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Abstract

Superconductivity is a macroscopic quantum state characterized by dissipationless elec-
trical transport and magnetic flux expulsion below a critical temperature. In this thesis,
we study thin and narrow superconducting rings using a Stiffnessometer designed to
probe the response of the superconducting condensate to a magnetic vector potential.
In particular, we will determine the relevant length scales: London penetration depth
A, Pearl length A, and superconducting coherence length &.

In previous work in our group, & was estimated using a mean field approximate
relation in which the critical flux depends mainly on the destruction of the order pa-
rameter magnitude. In this case, the outer radius of the ring is the decisive parameter.
In this thesis, we show that this approximation does not capture the full physical pic-
ture, and the stability of the solution must be taken into account via fluctuations. In
this approach, the inner radius plays the major role, but the critical flux depends on
the complete ring geometry, including both the inner and outer radii, as well as on the
Pearl length. Using the measured critical flux together with recent theoretical develop-
ments, we extracted & for two sets of MoSi superconducting ring geometries. For rings
with constant outer radius, the analysis yielded £ = 15.2 £ 0.4 nm and for rings with
constant inner radius £ = 14.1 £ 0.2 nm. The consistency between these values paves
the way for accurate £ measurements in other materials.

In addition, some samples showed sharp and periodic magnetic-moment jumps as
the vector potential was increased. These jumps reduced the measured magnetic mo-
ment close to zero, indicating a strong suppression of the superconducting current
during each transition. The jump periodicity depended on temperature and ring geom-
etry, suggesting that the instability is related to changes in the superconducting phase
and to transitions between metastable current-carrying states.

Overall, this work demonstrates the use of stiffnessometer measurements to extract
superconducting length scales in thin rings and highlights the importance of geometric

and screening effects in interpreting the critical response of superconducting annuli.
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Gauge-invariant momentum, p = Vo — A

Critical gauge-invariant momentum

Change in fluxoid or winding number during a flux jump
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Chapter 1

Introduction

1.1 Superconductivity

Superconductivity is a distinct phase of matter characterized by two simultaneous phenomena
that occur when a material is cooled below a specific critical temperature (T.): the complete
disappearance of electrical resistance (p = 0) and the Meissner effect, which is the perfect ex-
pulsion of all magnetic flux (perfect diamagnetism) from the interior of the material (B = 0)
for small enough applied field. This unique state is fundamentally a quantum mechanical phe-
nomenon, primarily explained by the microscopic Bardeen—Cooper—Schrieffer (BCS) theory [1].
The other leading theory which is a phenomenological one is of Ginzburg-Landau theory. Su-
perconductors are classified into two main types based on their response to an applied external
magnetic field (H) which are called type I and type II. Each type behaves differently: type I
shows perfect diamagnetism for magnetic fields lower than a critical value H. and above it the
superconductivity disappears. type II has two critical magnetic fields denoted as H.; and H, ».
Below H.; we see perfect diamagnetism and above H.; the magnetic field is quantized into
magnetic flux lines called vortices which ”destroy” the superconductor and let the magnetic
field penetrate creating a mixed state of superconductivity and normal state in a sample. At
H, 2 the superconductivity disappears [2].

1.1.1 Ginzburg-Landau equations

Ginzburg-Landau equations are using two length scales: the coherence length £ and the London
penetration depth Az, and introduce a complex order parameter ). The coherence length is the
scale over which the order parameter changes. The London penetration depth is the length over
which the magnetic field decays exponentially inside the superconductor. The order parameter
deep inside the superconductor is often referred to as 9.

The Ginzburg-Landau theory is derived from the following free energy in MKS [2].

1 B?
|(—ihV — e* A) ¢|* + — | da™ (1.1)

_ 2 B
B[ [fo+alul+ Sioit+ 5o o

where o and [ are phenomenological parameters, « is a temperature dependent and [ is tem-
perature independent. 7 is the reduced Planck constant, A is the total vector potential, and
B is the magnetic field. m* and e* are the effective Cooper-pair mass and charge. The GL

equations are obtained by minimizing the free energy with respect to two variables: the vector



potential and the order parameter. This leads to two GL equations:

B N2
aw+ﬁ|¢|2w+2;* <Z,V—e*A> =0 (1.2)
F_ h e S ) _ € e

7= g (v —uVuT) - yted (13)

1.1.2 London equation

Historically the London equation was phenomenological discovered and one can show that it is

a reduced case of the Ginzburg-Landau equations using

W(7) = [()]e 0. (1.4)

It describes the supercurrent density as a function of the gauge field and the gradient of the
order parameter [2].

, B
Js = —Ps (Atot - 27?v¢) (15)

where p; is the superconducting stiffness, A;t is the magnetic vector potential, ®q is the
superconducting flux quantum, and, following the Ginzburg-Landau complex order parameter,

¢ is its phase (a scalar field).

Above the critical temperature the order parameter is zero as the material isn’t super-
conducting. Below the critical temperature, in the GL framework, ||? is proportional to the
density of superconducting charge carriers. The relation between the order parameter and the

stiffness p;
- |,(/}|2€*2 B 1
m¥* poAZ

(1.6)

S

where e* is the charge of the superconducting carriers, m* is their mass, Ay, is London pene-

tration length and pg is the vacuum permeability.

1.2 Stability criterion for critical flux in a thin supercon-
ducting annulus
As mentioned above, in this work we examine experimentally a new, unpublished, theory of Roy

Rabaglia, Amit Keren, and Ari Turner. In this section we outline the theory as was explained
to me by Roy Rabaglia.

We model the superconducting annulus using the Ginzburg-Landau free-energy functional.

