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Introductory paragraph Graphene has a remark-
able low energy spectrum described by an e↵ective Dirac
model, whose interest resides in its ability to account for a
wealth of fundamental aspects specific to massless Dirac
fermions. Significant interest has lately been devoted to
the study of vacancies [1–11] obtained by removing a neu-
tral carbon atom. The presence of a single vacancy has
interesting and unexpected consequences. It leads to the
occurrence of a stable charge of order unity localised at
the vacancy site and interacting with other charges of the
conductor by means of an unscreened Coulomb potential
[7]. It also breaks the symmetry between the two tri-
angular graphene sublattices hence inducing zero energy
states at the Dirac point [1–4]. These features have been
noticed [5, 6], however, their precise underlying mecha-
nism and its relation to Dirac physics, if any, are yet to
be investigated. Here we show the fractional and pseudo-
scalar nature of this stable vacancy charge originating
from the vacuum and insensitive to screening e↵ects [12–
14]. A continuous Dirac model is presented which relates
zero modes to vacuum fractional charge and to a par-
ity anomaly. This relation, constitutes an Index theorem
and is achieved by using particular chiral boundary con-
ditions [15–17] which map the vacancy problem onto edge
state physics and link zero energy states to topological
features of the bulk alike the Hall e↵ect or physics of
kinks, vortices and monopoles. Vacancies in graphene
thus allow to realise prominent features of 2 + 1 quan-
tum electrodynamics, e.g., charge fractionalisation and
parity symmetry breaking [18–28], but without coupling
to a gauge field. This essential di↵erence makes vacancy
physics relatively easy to implement and an interesting
playground for topological switching and computation.

Precise statement of results Vacancies have
important consequences for the physics of graphene:
(i) Zero energy modes. In the presence of NA + NB

vacancies, where NA (NB) is the number of vacancies
corresponding to sublattice TA (TB), the tight binding
Hamiltonian has |NA �NB | zero energy eigenvalues with
vanishing wave function on the minority sublattice [1–3].
(ii) Charge. Density functional theory calculations [5]
show that when a carbon atom is removed, the induced
electronic rearrangement leads to a lower energy con-
figuration and to an overall local electric charge in the
ground state. In addition, tunnelling and Landau level
spectroscopy [6] provide experimental support for the ex-
istence of this local charge and show, with very good
agreement, an energy spectrum corresponding to an un-

screened V ⇠ �1/r Coulomb potential [7]. (iii) Sym-
metry breaking. For NA 6= NB , sublattice symmetry is
broken and so is parity in the continuum limit. For a
single vacancy, the degeneracy lifting between the two
lowest angular momentum channels j = ±1/2, a clear
indication of parity symmetry breaking, has been indeed
observed [7].
We present a continuous Dirac model of graphene,

valid at low energy and applicable to an arbitrary con-
figuration of isolated vacancies, which accounts for the
above features and shows their direct relation. The lo-
calised, fractional and pseudo-scalar nature of the va-
cancy charge is a consequence of the asymmetry between
positive and negative parts of the spectrum as expressed
by the occurrence of zero energy modes (Fig. 1a). This
fractional charge does not display Friedel-like density os-
cillations and essentially di↵ers from the screening re-
sulting from the insertion of external charge defects [12–
14]. We show that the amount of charge associated with
NA + NB vacancies is proportional to |NA �NB |. The
vacuum charge density and its corresponding charge are
obtained by solving the scattering problem of massless
Dirac fermions by one vacancy while imposing on their
wave function a new type of ‘chiral’ boundary condi-
tions. This choice unveils the topological nature of the
charge and its relation to zero modes under the form of
an Index theorem. We generalise these results to multi-
vacancy configurations and we demonstrate the interest
of topological features to achieve remote charge switching
(Fig. 1b).

