential.

By computing gT (L,W ) (Figure 4.4), we obtain the flow of g(L). For on-site dis-
order given by VAI , gT decreases with the size L for every disorder strength W tested,
even at small disorder where W ∼ t. In contrast, the addition of spin-orbit coupling
through the potential VAII induces a change in the flow around gc ∼ 2.8, where gT
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Figure 4.3: Behavior of the energy spectra En(ϕ) of the honeycomb tight-binding
model for the four disorder potentials, from top-left clockwise: VAI , VAII , V h

BDI , V v
BDI .

increases with L for g < gC and decreases for g > gc. This indicates a transition from a
negative to positive β(g). For the BDI potentials, it is shown that gT does not depend
on L for a large range of disorder strengths.

We also found scaling parameters of the form s = LαW ν and s = Lα(W − Wc)ν

for the AI, AII cases such that gT = f(s) (Figure 4.5). Then, β(gT ) was computed by
means of

β(g) = d ln(g)
d ln(L)

= α
s(g)
g
f ′(s(g)). (4.10)

The results are presented in Figure 4.6. For the BDI cases, since the results are L
independent, the scaling parameter is W and thus β vanishes.
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Figure 4.4: Thouless conductance gT with respect to the disorder strength W/t as
defined in (4.6)-(4.9). From top-left clockwise: VAI , VAII , V h

BDI , V v
BDI .

Figure 4.5: Thouless conductance gT plotted as a function of scaling parameters
s1 = L0.58W 1.5 for the VAI potential, and s2 = L0.71(W−3.03)2.2 for the VAII potential.
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log

Figure 4.6: Plot of β(gT ) for the Thouless conductance gT , using (4.10). Left: for the
AI potential, β(gT ) is always negative. Right: for the AII potential, where a transition
can be seen.
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Chapter 5

Conclusion and open questions

In our work, we have related weak localization corrections to the topological classifi-
cation according to two anti-unitary symmetries: time-reversal and particle-hole. We
have presented a physical explanation to the vanishing of weak localization in three
of the chiral classes as a new interference effect. This effect arises in the presence of
particle-hole symmetry and cancels precisely the known interference due to the time-
reversal symmetry in these classes.

We have presented numerics for the behaviour of the β(g) function associated to the
conductance for a tight binding model of bipartite honeycomb lattice, e.q graphene, a
system which belongs to the BDI class in its pristine form. To that purpose, we have
studied the Thouless conductance, which uses less computational resources. For dis-
order types preserving the BDI symmetry class, we have shown that β(g) vanishes,
as is known in the literature. When the disorder corresponds to a different symmetry
classes, we obtained results that agree with the expected theory.

5.1 Higher order corrections

The vanishing of the lowest order weak localization correction occurs both for systems
without symmetries (class A) as well as for the three chiral classes BDI, CII, and
AIII. However, all quantum corrections vanish only in the latter three classes, as was
found using the method of non-linear sigma models [16, 17].

In class A, it was found that the second order (∝ 1/g2) correction is negative [29].
This can be obtained by computing second order diagrams. When two crossings are
present, some diagrams will have no inverse trajectories (Figure 5.1). Thus, interference
with the classical diffuson does not require time-reversal symmetry.

In classes BDI and CII, our method of comparing the vertex functions can be

39



Figure 5.1: An example of a second order diagram with two crossings contributing to
weak localization in class A.

extended to higher orders. For every order, using the methods in Section 3, one can
relate Γc in the diagrams of GRGR to Γd in GRGA, as a result of the presence of particle-
hole symmetry. Then, Γd can be related to Γc due to time reversal symmetry. In that
way each Γc in a given diagram is related to Γc in its matching diagram, according to
the sign of the two symmetries (Figure 5.2). Although not shown directly in chapter
3, one also can define parallel vertex functions in GRGR and denote them by Γd, and
similarly relate them to Γd. Thus, each order will have separate canceling interference
effects.

Figure 5.2: An example of second order diagrams of GR GA (left) and GR GR (right)
with crossed terms, which cancel each other in classes BDI, CII, and AIII.

The vanishing of higher corrections for class AIII can also ne explained using our
methods by considering the chiral symmetry and its effects on relations between tensor
elements of Γc and Γc. These relations can be made directly as the chiral symmetry does
not flip the momentum. It can then be shown that every two corresponding diagrams
(Figure 5.2) cancel each other.