In cgs units, the energy is written as

K2 ie*
E= [ d? - —A
/ " lQm* <V he ) v

The total vector potential is the sum of the externally applied vector potential and the

2 ﬂ 1
— 2Dt — Al? 1.
Al + Sl IV X AR, ()




vector potential generated by the screening currents in the superconductor,

_*

A =
2mr

0+ A (1.8)

We define the number of applied flux quanta as

P
= — 1.
J By’ (1.9)
where @ is the flux quantum.
We rescale the variables according to

~ 2m€ T ~ 153
A=—A = — =1/= 1.10
N (1.10)

In these units, the external coil contribution becomes

Acoit = 0. (1.11)

For a thin superconducting film, d < A, where d is the film thickness, the Pearl length [3]

is
/\2
=

In this limit, the magnetic-field energy associated with the self-field is small compared with the

A (1.12)

kinetic and condensation terms. Neglecting this contribution and omitting tildes for notational

simplicity, the reduced free energy becomes

E:/d% ‘(}V—iA)zp

For J > 1, the spatial derivative of the equilibrium solution may be neglected in the zeroth-

2

~ ol + ;w] . (113)

order minimization. The energy then reduces locally to
E= /de { (1—|A]P) [¥* + ;wﬂ : (1.14)
Minimizing Eq. (1.14) with respect to |¢| gives the mean field solution
[Wo(2)* = 1 — |A(x)]*. (1.15)
Choosing the equilibrium order parameter to be real and positive, we obtain

dola) = /I - [A@). (1.16)

This solution exists only where
[A(z)] < L. (1.17)

However, the condition |A| < 1 only ensures that the local superconducting solution exists.
It does not by itself guarantee that the solution is stable. To determine stability, one must

examine the second variation of the free energy.



1.2.1 Fluctuation analysis and the stability condition

We consider a small fluctuation around the mean field solution,

¥(x,0) = o(x) + 0(x,0). (1.18)

Because the annulus is azimuthally symmetric, the fluctuation can be decomposed into angular
Fourier modes,

0) =Y dor(z)e*, kel (1.19)

Here, the functions doj(z) are the fluctuation amplitude and independent of § and k is an
integer. The zeroth-order term in the expansion of the free energy gives the energy of the
unperturbed solution. The first-order terms vanish because 1)y satisfies the Euler-Lagrange
equation. Therefore, the stability of the superconducting state is determined by the quadratic
contribution in 0.

Keeping terms up to second order in the fluctuation gives
1 1 9
SE = [ &z —— —i|A]]§
/ [JQ +’(Jx80 i ) v

Substituting expansion Equation 1.19 into Equation 1.20 gives

1 (%ak 860k/ 1
2 (k k"6
OF = Z/d [ﬂ or Oz

k,k’

2

+ 5 (VB0 + 20208 — DIUP + 3ou?)
(1.20)

k K —
S P ~i(k—k)0
+ (ij 2|A|> ( Uy +zA|> dopdoye

1 . , N . N
+ 3 ( gel (k+k) 9 §0k00% + 2(2¢0 1e =K 55, Sopr + wgefz(lﬁk 95as, 5crk/) ] .

(1.21)
Using the angular orthogonality relation
27 ) ,
/ e F=k8 49 = 276, 4, (1.22)
0
we obtain
1 860y, Dooy, k ? —
6E = x| — ——|A 2¢3 — 1| 6038
;/ xl,ﬂ or Ox +<<J;U | |> + 200 TkOTk
1 -
+ §¢8 (5Jk50_k + do, 5a_k) ] . (1.23)

In the large-J limit, the radial-gradient term can be neglected compared with the angular

contribution. Since the energy couples the k and —k modes, it is useful to write it as a sum



over positive values of k:

k: 2
5E=Z/d2xl<(h—|A|> +2w8—1> §o100%

k>0
2
+ —ﬁ—|A| +2¢2 — 1| do_pdo
Jx 0 —k —k

+ L/Jg (50k50—k + mcso_k)

1 —
+ /d% [(|A|2 + 24§ — 1) 60900 + §¢§ (503 + 50—02)} : (1.24)
The last two terms correspond to k = 0. Using the equilibrium relation
vy =1-|AP, (1.25)
the £ = 0 contribution becomes
2 2 =— 19 2 2 1 2,12 T2
@ |Bo00da0 + 33 (608 +5007) | = 5 | a0 (00 +300)°. (1.26)

This term is non-negative, and therefore the £ = 0 mode cannot drive the instability.

We now consider the coupled modes k and —k, with £ > 0. Minimizing the energy with

respect to the coupled fluctuation amplitudes gives

k 2 S
[(Jm - |A|) + 202 — 1| dop, + Y2do_, =0, (1.27)
k ’ 2 25—
e A ) +2¢5 — 1| do_k + 5oL = 0. (1.28)
Equivalently,
(oA 2R -1
So_p = — (7z = 1AD) 2+ Vo So, (1.29)
e
2
o =—— 1@0 00 (1.30)
(75 + A" + 208 -1
Substituting these relations back into the energy, and using Equation 1.25, gives
2
k2 £V 42— 6|A)2 —
6F = Z/d%c [(J) k(“) 5 Al 80100} (1.31)
>0 /(g5 1A T+ 1-2/AP

The first angular mode that can become unstable is the £k = 1 mode. Keeping the leading
term in 1/.J for this mode gives
2 e 11-3|A(x)?

6Ek:1 ~ —

72 IPW [0o1(z)|”. (1.32)

9



Therefore, the fluctuation energy can become negative when

A ()] > % (1.33)

which gives the instability criterion for the current-carrying state. As long as the supercon-

ducting solution exists, the denominator in Eq. (1.32) is positive:
1—|A(z)]* > 0. (1.34)

The superconducting state is stable only if the quadratic fluctuation energy is positive

everywhere in the annulus. Hence the stability condition is
1—-3|A(z)]* > 0, (1.35)

or equivalently

A(z)] < % (1.36)

The instability first occurs at the point where |A(z)| is maximal. For the annular geometry
considered here, the magnitude of the vector potential decreases monotonically away from the

inner edge. Therefore, the maximum occurs at the inner radius,
T = Tip. (1.37)

The critical condition is therefore

1
%.