Dirac model In graphene, carbon atoms condense
into a planar honeycomb bipartite lattice built from two
triangular sublattices TA and TB . The Bravais lattice
with a two-atom unit cell and its reciprocal are triangular
and the hexagonal Brillouin zone has two inequivalent
crystallographic Dirac points K and K

0. Around each of
them, the low energy excitation spectrum is conveniently
described by non-interacting and in-plane massless Dirac
fermions with the e↵ective continuous Hamiltonian,
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Created by removing a single carbon atom
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Figure 1. Schematic visualisation of the main results. (a) By removing a single carbon atom, a vacancy is created which
holds a finite fractional charge Q = ± e

2 IndexH. This vacuum charge is associated to the emergence of zero energy modes
whose bookkeeping is given by IndexH, a topological quantity in nature which preserves the chiral symmetry between positive
and negative parts of the Dirac spectral cone. The topological vacuum charge Q is impervious to lattice perturbations and
other specificities of the high energy dispersion law. The zero mode eigenfunction  (r, E = 0) and its corresponding charge
density ⇢ (r) are located at the vacancy boundary (purple). (b) Multiple vacancies. A configuration of NA = 2 A-vacancies
and NB = 1 B-vacancies is represented. The charge distribution is still constrained by the number of zero modes and its
related IndexH = |NA �NB |, but ⇢ (r) is now markedly modified compared to a single vacancy. For |NA �NB | 6= 0, charges
vanish on the minority vacancies, a situation we denote QM = 0, while being finite on the majority vacancies. These charges
denoted by QH, albeit of topological nature, are di↵erent from the single vacancy fractional charge, and depend on the spatial
configuration of all vacancies. Their value is determined by integrating the charge density deduced from the ansatz (14) for the
zero energy eigenfunctions, over two lattice spacings around the vacancy.

a coarse grained position r. The spectrum of H spans
the continuum, but positive and negative parts can be
mapped one onto the other, a symmetry expressed by

{H,�z} = 0 , (2)

and hereafter called chiral, which is a consequence of the
bipartite structure of the lattice. Moreover, the honey-
comb lattice is invariant under spatial inversion r 7! �r
which decomposes into two mirror symmetries where par-
ity, x 7! x, y 7! �y, H 7! �xH�x, exchanges the two
sublattices TA and TB .

The vacuum charge density, �e
P

n,En<0  
†
n
(r) n (r),

corresponding to electrons filling all the negative energy
states, takes the symmetric form [22, 24],

⇢ (r) =
e

2

X

n

sign (En) 
†
n
(r) n (r) . (3)

For an infinite system, the charge density ⇢ (r) is a total

divergence ([24, 29] and Supplementary Note 1),

⇢ (r) =
e

2
sign (M)r ·�(r) (4)

where the regularising mass parameter M ! 0 removes
the sign ambiguity in (3) in the presence of zero modes.
The matrix element �(r) ⌘

1
2

⌦
r
�� tr

�
��z

1
H�i0

���r
↵
is a

two-dimensional vector and “tr” is over spinor indices.
Despite being defined over the entire energy spec-

trum, ⇢ (r) turns out to be evaluated at the Fermi
energy, a noteworthy result since (1) is merely valid
close to E = 0. Furthermore, (4) is directly related
to features of the zero-energy subspace. Its dimension,
dimkerD+dimkerD†, obtained by counting all solutions
of D B = D

†
 A = 0, cannot generally be determined,

but the relation,

IndexH = � sign (M)

Z
drr ·�(r) (5)

Created by removing a single carbon atom

• Induces a stable charge     at the vacancy site 
• Zero energy modes 
• Break parity (sublattice symmetry)
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Figure 3. Configuration of three vacancies NA = 2,
NB = 1. There is one zero mode, IndexH = |NA�NB | = 1,
so that the two A-vacancies (green upward outline) have a
finite and equal charge QN in this symmetric configuration
and the B-vacancy (purple downward outline) is not charged
QO = 0. (a) Tight binding calculation of the spatial charge
density |⇢ (r)| obtained from definition (3) and depicted by
the blue spots. The total charge is QN ⇡ 10�1 (in units of
e/2) and QO ⇡ 10�4 on each A,B vacancy respectively. A
small positive mass term M ⇡ +10�9 has been used together
with armchair boundary conditions which suppress charge ac-
cumulation on the boundary (Supplementary Note 5). (b)
Continuous Dirac model calculation of the spatial charge den-
sity |⇢ (r)| for the same situation as in (a). These results
are obtained using low energy scattering theory (Supplemen-
tary Note 6). The homogeneous purple region around the
A-vacancies is ⇡ 10�5.

o↵, at once, all the finite charges QN on the graphene
lattice. This e↵ect, of topological origin, is independent
of the relative position of the vacancies and results only
from the vanishing of the overall Index.