5.2 Relation to topology

Graphene with a vacancy is known to be a topological material [34]. One can ask
whether the vanishing of β(g) is a topological property. When taking into account
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defects in materials, the columns of the classification Table (Figure 2.6), which asso-
ciate topology to symmetry, are no longer determined by the spatial dimension. A
more intricate formalism was developed which associates topology with the defect co-
dimension, as well as the properties of Clifford algebras related to the symmetry class of
the Hamiltonian. In this formalism, graphene with vacancy disorder has a co-dimension
of one and can thus support an integer topological invariant according to the Table.

An interesting implication of topology and the vanishing of β(g) occurs when com-
bining two films into a bilayer graphene with vacancies. Separately, each layer belongs
to the BDI class with topology [34] and β(g) = 0. We have found that the two pos-
sible stacking of the layers, AB or AA [35], behave differently [36]. The AA stacking
with vacancies belongs to the AI class with corresponding no-zero WL term in β(g).
In contrast, the AB stacking with vacancies belongs to the CII topological class with
β(g) = 0. This is a typical example of the interplay between topology and quantum
transport.

In our numerical results, it appears that β(g) vanishes for a hopping disorder as well.
This suggests that this kind of disorder makes graphene topological. The calculation
of the sign of weak localization in Chapter 3 did not address topological zero-modes,
as only k states were considered. Provided a time reversal symmetry is present, it
can be argued that these zero modes do not contribute to the conductance as they are
localized and stationary. However without this symmetry they can flow, as happens in
the integer quantum Hall effect. Therefore, in class AIII, those zero modes require a
more thorough approach.
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Appendix A

Supplementary Calculations

A.1 Relation between vertex functions

We wish to obtain the relation between tensor elements of Γc and Γd, as given in (3.13),
provided we have the relations

Bd
αβ;γδ = t∗δ,k′ tβ,k B

c
αβ;γδ

G
A
α (k) = G

A
α (−k).

(A.1)

We use a shortened notation,
tαβ ≡ t∗α,k tβ,−k. (A.2)

According to (3.5), (3.7),
tαα = 1, tαα = sgn T 2. (A.3)

Plugging (A.1) in the coefficients in the Bethe-Salpeter equation (3.3) and considering
the q → 0 limit,

Γd
αβ;γδ = Bd

αβ;γδ +
∑
µ,ν,k

G
R
µ (k)GA

ν (k)Bd
µν;γδ Γd

αβ;µν (A.4)

= tδβ B
c
αβ;γδ

+
∑
µ,ν,k

G
R
µ (k)GA

ν (k)
(
tδν B

c
µν;γδ

)
Γd

αβ;µν , (A.5)

where the limit k′ → −k was taken. Next, consider the tensor elements of Γc,

Γc
αβ;γδ

= Bc
αβ;γδ

+
∑
µ,ν,k

G
R
µ (k)GA

ν (−k)Bc
µν;γδ

Γc
αβ;µν

= Bc
αβ;γδ

+
∑
µ,ν,k

G
R
µ (k)GA

ν (k)Bc
µν;γδ

Γc
αβ;µν

,
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using (A.1) in the second transition. Multiplying both sides by tδβ ,

tδβ Γc
αβ;γδ

= tδβ B
c
αβ;γδ

+
∑
µ,ν,k

G
R
µ (k)GA

ν (k) tδβB
c
µν;γδ

Γc
αβ;µν

= tδβ B
c
αβ;γδ

+
∑

µ,ν,k

G
R
µ (k)GA

ν (k)
(
tδβ B

c
µν;γδ

)
Γc

αβ;µν
.