This equation defines the critical applied flux number J..

|A(zin)| = (1.38)

The same condition can also be understood physically from the current density. In the

reduced variables, the supercurrent is proportional to
J(x) oc A) o (). (1.39)
Using Eq. (1.15), this becomes
j(x) o Az) (1 - |A(x)?) - (1.40)

The maximum sustainable current occurs when

d
— [|Al (1 = |AP)] =o. 1.41
T 41117 (L)
Evaluating the derivative gives
1-3|AP? =0, (1.42)
and therefore )
|A| = (1.43)

V3
Thus, the fluctuation analysis and the maximum-current argument give the same result. The

superconducting state becomes unstable when the vector potential at the inner edge reaches

the value for which the annulus can no longer support the required screening current.

10



1.2.2 Self-consistent vector potential and extraction of J,

The critical condition in Eq. (1.38) is not yet an explicit expression for J., because the vector
potential A(z) must be found self-consistently. The total vector potential contains both the

external contribution and the screening contribution from the superconductor:

A(‘T) = Acoil(x) + Asc(x)- (144)
In the rescaled variables,
1
Acoil(m) = ; (145)

To calculate Ag, the annulus is divided into infinitesimal circular current rings of width d¢.
The current in each ring generates a vector potential. Each strip is treated as a narrow current
loop located at radius £. The local current in this loop is determined by the Ginzburg-Landau
current density, and the vector potential produced by all such loops is then summed over the
annulus.

We define the rescaled radius

- dl
— al = —. 1.46
T Jg (1.46)
Here J is the applied flux number, while the superconducting current density is denoted by the
lowercase symbol j.

The Ginzburg-Landau current density is

e*

QAW\Q. (1.47)

j=-
m

Using Equation 1.10, the current-density contribution of the strip at ¢ can be written as

jp(r,2) = —2;{:20 giAA(Z) (1—AD)[*) 6(2)5(r — £) dl 4. (1.48)

The delta functions express that the strip current is localized in the plane of the film and at
the radius of the infinitesimal loop. The minus sign indicates that the superconducting current
screens the applied vector potential.

The current carried by this infinitesimal loop is obtained by integrating the current density

over the radial and vertical directions:

L 17 A(0)[%) di. (1.49)

t _277qu

Thus, each infinitesimal strip is replaced by a circular current loop whose current is fixed by
the local value of the total vector potential.
The vector potential in the plane of the superconductor, produced by a circular loop of

radius ¢ carrying current diz, is given in [4, p. 142]

dA(r,z = 0) = %Ig (1 + f) [éi:)?K(k) — B(k)| 8, (1.50)

where -
b 2Vr  2Vix
A+ g+x.

(1.51)

11



Here K and E are complete elliptic integrals of the first and second kind, respectively.

Finally, the superconducting contribution Ag. is obtained by integrating these loop contri-
butions over the full annulus. From this point onward, the rescaled integration variable s
denoted simply by £. Combining this screening contribution with the external coil contribution,

Agont(x) = 1/, gives the self-consistent equation

~ 1 1 JE [Tout P 4
i =3 - 5 [ a1 - aep) (1+1)

P+ (2 2V/lx
K - F de. 1.52
(€ +x)? <€+x (4 (152)

The integration limits are
Tin Tout

Tin (153)

= 757 LTout = Jf .

Equation (1.52) makes clear how the annulus geometry affects the critical flux. The insta-
bility criterion is evaluated at the inner edge, x = x;,, because this is where the vector potential
is largest. However, the value of A(z;,) depends on the screening currents throughout the entire
annulus. Therefore, both the inner radius r;, and the outer radius r,,; enter the calculation of
Je.

The procedure for extracting J. is as follows. For a fixed annulus geometry, Eq. (1.52) is
solved numerically for different values of J. For each value of J, the vector potential at the
inner edge is evaluated at |A(x,;.J)|. The critical flux number is the value of J for which

~ 1

This is the interpretation of Fig. 1.1. Each curve shows the calculated value of |A(zy,)| as a
function of the applied flux number J for a given ring geometry. The horizontal line marks the

stability threshold

e 1
|A(zin)| = % (1.55)

The intersection of each curve with this line gives the corresponding value of J..

The extracted critical values are summarized in Fig. 1.2. The leading trend is

r
J, ox —=. (1.56)

3
However, the proportionality factor is not strictly universal when the screening contribution of

the annulus is included. More generally, one may write
Tin
JC =P (Tin,'rout; A) ?, (157)
where P is a dimensionless geometry-dependent coefficient. The dependence on 7,,; arises
because a wider annulus contains more superconducting material and therefore supports a

different screening-current distribution. This modifies the total vector potential at the inner
edge and shifts the value of J required to satisfy Eq. (1.54).

12



Gl

1.2

Figure 1.1: The value of the vector potential at the inner edge of the annulus, |A(z;,)|,
as a function of the applied flux number J, measured in units of A/&, for different ring
geometries. In all cases shown here, 74, = 47;,. The horizontal line marks the stability
threshold |A(z;,)| = 1/+/3. For each ring, the critical flux number J, is obtained from
the intersection of |A(z;,)| with this threshold.
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Figure 1.2: Normalized critical flux number J. as a function of the normalized inner
radius r;, /€ for annuli with different ratios rgy¢/7in. The black line corresponds to
the thin and narrow annulus approximation, for which J, = r;,/(v/3€), or equivalently
Je = (1in/€)/V/3. For wider annuli, the self-consistent vector potential generated by
the superconducting screening currents modifies the value of |A(x;,)| and shifts the
critical flux away from the narrow-ring limit.