Discussion The physics of a charged vacancy pre-
sented here, bears essential similarities with 2 + 1 quan-
tum electrodynamics (QED), such as fermion number
fractionalisation and parity anomaly [18–28]. In the lat-
ter case, a dynamical external gauge field induces zero
modes of massless planar fermions and vacuum charge
with abnormal parity. The Index of the corresponding
Dirac operator follows (6) and acquires non-zero values
proportional to the strength of the gauge field. Hence,
the present results provide, for graphene, a measurable
realization of these QED e↵ects with the topological con-
tent of the gauge field now replaced by vacancies with
properly tailored boundary conditions. Furthermore, our
findings display a coherent description of existing mea-
surements [6, 7] and provide additional predictions that
can be tested with an appropriate experimental control
on vacancy configurations. Including spin degrees of free-
dom and using Lieb’s theorem [2] may significantly en-
rich the picture presented here by associating to a va-
cancy the quantum dynamics of a localised vacuum spin.
Possible connections to recent observations of vacancy
magnetic moments [8–10] should be investigated together
with a generalisation to other bipartite lattices and to

Figure 4. Topological switch. (a) NA = 5, NB = 4. In
that initial configuration, IndexH = |NA�NB | = 1 so that all
A-vacancies are switched on with charges QN (green upward
outline) and B vacancies are switched o↵, QO ⌘ 0 (purple
downward outline). (b) NA = 5, NB = 5. Adding a single
B vacancy at a remote place switches o↵ all the charges of
the A-vacancies since IndexH = |NA �NB | = 0. This multi-
charge switching on and o↵ is of topological nature. The
spatial charge density |⇢ (r)| is obtained from tight binding
calculations and depicted by the blue spots. The finite charges
are QN ⇡ 10�1�10�2 (in units of e/2) on each A-vacancy and
QO ⇡ 10�8 on each B vacancy in (a), and QM, QO ⇡ 10�8 in
(b). A small positive mass term M ⇡ +10�9 has been used
together with armchair boundary conditions which suppress
charge accumulation on the boundary (Supplementary Note
5).

non-isolated vacancies. The notion of topological switch
involves di↵erent and somehow unusual algebraic rules,
e.g, 3QN+2QO = 3QN but QO+(3QN+2QO) = 0, which
may have applications in logic circuit.
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o↵, at once, all the finite charges QN on the graphene
lattice. This e↵ect, of topological origin, is independent
of the relative position of the vacancies and results only
from the vanishing of the overall Index.

Discussion The physics of a charged vacancy pre-
sented here, bears essential similarities with 2 + 1 quan-
tum electrodynamics (QED), such as fermion number
fractionalisation and parity anomaly [18–28]. In the lat-
ter case, a dynamical external gauge field induces zero
modes of massless planar fermions and vacuum charge
with abnormal parity. The Index of the corresponding
Dirac operator follows (6) and acquires non-zero values
proportional to the strength of the gauge field. Hence,
the present results provide, for graphene, a measurable
realization of these QED e↵ects with the topological con-
tent of the gauge field now replaced by vacancies with
properly tailored boundary conditions. Furthermore, our
findings display a coherent description of existing mea-
surements [6, 7] and provide additional predictions that
can be tested with an appropriate experimental control
on vacancy configurations. Including spin degrees of free-
dom and using Lieb’s theorem [2] may significantly en-
rich the picture presented here by associating to a va-
cancy the quantum dynamics of a localised vacuum spin.
Possible connections to recent observations of vacancy
magnetic moments [8–10] should be investigated together
with a generalisation to other bipartite lattices and to

Figure 4. Topological switch. (a) NA = 5, NB = 4. In
that initial configuration, IndexH = |NA�NB | = 1 so that all
A-vacancies are switched on with charges QN (green upward
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non-isolated vacancies. The notion of topological switch
involves di↵erent and somehow unusual algebraic rules,
e.g, 3QN+2QO = 3QN but QO+(3QN+2QO) = 0, which
may have applications in logic circuit.
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Figure 1. Schematic visualisation of the main results. (a) By removing a single carbon atom, a vacancy is created which
holds a finite fractional charge Q = ± e