From (A.3), using the identity tδβ = tδν tνβ leads to

tδβ Γc
αβ;γδ

= tδβ B
c
αβ;γδ

+
∑

µ,ν,k

G
R
µ (k)GA

ν (k)
(
tδβ B

c
µν;γδ

)
Γc

αβ;µν
(A.6)

= tδβ B
c
αβ;γδ

+
∑

µ,ν,k

G
R
µ (k)GA

ν (k)
(
tδν B

c
µν;γδ

) (
tνβ Γc

αβ;µν

)
. (A.7)

By comparing the coefficients of this tensor element to the coefficients in (A.5), we
obtain (3.13).
As for the particle hole symmetry, the calculation is similar. Based on

Bd
αβ;γδ = −p∗

δ,k′ pβ,k Bc
αβ;γδ

G
A
α (k) = −GR

α (−k),
(A.8)

we define
pαβ ≡ p∗

α,k pβ,−k (A.9)

which satisfies
pαα = 1, pαα = sgn P2. (A.10)

As in (A.5), consider

Γd
αβ;γδ = Bd

αβ;γδ +
∑
µ,ν,k

G
R
µ (k)GA

ν (k)Bd
µν;γδ Γd

αβ;µν (A.11)

= −pδβ Bc
αβ;γδ

+
∑
µ,ν,k

G
R
µ (k)GA

ν (k)
(
−pδν Bc

µν;γδ

)
Γd

αβ;µν . (A.12)

Using (3.20) and (A.10),

Γc
αβ;γδ

= Bc
αβ;γδ

+
∑
µ,ν,k

G
R
µ (k)GR

ν (−k)Bc
µν;γδ

Γc
αβ;µν

= Bc
αβ;γδ

−
∑
µ,ν,k

G
R
µ (k)GA

ν (k)Bc
µν;γδ

Γc
αβ;µν

.
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Multiply by a factor of −pδβ ,

−pδβ Γc
αβ;γδ

= −pδβ Bc
αβ;γδ

−
∑

µ,ν,k

G
R
µ (k)GA

ν (k)
(
−pδβ Bc

µν;γδ

)
Γc

αβ;µν
(A.13)

= −pδβ Bc
αβ;γδ

−
∑

µ,ν,k

G
R
µ (k)GA

ν (k)
(
−pδν Bc

µν;γδ

) (
pνβ Γc

αβ;µν

)
(A.14)

= −pδβ Bc
αβ;γδ

+
∑

µ,ν,k

G
R
µ (k)GA

ν (k)
(
−pδν Bc

µν;γδ

) (
−pνβ Γc

αβ;µν

)
(A.15)

and by comparing to the coefficients of (A.12), we obtain (3.29).

A.2 Contribution of advanced Green’s functions

In (3.2) we considered only GRGR. We now extend the calculation to GAGA, and show
that it leads to similar results. Recall the elementary vertex (3.4),

Bd
αβ;γδ = ⟨α, k′ |V | γ, k⟩ ⟨β, k |V | δ, k′⟩∗. (A.16)

Using (3.27),

Bd
αβ;γδ = −p∗

δ,k′ pβ,k ⟨α, k′ |V | γ, k⟩ ⟨δ,−k′ |V |β,−k⟩∗. (A.17)

Since V is hermitian,

Bd
αβ;γδ = −p∗

δ,k′ pβ,k ⟨γ, k′ |V |α, k⟩∗ ⟨δ,−k′ |V |β,−k⟩∗ ≡ B̃c
αβ;γδ (A.18)

where B̃c denotes the elementary vertex of the crossed diagrams in GAGA, parallel to
(3.21). Conjugating (3.26), we obtain

G
R
α (k) = −GA

α (k). (A.19)

Using the method presented in (A.8) - (A.15), it follows that

Γd
αβ;γδ = −p∗

δ,k′ pβ,k Γ̃c
αβ;γδ

. (A.20)

where Γ̃c denotes the vertex function of the crossed diagrams in GAGA.
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לחזור אלקטרונים של ההסתברות על שמשפיע התאבכות אפקט יוצר זו סימטריה של ונוכחותה

הסימטריה בסוג תלוי והוא החלשה הלוקלזציה סימן את קובעת הורסת או בונה התאבכות לאחור.

למדוד ניתן וכך זו, סימטריה שוברת לדוגמא, מגנטי, שדה של נוכחות המערכת. של בזמן להיפוך

רבות. פעמים שנעשה כפי המגנטית, בהתנגדות שימוש תוך החלשה הלוקליזציה תיקון את ניסיונית

סימטריית הקרויה נוספת, אפשרית אנטי-אונטירית סימטריה קיימת בזמן, להיפוך לסימטריה בנוסף

שתי זמנית. בו החלקיק ומטען התנועה כיוון להיפוך סימטריה זוהי פשוטות, במילים חלקיק-חור.