14



1.2.3 Thin and very narrow annulus approximation

The fabricated devices considered in this work are thin superconducting rings, and in many
cases the annular width is small compared with the inner radius. This motivates the thin,

narrow, and very narrow annulus approximations. The thin-film condition is

d << A, (1.58)
The narrow-annulus condition is
Tout — Tin <K Tin- (159)
and the very-narrow-annulus condition is
A 2 )1 lin (1.60)
—(Tout — Tin)In | ——— | . .
3m ‘ Tout — Tin

In this limit, the magnetic-field energy associated with the self-field of the film is small compared

to the coil magnetic-field energy.

In this case, the integration region in Eq. (1.52) is small, and the vector potential produced
by the superconducting screening currents is weak compared with the applied coil contribution.
Therefore,

Asel < [Acorl. (1.61)

The total vector potential is then approximated by the external contribution alone:

|A@ﬂz%. (1.62)

=—. 1.63
Using the definition
Tin
in — 7 1> 1.64
x T.€ (1.64)
we obtain by solving for J,
1 Tin
Jo=—=—. 1.65
V3 € (1.65)

Equivalently, if the critical flux number is measured experimentally, the coherence length can

be extracted.

This result is especially useful for thin and very narrow fabricated rings because it gives a
direct relation between the experimentally measured instability point and the coherence length.
In this approximation, the critical flux is controlled primarily by the inner radius. The physical
reason is that the vector potential is largest at the inner edge, so the depairing instability

nucleates there first.

The outer radius 7,,; does not enter Eq. (1.65) explicitly because the self-consistent screen-
ing contribution has been neglected. However, this does not mean that r,,; is always irrelevant.
For wider rings, or for rings with stronger screening, the superconducting contribution Ag. be-

comes important. In that case, the full integral equation, Eq. (1.52), must be solved and the
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critical point is obtained from
~ 1
A Tin Jc = =
A S0 = 2

Thus, Eq. (1.65) should be viewed as the leading thin- and very-narrow-annulus limit, while

(1.66)

deviations from this expression quantify the role of screening and finite ring width.
For the purposes of interpreting the fabricated thin and narrow rings (not very narrow),
the main result is therefore Equation 1.57 with corrections that depend on the dimensionless

ratios
Tin Tout

A A

These corrections are more important when the ring is wide or when the Pearl length is com-

(1.67)

parable to the ring radius. In the limit of very-narrow ring P — 1/4/3. As we show below, we

nearly obey this limit in our narrowest rings.

1.3 Mean field critical flux in a thin superconducting an-

nulus

In this section we will describe the mean field approach to estimate the coherence length &; an

approach that we find insufficient. This approach starts from the second GL equation

2
¢ (% + i) = (52 (Asc + i) - 1) P+ 3. (1.68)

Here, the magnetic vector potential produced by the ring itself is assumed to be negligible
compared with that generated by the excitation coil Ag. — 0, Aee % and 1? is negligible,

since we are looking for J that destroys 1, leaving

Urr + 1/)7 = ((i)z - ;) . (1.69)

For high flux J, % is zero near r;, and monotonically increases over distance & to a constant
near 7,,:. Consequently, ¢, decreases to zero towards r,y¢ and 1, (rout) < 0. Therefore, the
critical flux can be related to the coherence length according to [5, 6]

o, Tout

Jo= - ot (1.70)

1.4 Multiple Flux Jumps

Multiple flux jumps are commonly discussed in mesoscopic superconducting rings in the presence
of an applied magnetic field, where the system can occupy several metastable fluxoid states.
In such systems, the superconducting order parameter does not necessarily evolve continuously
between neighboring states. Instead, a state with a given vorticity can remain metastable until
the gauge-invariant momentum,

p=Vo¢—A, (1.71)

reaches a critical value p.. Physically, this condition corresponds to the point at which the

kinetic energy of the Cooper pairs becomes comparable to their binding energy, so that the
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metastable superconducting state becomes unstable. Once this instability is reached, the sys-
tem can relax not only to the nearest fluxoid state, but directly toward a lower-energy state,
producing an avalanche-like transition. This can result in change of more than one in the fluxoid
number and we denote the flux jump number as AL thus AL > 1, rather than a sequence of
single-fluxoid transitions [7, 8, 9.

The occurrence of multiple jumps is therefore not determined only by the existence of
several metastable states, but also by the dynamics of the transition between them. In the
time-dependent Ginzburg-Landau description, multiquanta jumps become possible when the
relaxation time of the magnitude of the order parameter is much longer than the relaxation
time of its phase [10], i.e.

— > 1 (1.72)

Under this condition, the phase can change rapidly while the amplitude of the order parameter
has not yet fully recovered, allowing the system to pass through several intermediate metastable
states before stabilizing [11, 12, 13]. Although the experiment discussed here is performed
without an externally applied magnetic field, a similar phenomenology may still be relevant.
In the absence of a magnetic field, the instability is driven mainly by the phase gradient or
supercurrent rather than by magnetic flux entry. The observed discrete jumps can therefore
be interpreted as transitions between metastable superconducting configurations that occur
once a current- or phase-driven instability threshold is reached. In this sense, the behavior is
analogous to multiple flux jumps in superconducting rings, even though the control parameter

in the present experiment is not an applied magnetic field.
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Chapter 2

Stiffnessometer

The Stiffnessometer is an experimental apparatus specifically designed to measure the supercon-
ducting stiffness, p,, and the superconducting coherence length, £. The configuration consists of
a superconducting annulus positioned concentrically around a long, ideally infinite, excitation
coil.

By driving a direct current (DC) through the excitation coil, a magnetic flux threads the
center of the annulus. Consequently, the annulus experiences a magnetic vector potential,
A= C(Rp)Ip as C(Ry) is determined experimentally, without direct exposure to a magnetic
field H, as the field remains confined within the long excitation coil. This geometry induces
supercurrents in the annulus due to the London equation [5, 14, 15].