2 IndexH. This vacuum charge is associated to the emergence of zero energy modes
whose bookkeeping is given by IndexH, a topological quantity in nature which preserves the chiral symmetry between positive
and negative parts of the Dirac spectral cone. The topological vacuum charge Q is impervious to lattice perturbations and
other specificities of the high energy dispersion law. The zero mode eigenfunction  (r, E = 0) and its corresponding charge
density ⇢ (r) are located at the vacancy boundary (purple). (b) Multiple vacancies. A configuration of NA = 2 A-vacancies
and NB = 1 B-vacancies is represented. The charge distribution is still constrained by the number of zero modes and its
related IndexH = |NA �NB |, but ⇢ (r) is now markedly modified compared to a single vacancy. For |NA �NB | 6= 0, charges
vanish on the minority vacancies, a situation we denote QM = 0, while being finite on the majority vacancies. These charges
denoted by QH, albeit of topological nature, are di↵erent from the single vacancy fractional charge, and depend on the spatial
configuration of all vacancies. Their value is determined by integrating the charge density deduced from the ansatz (14) for the
zero energy eigenfunctions, over two lattice spacings around the vacancy.

a coarse grained position r. The spectrum of H spans
the continuum, but positive and negative parts can be
mapped one onto the other, a symmetry expressed by

{H,�z} = 0 , (2)

and hereafter called chiral, which is a consequence of the
bipartite structure of the lattice. Moreover, the honey-
comb lattice is invariant under spatial inversion r 7! �r
which decomposes into two mirror symmetries where par-
ity, x 7! x, y 7! �y, H 7! �xH�x, exchanges the two
sublattices TA and TB .

The vacuum charge density, �e
P

n,En<0  
†
n
(r) n (r),

corresponding to electrons filling all the negative energy
states, takes the symmetric form [22, 24],

⇢ (r) =
e

2

X
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sign (En) 
†
n
(r) n (r) . (3)

For an infinite system, the charge density ⇢ (r) is a total

divergence ([24, 29] and Supplementary Note 1),

⇢ (r) =
e

2
sign (M)r ·�(r) (4)

where the regularising mass parameter M ! 0 removes
the sign ambiguity in (3) in the presence of zero modes.
The matrix element �(r) ⌘

1
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⌦
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�� tr

�
��z

1
H�i0

���r
↵
is a

two-dimensional vector and “tr” is over spinor indices.
Despite being defined over the entire energy spec-

trum, ⇢ (r) turns out to be evaluated at the Fermi
energy, a noteworthy result since (1) is merely valid
close to E = 0. Furthermore, (4) is directly related
to features of the zero-energy subspace. Its dimension,
dimkerD+dimkerD†, obtained by counting all solutions
of D B = D

†
 A = 0, cannot generally be determined,

but the relation,

IndexH = � sign (M)

Z
drr ·�(r) (5)

Created by removing a single carbon atom

• Induces a stable charge     at the vacancy site 
• Zero energy modes 
• Break parity (sublattice symmetry)
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Figure 3. Configuration of three vacancies NA = 2,
NB = 1. There is one zero mode, IndexH = |NA�NB | = 1,
so that the two A-vacancies (green upward outline) have a
finite and equal charge QN in this symmetric configuration
and the B-vacancy (purple downward outline) is not charged
QO = 0. (a) Tight binding calculation of the spatial charge
density |⇢ (r)| obtained from definition (3) and depicted by
the blue spots. The total charge is QN ⇡ 10�1 (in units of
e/2) and QO ⇡ 10�4 on each A,B vacancy respectively. A
small positive mass term M ⇡ +10�9 has been used together
with armchair boundary conditions which suppress charge ac-
cumulation on the boundary (Supplementary Note 5). (b)
Continuous Dirac model calculation of the spatial charge den-
sity |⇢ (r)| for the same situation as in (a). These results
are obtained using low energy scattering theory (Supplemen-
tary Note 6). The homogeneous purple region around the
A-vacancies is ⇡ 10�5.

o↵, at once, all the finite charges QN on the graphene
lattice. This e↵ect, of topological origin, is independent
of the relative position of the vacancies and results only
from the vanishing of the overall Index.

Discussion The physics of a charged vacancy pre-
sented here, bears essential similarities with 2 + 1 quan-
tum electrodynamics (QED), such as fermion number
fractionalisation and parity anomaly [18–28]. In the lat-
ter case, a dynamical external gauge field induces zero
modes of massless planar fermions and vacuum charge
with abnormal parity. The Index of the corresponding
Dirac operator follows (6) and acquires non-zero values
proportional to the strength of the gauge field. Hence,
the present results provide, for graphene, a measurable
realization of these QED e↵ects with the topological con-
tent of the gauge field now replaced by vacancies with
properly tailored boundary conditions. Furthermore, our
findings display a coherent description of existing mea-
surements [6, 7] and provide additional predictions that
can be tested with an appropriate experimental control
on vacancy configurations. Including spin degrees of free-
dom and using Lieb’s theorem [2] may significantly en-
rich the picture presented here by associating to a va-
cancy the quantum dynamics of a localised vacuum spin.
Possible connections to recent observations of vacancy
magnetic moments [8–10] should be investigated together
with a generalisation to other bipartite lattices and to