לא מערכות מוינו ולסוגן הסימטריות לנוכחות ובהתאם שונים, סוגים בשני מופיעות אלו סימטריות

נמצא סדר, באי עוסק שאינו הטופולוגיים, המבודדים בתחום במקביל, קטגוריות. לעשרה מסודרות

הסימטריות לשתי בהתאם מערכת של הטופולוגיה את קובע זה מיון קטגוריות. לעשרה מיון כן גם

החלשה הלוקליזציה אך חמקמק, אלו מיונים שני בין הקשר המרחבי. והמימד האנטי-אוניטריות

זה. קשר לחקור מאפשת

של חלקיק-חור מסימטריית כתוצאה שנובע מקביל התאבכות אפקט מצאנו עבודתינו, במסגרת

להיפוך הסימטריה מסוג גם כמו זו סימטריה מסוג מושפע החלשה הלוקליזציה שסימן כך המערכת,

תיקון כיראליות), (הקרויות אלו סימטריות שתי קיימות בהן שבמערכות לכך, מוביל זה אפקט בזמן.

כיראליות במערכות בה, תופעה על ידוע בספרות מתאים. הסימטריות וסוג במידה להתאפס יכול זה

במצב נמצאת המערכת שלמעשה כך מתאפסים, גבוהים מסדרים הקוונטיים התיקונים כלל אלו,

מודל באמצעות ניתן זו לתוצאה שהוביל התיאור המערכת. לגודל אינוואריאנטית ומוליכותה קריטי

החלשה) (הלוקליזציה הראשון התיקון התאפסות על תוצאותינו בעקבות אפקטיבי. ליניארי לא סיגמא

על מכך להשליך וגם זו לתופעה הפיזיקלי הגורם על ללמוד ניתן נוסף, התאבכות מאפקט כתוצאה

הגבוהים. התיקונים כלל התאפסות

בחנו אלו, כיראליות מקטגוריות לאחת שייכת להיות מומעדת אשר מימדית דו למערכת כדוגמא

להראות הייתה מטרתינו גרפן. אפקטיבית המתאר משושים, סריג של הדוקה קשירה מודל נומרית

אינוואריאנטית תהיה המוליכות הכיראלית, הקטגוריה על השומרים מסויימים אי-סדר סוגי שעבור

האנרגיה בספקטרום משתמשת אשר למוליכות, תאולס בנוסחת השתמשנו כך לצורך המערכת. לגודל

ספקטרום של הרגישות את בוחנת תאולס נוסחת חישובית. יעילה ולכן בלבד ההמילטוניאן של

אשר גל פונקציות שכן ממוקמות, הגל פונקציות כמה עד מודדת וכך שפה, בתנאי לשינוי האנרגיה

בפרמטר אחד אי-סדר, סוגי שני עבור השפה. לתנאי פחות רגישות יהיו המוליך בתוך ממוקמות

כי מצאנו בסריג, אתרים של אקראיות העדרויות ידי על המתואר ואחד סמוכים אתרים בין הקפיצה

המערכת. לגודל אינוואריאנטית הייתה המוליכות האי-סדר, חוזק של רחב בטווח

רבות דוגמאות טופולוגי. חומר הוא העדרויות של בצורה אי-סדר עם גרפן בספרות, שידוע כפי

טופולוגיות, מערכות הן מתאפסים למוליכות התיקונים בהן הכיראליות בקטגוריות מימדיות דו למערכות

עם גרפן המתאר הקפיצה, בפרמטר אי-סדר עם משושים סריג השניים. בין קשר שקיים נראה ולכן

המצביעות הנומריות תוצאותינו אך טופולוגית, כמערכת הוכח לא האטומים, בין משתנים מרחקים

טופולוגית. אכן היא זו שמערכת כך על להצביע עשויות זה באי-סדר התיקונים התאפסות על
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תקציר

תיאורן עשורים. ארבעה מזה רב מחקר של בבסיסו עומדות חשמלית בהולכה קוהרנטיות תופעות

לפיזיקה הקוונטית המכניקה בין גשר המהווה תחום המזוסקופית, הפיזיקה של בסגרתה נעשה

האלקטרונים שזרם לכך ההסבר הקלאסית, הפיזיקה במסגרת מסודרים. לא חומרים של הקלאסית

לרוב מתכות דרודה. ידי על לראשונה ניתן אותם להאיץ שאמור חשמלי שדה מופעל כאשר קבוע נותר