There are two primary measurement protocols utilized with this setup:

1. Zero Gauge Field Cooling (ZGFCQ)
The ZGFC protocol sequence consists of:

1. Cooling the system to the desired base temperature.
2. Driving the target current through the excitation coil.
3. Measuring the resulting magnetic moment.

This protocol establishes the gauge of the magnetic vector potential such that ﬁqb = 0 within
the London equation 1.5.

2. Gauge Field Cooling (GFC)
The GFC protocol proceeds as follows:

1. Driving the target current through the excitation coil.

2. Cooling the system to the desired base temperature.

3. Extinguishing (nulling) the current in the excitation coil.
4. Measuring the magnetic moment.

This protocol dictates that the total magnetic vector potential satisfies Ay — %6(/5 = 0 at the
beginning of the measurement within the London equation.

The applied magnetic vector potential induces supercurrents within the annulus, which in
turn generate a measurable magnetic moment. We quantify this moment using a superconduct-

ing quantum interference device (SQUID) magnetometer. The inherent linearity of the London
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equation permits a clear distinction between the linear response regime and the constant re-
sponse regime. The transition between these two states occurs precisely at the critical current

of the excitation coil, J = J..

2.1 Obtaining A

To determine A, one must work in the J — 0 limit where the theories presented above do
not apply. We therefore begin with the two-dimensional representation of Equation 1.5. By

substituting Ampere’s law and the definition of the magnetic vector potential (E =V x fT)7 we

obtain:
6 X (ﬁ X ESC) = _NOpsgtot (21)
V| V-Asc | = V*Asc = —popsAiot (2.2)
V2 Asc = pops (z‘fsc + z‘TEC) (2.3)
- - P R, .
V2Asc = pops <ASC + Eg”%) (2.4)
mr
%A 0’4 10A A 1 /- 1
CAELNT L N P L 2.
0z2 + or? + ror r2 A2 ( * 7"('0> (2) (2.5)

In line 2.2, we apply standard curl identities; in line 2.3, we adopt the London gauge; and
in line 2.4, we substitute the expression for the magnetic vector potential of an infinite coil.
Finally, in line 2.5, we utilize the system’s cylindrical symmetry and normalize the variables
such that RLpz -, ﬁ(%pl) — A, and %M — X as Ry is the radius of the pickup loop.

This represents the strong formulation of the partial differential equation (PDE) we wish
to solve. We then convert this PDE into its weak formulation (via multiplication by a test
function and integration by parts) and employ the FreeFEM++ solver. This allows us to
compute the magnetic vector potential applied to the pickup loop, A (R,;), as a function of A.

The normalized A is expressed as:

Asc (Rp) o e m
A(Ry) = — v _ . 2.6
(Fpt) Apc (Ry)  Agc (Rp) Ji (2:6)

where C' is a constant that can be either calculated analytically or obtained directly from

measurements. Consequently, the linear 7 response allows for the direct retrieval of A (R,;).
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Chapter 3

Sample Fabrication

The molybdenum silicide (MoSi) samples used in this work were fabricated from a MoSi target
and 50 nm thick film deposited by sputtering. After deposition, the desired device geometry
was defined by standard photolithography, followed by reactive ion etching (RIE) to remove
the exposed MoSi and leave the final patterned structure. The fabrication process consisted of
these main stages: sputtering, photoresist coating, ultraviolet exposure using the mask aligner,
and development of the exposed resist. After these steps, the patterned resist served as an
etching mask during the RIE process. MoSi was chosen for this study because of its critical
temperature of approximately 7 K [16, 17, 18] and its room-temperature deposition process,
which enables convenient and reproducible sample fabrication. In addition, MoSi has a relatively
large penetration depth, with A ~ 4 pm [5, 19], making it well suited for studying the very

narrow-ring limit described by Equation 1.60.

3.1 MoSi Thin-Film Sputtering

A MoSi thin film was deposited on the silicon ring substrate. The deposition was performed
using an ATC2200 sputtering system, with a MoSi target used as the source material.

Sputtering is a physical vapor deposition technique in which energetic ions from a plasma
are accelerated toward a target material. The ion bombardment removes atoms from the target
surface, and these atoms then travel through the chamber and condense on the substrate,
forming a thin film. In this work, the MoSi film was deposited in DC sputtering mode. In this
configuration, a DC voltage is applied between the MoSi target and the substrate/chamber,
producing a plasma and accelerating ions toward the target. The ejected MoSi species were
then deposited onto the silicon sample surface.

The deposition was carried out at room temperature, without intentional substrate heating.
This allowed the superconducting MoSi layer to be deposited while avoiding additional thermal
processing of the silicon ring samples. After deposition, the samples consisted of a nominally
50 nm thick MoSi film on the silicon substrate.

3.2 Substrate Preparation and Photoresist Coating

The process was carried out as follows. First, a supporting wafer was coated with photoresist

by dispensing a small amount of photoresist onto its surface, followed by spinning. The 5 mm
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diameter ring sample was then placed on top of the coated wafer and soft-baked. This bake
helped attach the sample to the wafer and hold it in place during the following lithography
steps. After the sample was fixed, photoresist was dispensed directly onto the sample surface,

followed by spin coating and another soft bake.

3.3 Photolithographic Exposure

After the photoresist coating step, the sample was patterned by photolithographic exposure
using a mask aligner. The photomask used in this work was specifically designed to define
ring-shaped structures with a range of geometrical parameters, including multiple inner and
outer diameters and ring widths. This design allowed the fabrication of several ring geometries
on the same wafer, enabling systematic comparison between samples with different dimensions.

During the exposure step, the coated sample was aligned with the photomask and illu-
minated with ultraviolet light, transferring the ring patterns into the photoresist. The exact
operational details of the aligner are omitted here, since only the general fabrication flow is

relevant for the present thesis. The purpose of this stage was to accurately reproduce the de-

signed ring array in the resist layer, which subsequently served as the etching mask for pattern
transfer into the MoSi film.