Figure 4. Topological switch. (a) NA = 5, NB = 4. In
that initial configuration, IndexH = |NA�NB | = 1 so that all
A-vacancies are switched on with charges QN (green upward
outline) and B vacancies are switched o↵, QO ⌘ 0 (purple
downward outline). (b) NA = 5, NB = 5. Adding a single
B vacancy at a remote place switches o↵ all the charges of
the A-vacancies since IndexH = |NA �NB | = 0. This multi-
charge switching on and o↵ is of topological nature. The
spatial charge density |⇢ (r)| is obtained from tight binding
calculations and depicted by the blue spots. The finite charges
are QN ⇡ 10�1�10�2 (in units of e/2) on each A-vacancy and
QO ⇡ 10�8 on each B vacancy in (a), and QM, QO ⇡ 10�8 in
(b). A small positive mass term M ⇡ +10�9 has been used
together with armchair boundary conditions which suppress
charge accumulation on the boundary (Supplementary Note
5).

non-isolated vacancies. The notion of topological switch
involves di↵erent and somehow unusual algebraic rules,
e.g, 3QN+2QO = 3QN but QO+(3QN+2QO) = 0, which
may have applications in logic circuit.
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Figure 1. Schematic visualisation of the main results. (a) By removing a single carbon atom, a vacancy is created which
holds a finite fractional charge Q = ± e

2 IndexH. This vacuum charge is associated to the emergence of zero energy modes
whose bookkeeping is given by IndexH, a topological quantity in nature which preserves the chiral symmetry between positive
and negative parts of the Dirac spectral cone. The topological vacuum charge Q is impervious to lattice perturbations and
other specificities of the high energy dispersion law. The zero mode eigenfunction  (r, E = 0) and its corresponding charge
density ⇢ (r) are located at the vacancy boundary (purple). (b) Multiple vacancies. A configuration of NA = 2 A-vacancies
and NB = 1 B-vacancies is represented. The charge distribution is still constrained by the number of zero modes and its
related IndexH = |NA �NB |, but ⇢ (r) is now markedly modified compared to a single vacancy. For |NA �NB | 6= 0, charges
vanish on the minority vacancies, a situation we denote QM = 0, while being finite on the majority vacancies. These charges
denoted by QH, albeit of topological nature, are di↵erent from the single vacancy fractional charge, and depend on the spatial
configuration of all vacancies. Their value is determined by integrating the charge density deduced from the ansatz (14) for the
zero energy eigenfunctions, over two lattice spacings around the vacancy.

a coarse grained position r. The spectrum of H spans
the continuum, but positive and negative parts can be
mapped one onto the other, a symmetry expressed by

{H,�z} = 0 , (2)

and hereafter called chiral, which is a consequence of the
bipartite structure of the lattice. Moreover, the honey-
comb lattice is invariant under spatial inversion r 7! �r
which decomposes into two mirror symmetries where par-
ity, x 7! x, y 7! �y, H 7! �xH�x, exchanges the two
sublattices TA and TB .

The vacuum charge density, �e
P

n,En<0  
†
n
(r) n (r),

corresponding to electrons filling all the negative energy
states, takes the symmetric form [22, 24],

⇢ (r) =
e

2

X

n

sign (En) 
†
n
(r) n (r) . (3)

For an infinite system, the charge density ⇢ (r) is a total

divergence ([24, 29] and Supplementary Note 1),

⇢ (r) =
e

2
sign (M)r ·�(r) (4)

where the regularising mass parameter M ! 0 removes
the sign ambiguity in (3) in the presence of zero modes.
The matrix element �(r) ⌘

1
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⌦
r

�� tr
�
��z

1
H�i0

���r
↵
is a

two-dimensional vector and “tr” is over spinor indices.
Despite being defined over the entire energy spec-

trum, ⇢ (r) turns out to be evaluated at the Fermi
energy, a noteworthy result since (1) is merely valid
close to E = 0. Furthermore, (4) is directly related
to features of the zero-energy subspace. Its dimension,
dimkerD+dimkerD†, obtained by counting all solutions
of D B = D

†
 A = 0, cannot generally be determined,

but the relation,

IndexH = � sign (M)