מפגמים מתפזרים האלקטרונים אקראיים. פגמים בצורת אי-סדר בהן וקיים מזיהומים נקיות אינן

באות הקוונטית המכניקה של ההשפעות הדיפוזיה. משוואת ידי על מתוארת שתנועתם כך אלו,

בהשפעת שקורה כפי נאבדת, לא האלקטרונים של הגל פונקציית של הקוהרנטיות כאשר ביטוי לידי

במתכת הפגמים עם האלקטרונים של אלסטית התנגשות תרמיות. תנודות כגון הפיכים לא תהליכים

נסיונית ונמדדו תוארו מספיק, נמוכים וגדלים בטמפרטורות לכן, הקוהרנטיות. לאיבוד גורמת לא

מחוץ מגנטי שטף בנוכחות החשמלית בהולכה אוסצילציות לדוגמא כמו רבות, קוהרנטיות תופעות

למוליך.

בסדר קוונטי כתיקון ביטוי לידי באה אשר החלשה, הלוקליזציה תופעת היא זו בעבודה מחקרינו מושא

מרכזיות. תגליות שתי בעקבות החלה זו בתופעה המחקרית ההתעניינות דרודה. למוליכות ראשון

מצב לבין מוליך, הקרוי המערכת, גודל עם עולה המוליכות שבו מצב בין פאזה מעבר היא הראשונה

קרוי מאי-סדר, כתוצאה הקןרה זה, מעבר מבודד. הקרוי המערכת, גודל עם יורדת המוליכות בו

במערכת הסדר אי כאשר דרודה, במודל שמתואר כפי במוליך קיים אי-סדר בעוד אנדרסון. מעבר

התגלית מבודד. במצב נמצאת והמערכת במרחב להתפשט מפסיקים האלקטרונים מספיק, לחזק הופך

את המהווה קריטי אי-סדר קיים מימדיים תלת שבחומרים כך רציף, הוא זה שמעבר הייתה השנייה

יורדת ומוליכותם מובדדים, תמיד הינם מימדיים חד חומרים למבודד. מוליך פאזת בין הגבול נקודת

למצב שואפים הם - קריטית בנקודה נמצאים הם שכן מעניינים הם מימדיים דו חומרים אורכם. עם

החלשה הלוקליזציה תיקון מימדיות, דו במערכות לכן, המערכת. לגודל אינווריאנטית המוליכות שבו

חלש אי-סדר כל בנוכחות מבודד במצב תהיה תמיד המערכת שלילי, זה תיקון אם חשוב. הופך

והמערכת מימדיים תלת לחומרים בדומה פאזה מעבר נוצר חיובי, זה תיקון כאשר ואילו שרירותית,

מספיק. חלש אי-סדר עבור מוליכה תהיה

סימטריות כמו שלא המערכת. של בזמן להיפוך בסימטרייה תלוי החלשה הלוקליזציה של התיקון סימן

מכיוון אנטי-אוניטרית. היא זו סימטריה אוניטריות, כסימטריות הידועות הזזות, או סיבובים כדגומת

סימטריה להישאר. שיכולות היחידות הן זה מסוג סימטריות מסודרות, לא מערכות על מסתכלים שאנו

התנועה. כיוון את הופכים כשאנו הדבר אותו נראת המערכת האם השאלה למעשה היא בזמן להיפוך
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לפיזיקה. בפקולטה אקרמן, אריק פרופסור של בהנחייתו בוצע המחקר

והשוואה התייחסות והצגתם, עיבודם הנתונים, איסוף כולל המחקר, כי מצהיר זה חיבור מחבר

המידה אמות לפי המבוצע מדעי ממחקר כמצופה ישרה, בצורה כולו נעשה וכו', קודמים למחקרים

ישרה בצורה נעשה זה בחיבור ותוצאותיו המחקר על הדיווח כן, כמו האקדמי. העולם של האתיות

מידה. אמות אותן לפי ומלאה,

בהשתלמותי. הנדיבה הכספית התמיכה על לטכניון מודה אני
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