Figure 3.1: Alignment of the ring pattern over the sample prior to exposure.

3.4 Resist Development

Immediately after exposure, the sample underwent a post-exposure bake at 90 °C for 10 minutes.
This step was found to be suitable for the MoSi samples used in this work.

The sample was then immersed in tetramethylammonium hydroxide (TMAH) developer for
1 minute while gently agitating the solution in order to promote uniform development. After

development, the sample was rinsed in deionized water using a two-stage rinse procedure: it
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was first dipped in the “dirty” deionized water cascade, and then transferred to the “clean”
side, where it was rinsed by approximately 30 short dips.

To dry the sample, the holder was first placed on absorbent paper, and the sample was then
spin-dried at 4000 rpm. The resulting pattern was inspected, and the lithography process was

repeated when necessary in order to improve pattern quality or alignment.

3.5 Reactive Ion Etching

Once the resist pattern was successfully defined, the sample was transferred to the reactive
ion etching system. During this step, the exposed MoSi regions were etched away, while the
photoresist protected the areas corresponding to the desired device geometry. In this way, the
lithographically defined pattern was transferred into the superconducting MoSi film, yielding
the final sample structure used for measurements. Figure 3.2 shows a microscope image of the

ring sample after fabrication.

—
100 mum

Figure 3.2: Ring after processing with r;, = 750 um and r,,; = 800 pm.
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Chapter 4

System setup

4.1 Experimental Setup: The Stiffnessometer

The central experimental challenge in this work is the precise measurement of the superfluid
density, ps, which is proportional to the inverse square of the London penetration depth (1/A).
To achieve this, we employ a ”Stiffnessometer” configuration within a commercial SQUID mag-
netometer. This setup allows for the direct probing of the superconducting phase stiffness by
measuring the magnetic response of a superconducting ring to a well-defined magnetic vector

potential A.

4.2 The MPMS3 SQUID System

The experiments are conducted using a Quantum Design MPMS3 SQUID magnetome-
ter. This system provides a cryogen-free environment with millikelvin temperature stability
and high-precision magnetic field control. The MPMS3 is equipped with an external supercon-
ducting coil capable of nulling the Earth’s magnetic field and other ambient remanent fields to

a level below 0.05 Oe, or applying a controlled external field for flux-entry studies [20].
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Figure 4.1: Schematic depiction of the MPMS3 setup in the stiffnessometer configura-
tion. The superconducting MoSi ring and the internal excitation coil ("inner coil”) are
positioned relative to a second-order gradiometer and its radius is denoted as I2,,;. The

gradiometer is inductively coupled to a SQUID sensor.

The setup utilizes a distinct method for generating a Rotor-free magnetic vector potential
A using a long excitation coil threading the annulus. This field-free vector potential (V x A = 0)

at the sample position, allows probing the phase stiffness without introducing vortices.

4.2.1 Measurement Modes: DC and VSM

The magnetic flux produced by the MoSi screening currents is recorded by a second-order
gradiometer. We scan the sample along the z-axis (normal to the plane of the annulus) using

two primary modes:

e DC Mode: The sample is moved through the gradiometer coils in a discrete ”step-and-
measure” process. The SQUID records the flux ®(z), which is subsequently fitted to a

theoretical dipole-like response profile to extract the magnetic moment m.

e« VSM Mode (Vibrating Sample Magnetometry): The sample is mechanically os-
cillated at a fixed frequency (typically 10-14 Hz) with a defined amplitude. The resulting
oscillating voltage is detected via a lock-in amplifier. VSM mode generally offers superior

sensitivity and faster data acquisition compared to DC mode.
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Figure 4.2: Stiffnessometer sample holder. The assembly includes the superconducting
excitation coil made from NbTi with T, = 10 K. The MoSi ring, secured by a specialized

support piece to ensure concentricity.

4.2.2 The SQUID Detector Physics

The Superconducting Quantum Interference Device (SQUID) is the primary transducer in this
experiment. It operates on the principle of flux quantization and Josephson tunneling. Our
DC SQUID consists of a superconducting loop interrupted by two Josephson junctions. The
critical current I through the SQUID is a periodic function of the threading flux ®:

o (22 w

where ®) = h/2e ~ 2.067 x 10715 Wb is the magnetic flux quantum. By operating in a flux-

I(®) =21,

locked loop, the SQUID converts the minute flux changes from the MoSi ring into a measurable
voltage. The magnetic signal from our narrow MoSi samples was on the order of 107 emu,

requiring the high sensitivity of a SQUID for reliable measurement.
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Chapter 5

Experimental results

5.1 Stiffnessometer
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Figure 5.1: Reduced magnetic moment as a function of the excitation-coil flux number.
At low flux, the response is approximately linear, while above the critical flux J. the
signal approaches a plateau. The color bar indicates the measurement temperature.
The ring has an inner radius of 700 um and an outer radius of 800 pm.

Figure 5.1 shows the reduced magnetic moment as a function of the flux applied to the
excitation coil. To obtain the reduced moment, the magnetic contribution of the excitation
coil was first measured above the critical temperature of the superconducting sample. The
critical temperature varied between 4.7 and 7.1 K, depending on the sample. A linear fit to the
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measured response was used to determine the magnetic background generated per unit current
applied to the excitation coil. This background contribution was then subtracted from the total
measured magnetic moment.

From the measurement at 1.8 K, the magnetic moment initially shows an approximately
linear dependence on the excitation-coil current up to about 20 mA, corresponding to J =
4.3 -10*. Above this current, the magnetic moment saturates and remains nearly constant at
approximately 22 pemu. This saturation indicates that the ring has reached its critical magnetic
moment. Beyond this point, additional flux introduced by the excitation coil is accommodated
through the entry of vortices into the superconducting ring, allowing the ring to remain close
to equilibrium rather than further increasing its magnetic moment. Therefore, the flux number

at which the magnetic moment reaches this saturation value is identified as the critical flux.