Z
drr ·�(r) (5)

Vacancies in graphene



2

Figure 1. Schematic visualisation of the main results. (a) By removing a single carbon atom, a vacancy is created which
holds a finite fractional charge Q = ± e

2 IndexH. This vacuum charge is associated to the emergence of zero energy modes
whose bookkeeping is given by IndexH, a topological quantity in nature which preserves the chiral symmetry between positive
and negative parts of the Dirac spectral cone. The topological vacuum charge Q is impervious to lattice perturbations and
other specificities of the high energy dispersion law. The zero mode eigenfunction  (r, E = 0) and its corresponding charge
density ⇢ (r) are located at the vacancy boundary (purple). (b) Multiple vacancies. A configuration of NA = 2 A-vacancies
and NB = 1 B-vacancies is represented. The charge distribution is still constrained by the number of zero modes and its
related IndexH = |NA �NB |, but ⇢ (r) is now markedly modified compared to a single vacancy. For |NA �NB | 6= 0, charges
vanish on the minority vacancies, a situation we denote QM = 0, while being finite on the majority vacancies. These charges
denoted by QH, albeit of topological nature, are di↵erent from the single vacancy fractional charge, and depend on the spatial
configuration of all vacancies. Their value is determined by integrating the charge density deduced from the ansatz (14) for the
zero energy eigenfunctions, over two lattice spacings around the vacancy.

a coarse grained position r. The spectrum of H spans
the continuum, but positive and negative parts can be
mapped one onto the other, a symmetry expressed by

{H,�z} = 0 , (2)

and hereafter called chiral, which is a consequence of the
bipartite structure of the lattice. Moreover, the honey-
comb lattice is invariant under spatial inversion r 7! �r
which decomposes into two mirror symmetries where par-
ity, x 7! x, y 7! �y, H 7! �xH�x, exchanges the two
sublattices TA and TB .

The vacuum charge density, �e
P

n,En<0  
†
n
(r) n (r),

corresponding to electrons filling all the negative energy
states, takes the symmetric form [22, 24],

⇢ (r) =
e

2

X

n

sign (En) 
†
n
(r) n (r) . (3)

For an infinite system, the charge density ⇢ (r) is a total

divergence ([24, 29] and Supplementary Note 1),

⇢ (r) =
e

2
sign (M)r ·�(r) (4)

where the regularising mass parameter M ! 0 removes
the sign ambiguity in (3) in the presence of zero modes.
The matrix element �(r) ⌘

1
2

⌦
r
�� tr

�
��z

1
H�i0

���r
↵
is a

two-dimensional vector and “tr” is over spinor indices.
Despite being defined over the entire energy spec-

trum, ⇢ (r) turns out to be evaluated at the Fermi
energy, a noteworthy result since (1) is merely valid
close to E = 0. Furthermore, (4) is directly related
to features of the zero-energy subspace. Its dimension,
dimkerD+dimkerD†, obtained by counting all solutions
of D B = D

†
 A = 0, cannot generally be determined,

but the relation,

IndexH = � sign (M)

Z
drr ·�(r) (5)

Created by removing a single carbon atom

• Induces a stable charge     at the vacancy site 
• Zero energy modes 
• Breaks parity (sublattice symmetry)

5

Figure 3. Configuration of three vacancies NA = 2,
NB = 1. There is one zero mode, IndexH = |NA�NB | = 1,
so that the two A-vacancies (green upward outline) have a
finite and equal charge QN in this symmetric configuration
and the B-vacancy (purple downward outline) is not charged
QO = 0. (a) Tight binding calculation of the spatial charge
density |⇢ (r)| obtained from definition (3) and depicted by
the blue spots. The total charge is QN ⇡ 10�1 (in units of
e/2) and QO ⇡ 10�4 on each A,B vacancy respectively. A
small positive mass term M ⇡ +10�9 has been used together
with armchair boundary conditions which suppress charge ac-
cumulation on the boundary (Supplementary Note 5). (b)
Continuous Dirac model calculation of the spatial charge den-
sity |⇢ (r)| for the same situation as in (a). These results
are obtained using low energy scattering theory (Supplemen-
tary Note 6). The homogeneous purple region around the
A-vacancies is ⇡ 10�5.

o↵, at once, all the finite charges QN on the graphene
lattice. This e↵ect, of topological origin, is independent
of the relative position of the vacancies and results only
from the vanishing of the overall Index.

Discussion The physics of a charged vacancy pre-
sented here, bears essential similarities with 2 + 1 quan-
tum electrodynamics (QED), such as fermion number
fractionalisation and parity anomaly [18–28]. In the lat-
ter case, a dynamical external gauge field induces zero
modes of massless planar fermions and vacuum charge
with abnormal parity. The Index of the corresponding
Dirac operator follows (6) and acquires non-zero values
proportional to the strength of the gauge field. Hence,
the present results provide, for graphene, a measurable
realization of these QED e↵ects with the topological con-
tent of the gauge field now replaced by vacancies with
properly tailored boundary conditions. Furthermore, our
findings display a coherent description of existing mea-
surements [6, 7] and provide additional predictions that
can be tested with an appropriate experimental control
on vacancy configurations. Including spin degrees of free-
dom and using Lieb’s theorem [2] may significantly en-
rich the picture presented here by associating to a va-
cancy the quantum dynamics of a localised vacuum spin.
Possible connections to recent observations of vacancy
magnetic moments [8–10] should be investigated together
with a generalisation to other bipartite lattices and to

Figure 4. Topological switch. (a) NA = 5, NB = 4. In
that initial configuration, IndexH = |NA�NB | = 1 so that all
A-vacancies are switched on with charges QN (green upward
outline) and B vacancies are switched o↵, QO ⌘ 0 (purple
downward outline). (b) NA = 5, NB = 5. Adding a single
B vacancy at a remote place switches o↵ all the charges of
the A-vacancies since IndexH = |NA �NB | = 0. This multi-
charge switching on and o↵ is of topological nature. The
spatial charge density |⇢ (r)| is obtained from tight binding
calculations and depicted by the blue spots. The finite charges
are QN ⇡ 10�1�10�2 (in units of e/2) on each A-vacancy and
QO ⇡ 10�8 on each B vacancy in (a), and QM, QO ⇡ 10�8 in
(b). A small positive mass term M ⇡ +10�9 has been used
together with armchair boundary conditions which suppress
charge accumulation on the boundary (Supplementary Note
5).

non-isolated vacancies. The notion of topological switch
involves di↵erent and somehow unusual algebraic rules,
e.g, 3QN+2QO = 3QN but QO+(3QN+2QO) = 0, which
may have applications in logic circuit.
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Figure 1. Schematic visualisation of the main results. (a) By removing a single carbon atom, a vacancy is created which
holds a finite fractional charge Q = ± e

2 IndexH. This vacuum charge is associated to the emergence of zero energy modes
whose bookkeeping is given by IndexH, a topological quantity in nature which preserves the chiral symmetry between positive
and negative parts of the Dirac spectral cone. The topological vacuum charge Q is impervious to lattice perturbations and
other specificities of the high energy dispersion law. The zero mode eigenfunction  (r, E = 0) and its corresponding charge
density ⇢ (r) are located at the vacancy boundary (purple). (b) Multiple vacancies. A configuration of NA = 2 A-vacancies
and NB = 1 B-vacancies is represented. The charge distribution is still constrained by the number of zero modes and its
related IndexH = |NA �NB |, but ⇢ (r) is now markedly modified compared to a single vacancy. For |NA �NB | 6= 0, charges
vanish on the minority vacancies, a situation we denote QM = 0, while being finite on the majority vacancies. These charges
denoted by QH, albeit of topological nature, are di↵erent from the single vacancy fractional charge, and depend on the spatial
configuration of all vacancies. Their value is determined by integrating the charge density deduced from the ansatz (14) for the
zero energy eigenfunctions, over two lattice spacings around the vacancy.

a coarse grained position r. The spectrum of H spans
the continuum, but positive and negative parts can be
mapped one onto the other, a symmetry expressed by

{H,�z} = 0 , (2)

and hereafter called chiral, which is a consequence of the
bipartite structure of the lattice. Moreover, the honey-
comb lattice is invariant under spatial inversion r 7! �r
which decomposes into two mirror symmetries where par-
ity, x 7! x, y 7! �y, H 7! �xH�x, exchanges the two
sublattices TA and TB .
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trum, ⇢ (r) turns out to be evaluated at the Fermi
energy, a noteworthy result since (1) is merely valid
close to E = 0. Furthermore, (4) is directly related
to features of the zero-energy subspace. Its dimension,
dimkerD+dimkerD†, obtained by counting all solutions
of D B = D