5.1.1 Obtaining A

After solving Equation 2.5 in FreeFEM++ [21] for the specific ring geometry, we calculate the
magnetic-response slope as a function of the Pearl length. The experimentally measured slope
is then converted to vector-potential units and compared with the numerical result. Finally, a
one-dimensional interpolation is performed to extract the Pearl length of the ring, as shown in
Figure 5.2.

Figure 5.3 shows A as a function of temperature. As expected, A increases with increasing

temperature, and around 3 K it becomes larger than the ring width of 100 pm.
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Figure 5.2: A(R,) as a function of A, Ry is the gradiometer loop radius. The gray
points represent the PDE solution obtained from Equation 2.5 for a 75 pm-wide ring
with an inner radius of 750 pm, and various values of A. The red points represent the
experimental measurements for the same ring dimensions. Each experimental point
corresponds to a different temperature in the range 1.8-6.8 K, with the smallest A
corresponding to the lowest temperature. The solid lines illustrate an example of the

one-dimensional interpolation used to match the measured A to the PDE solution and
determine the corresponding A.
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Figure 5.3: Pearl length as a function of temperature for a ring with inner radius 700
pm and outer radius 800 ym. The Pearl length shows a rapid increase near the critical
temperature, around 4.7 K.

32



5.1.2 Obtaining ¢
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Figure 5.4: Magnetic response as a function of excitation coil flux number for four
samples measured at 1.8 K. All samples share a constant outer radius of 800 pm but
have varying inner radii, corresponding to track widths of 100, 75, 50, and 10 pm.

In Figure 5.4, the magnetic response to the excitation coil flux number is shown for rings
with different widths. Both the initial response slope and the critical magnetic moment decrease
as the ring width becomes smaller. For each ring, measurements similar to those shown in
Figure 5.1 were performed, and the corresponding Pearl length, A, was extracted using the
procedure described above.

Using Equation 1.57, we aim to extract the coherence length, £. To do so, we first com-
puted the normalized vector potential for each ring geometry and determined the corresponding
dimensionless geometry-dependent scaling coefficient. After obtaining this coefficient for each
ring, & was extracted from the slope of the linear fit of the critical flux, J., as a function of
P-ri,.

From Figure 5.5, the inverse slope of the linear fit gives a coherence length of £ = 15.24+0.4
nm. However, not all data points lie exactly on the regression line. In particular, the ring with
a width of 10 pm shows the largest deviation. This suggests that the numerical prefactor used
in the calculation does not fully capture the geometry-dependent correction required for this
narrow ring to follow the same linear trend.

It should also be noted that the 75 pm and 50 pm rings were fabricated from the same
original ring. After the 75 pum ring was measured, it was further patterned into a 50 pm ring.
This ring showed the best agreement with the linear fit.

The same analysis was then repeated for a second set of rings, in which the inner radius
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Figure 5.5: Critical flux, J., as a function of the inner radius multiplied by the geometric
factor P(7in, Tout, A) - i as defined in Equation 1.57. Solid data points correspond to
the left axis and show measurements for multiple rings with a constant outer radius
Touwt = 800 pm and varying widths. The inverse of the slope from the linear fit through
the origin yields a coherence length of £ = 15.2+0.4 nm. Hollow data points correspond
to the right axis and represent the calculated Pearl length, A, for each ring.

was held constant at 750 pm while the outer radius was varied. Figure 5.6 shows the magnetic
response measured for each ring at 1.8 K. Similar to the set of rings with constant outer radius,
the critical flux number at which the critical magnetic moment is reached decreases as the ring
width is reduced.

However, the critical moments measured for the rings with constant inner radius are signif-
icantly larger than those measured for the rings with constant outer radius. For example, the
ring with inner radius 750 pm and outer radius 850 pum has a critical moment of approximately
m. ~ 115 pemu, as shown in Figure 5.6. In comparison, the ring with inner radius 700 gm and
outer radius 800 pum has a critical moment of approximately m. =~ 23 pemu. This difference is
mainly attributed to the fact that the two sets of samples were sputtered in different batches
and therefore had different material properties. In particular, the critical temperature of the
rings with constant outer radius was approximately 4.7 K, whereas the rings with constant
inner radius had a critical temperature of approximately 6.8 K.

After computing the geometry factor for each data point in Figure 5.6, the normalized data
were plotted in Figure 5.7. As in the previous set of rings, the narrower rings, with widths of
30 pm and 10 pm, show larger deviations from the linear fit, while the wider rings agree better

with the expected linear behavior.

Table 5.1 summarizes the results extracted for each data point shown in Figure 5.7 and
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Figure 5.6: Magnetic response as a function of excitation coil flux number for five
samples measured at 1.8 K. All samples share a constant inner radius of 750 pm but
have varying outer radii, corresponding to track widths of 100, 75, 50, 30, and 10 pm.
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Figure 5.7: Critical flux number, J., as a function of the inner radius multiplied by
the geometric factor P(7in, Tout, A) - Tin as defined in Equation 1.57. Solid data points
correspond to the left axis and show measurements for multiple rings with a constant
inner radius 7, = 750 pm and varying widths. The inverse of the slope from the linear
fit yields a coherence length of £ = 14.1 + 0.2 nm. Hollow data points correspond to
the right axis and represent the calculated Pearl length, A, for each ring.
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Figure 5.5. The table presents the coherence length ¢ obtained for each ring, together with the
corresponding Pearl length A. Since each ring has a different value of A, the table emphasizes
the influence of both A and the ring width on the extracted value of £&. These variations provide
a possible explanation for the deviations of individual data points from the overall linear fit.
The results for the rings with widths of 100, 75, and 50 pm shown in Figure 5.5 were obtained
from the same sample, which was progressively trimmed from 100 pgm to 50 pm. This set gave
the most consistent values of A. In contrast, samples fabricated in the same sputtering batch
still showed variations in their parameters, including the critical temperature, Pearl length A,

and the extracted coherence length &.

Table 5.1: Summary of the extracted coherence length ¢ values and relevant geometric
and physical parameters for all measured rings. The top section presents samples with
a constant outer radius r,,; = 800 um, while the bottom section details samples with a
constant inner radius r;, = 750 pm. Tabulated values include the inner and outer radii
Tin, Tout, track width, calculated Pearl length A, geometric scaling factor P, measured
critical flux number J,, and the resulting £.

Fin [Hm]&£2  rous [pm]£2  Width [pm] A [pm] P £0.03  Jo£0.1-101 £ [nm]

790 800 10 85+0.3 0.61 2.7 18.1+1.5
750 800 20 74+0.14 0.73 3.7 15£1

725 800 75 69.8+0.2 0.79 4.0 14.7+£0.9
700 800 100 70.3£0.2 0.86 4.4 14.1+0.8
750 760 10 20.1 £0.06 0.75 1.5 36 £5

750 780 30 15.89+0.04 1.10 5.6 14.4 £ 0.5
750 800 20 13.99+0.03 1.43 6.5 16.4 £ 0.6
750 825 75 12.540.02 1.77 9.8 13.5+04
750 850 100 12.240.02 1.97 11.91 124 4+0.3
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Figure 5.8: Magnetic response as a function of excitation coil flux number for a thin
and narrow ring with a width of 10 pm and r;, = 750 pum. The measurement was
performed at 1.8 K.

5.2 Multiple flux jumps

Some of the samples exhibited sharp jumps in the magnetic moment as the applied flux was
increased. Figure 5.8 shows these jumps, as well as their periodicity, with jumps occurring
approximately every J = 1.4-10%. The magnetic moment reaches nearly the same value before
each jump, and the spacing between successive jumps remains approximately constant.

When the critical magnetic moment, approximately 3 pemu, is reached, the moment drops
close to zero. This indicates that the superconducting current in the ring is strongly suppressed
after the jump. In this state, the vector potential induced by the excitation coil is effectively
compensated by the phase-gradient term, V¢, in the ring.

Although the samples were fabricated from the same target and deposition batch, this
behavior was not universally observed across all rings. To verify the response, the measurements
were repeated using negative applied flux, thereby reversing the direction of the induced vector
potential. As illustrated in Figure 5.9, this symmetric behavior was also present in a wider ring
with a track width of 100 pm.

To further characterize this ring, the magnetic response was measured across a range of
temperatures. The results indicate that the jump periodicity is temperature-dependent, scaling
directly with the temperature dependence of the critical magnetic moment. As demonstrated
in Figure 5.10, only a single jump occurs within the measured flux range at 1.8 K, whereas
three distinct jumps are visible at 4.8 K.

According to Equation 1.72, the recovery time of the order-parameter amplitude, 1, in our

38



T

80 '
T(K)

T
1

60

40

T
1

20

T
1

6.9 x 104

m (uemu)
o
A

-15 -12 -8 -4 0 4 8 12 15
Jx10*

Figure 5.9: Magnetic response as a function of excitation coil flux number for positive
and negative flux in a thin, narrow ring with a width of 100 ym and r;, = 750 pm,
measured at 4.8 K.
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Figure 5.10: Magnetic response as a function of excitation coil flux number. The
measurement was performed on a ring with width of 100 ym and 7;, = 750 pm,
measured at different temperatures.
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rings is much longer than the recovery time of the superconducting phase, ¢ [12, 7]. Therefore,
when the ring reaches the critical magnetic moment, the phase gradient, V¢, can adjust much
faster than the amplitude can recover. This rapid phase adjustment may trigger a cascade of
phase-slip events [22, 8], in which the winding number of the superconducting order parameter
changes and additional flux enters the ring in discrete units of the flux quantum, ®y. Each flux
quantum introduced reduces the overall magnetic moment. In our measurements, the sharp
jumps in the magnetic moment indicate that many flux quanta enter the ring during each
event, reducing the magnetic moment nearly to zero. This interpretation is consistent with
studies of flux-biased superconducting rings, where phase slips occur near the instability of a
metastable fluxoid state and are accompanied by jumps in the persistent current [22, 8]. This
behavior differs from that reported in Ref. [7], where multiple-flux jumps do not reduce the

magnetic moment to zero, but instead cause it to oscillate around a finite value.

41



42



Chapter 6

Conclusions

We present the extraction of the superconducting coherence length, £, using a stability based
approach based on the theoretical model developed by Rabaglia, Keren, and Turner for our
ring geometry [23]. This model can be applied to individual samples, and can also be used to
verify £ by comparing the linear trend obtained from several samples with different geometries.
The previous approach, described by Equation 1.70, does not fully capture the behavior of the
ring. As shown in Figure 5.4, the critical flux number J. decreases even when the outer radius
is held constant. In contrast, the updated model presented in Equation 1.57 provides a more
comprehensive description by explicitly accounting for the ring’s inner radius, outer radius, and
Pear] length.

For the samples studied, the prefactor Equation 1.57, does not reach the expected asymptotic
limit of 1/4/3, of very-narrow-ring. This deviation is a direct consequence of the finite Pearl
length, A, which is not sufficiently large relative to the ring dimensions to fully justify the
very-narrow-ring approximation. Consequently, calculations of P are essential.

Periodic collapses of the magnetic moment as a function of the applied flux are observed
for some samples. These jumps reduce the magnetic moment of the sample to approximately
zero, indicating that the superconducting current is strongly suppressed during each jump. In
addition, the ring width and temperature affect the overall critical magnetic moment, which in
turn influences the observed periodicity. At present, we do not have a good explanation for the

conditions required for these jumps.
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