†
 A = 0, cannot generally be determined,
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Figure 1. Schematic visualisation of the main results. (a) By removing a single carbon atom, a vacancy is created which
holds a finite fractional charge Q = ± e

2 IndexH. This vacuum charge is associated to the emergence of zero energy modes
whose bookkeeping is given by IndexH, a topological quantity in nature which preserves the chiral symmetry between positive
and negative parts of the Dirac spectral cone. The topological vacuum charge Q is impervious to lattice perturbations and
other specificities of the high energy dispersion law. The zero mode eigenfunction  (r, E = 0) and its corresponding charge
density ⇢ (r) are located at the vacancy boundary (purple). (b) Multiple vacancies. A configuration of NA = 2 A-vacancies
and NB = 1 B-vacancies is represented. The charge distribution is still constrained by the number of zero modes and its
related IndexH = |NA �NB |, but ⇢ (r) is now markedly modified compared to a single vacancy. For |NA �NB | 6= 0, charges
vanish on the minority vacancies, a situation we denote QM = 0, while being finite on the majority vacancies. These charges
denoted by QH, albeit of topological nature, are di↵erent from the single vacancy fractional charge, and depend on the spatial
configuration of all vacancies. Their value is determined by integrating the charge density deduced from the ansatz (14) for the
zero energy eigenfunctions, over two lattice spacings around the vacancy.
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Introductory paragraph Graphene has a remark-
able low energy spectrum described by an e↵ective Dirac
model, whose interest resides in its ability to account for a
wealth of fundamental aspects specific to massless Dirac
fermions. Significant interest has lately been devoted to
the study of vacancies [1–11] obtained by removing a neu-
tral carbon atom. The presence of a single vacancy has
interesting and unexpected consequences. It leads to the
occurrence of a stable charge of order unity localised at
the vacancy site and interacting with other charges of the
conductor by means of an unscreened Coulomb potential
[7]. It also breaks the symmetry between the two tri-
angular graphene sublattices hence inducing zero energy
states at the Dirac point [1–4]. These features have been
noticed [5, 6], however, their precise underlying mecha-
nism and its relation to Dirac physics, if any, are yet to
be investigated. Here we show the fractional and pseudo-
scalar nature of this stable vacancy charge originating
from the vacuum and insensitive to screening e↵ects [12–
14]. A continuous Dirac model is presented which relates
zero modes to vacuum fractional charge and to a par-
ity anomaly. This relation, constitutes an Index theorem
and is achieved by using particular chiral boundary con-
ditions [15–17] which map the vacancy problem onto edge
state physics and link zero energy states to topological
features of the bulk alike the Hall e↵ect or physics of
kinks, vortices and monopoles. Vacancies in graphene
thus allow to realise prominent features of 2 + 1 quan-
tum electrodynamics, e.g., charge fractionalisation and
parity symmetry breaking [18–28], but without coupling
to a gauge field. This essential di↵erence makes vacancy
physics relatively easy to implement and an interesting
playground for topological switching and computation.

Precise statement of results Vacancies have
important consequences for the physics of graphene:
(i) Zero energy modes. In the presence of NA + NB

vacancies, where NA (NB) is the number of vacancies
corresponding to sublattice TA (TB), the tight binding
Hamiltonian has |NA �NB | zero energy eigenvalues with
vanishing wave function on the minority sublattice [1–3].
(ii) Charge. Density functional theory calculations [5]
show that when a carbon atom is removed, the induced
electronic rearrangement leads to a lower energy con-
figuration and to an overall local electric charge in the
ground state. In addition, tunnelling and Landau level
spectroscopy [6] provide experimental support for the ex-
istence of this local charge and show, with very good
agreement, an energy spectrum corresponding to an un-

screened V ⇠ �1/r Coulomb potential [7]. (iii) Sym-
metry breaking. For NA 6= NB , sublattice symmetry is
broken and so is parity in the continuum limit. For a
single vacancy, the degeneracy lifting between the two
lowest angular momentum channels j = ±1/2, a clear
indication of parity symmetry breaking, has been indeed
observed [7].
We present a continuous Dirac model of graphene,

valid at low energy and applicable to an arbitrary con-
figuration of isolated vacancies, which accounts for the
above features and shows their direct relation. The lo-
calised, fractional and pseudo-scalar nature of the va-
cancy charge is a consequence of the asymmetry between
positive and negative parts of the spectrum as expressed
by the occurrence of zero energy modes (Fig. 1a). This
fractional charge does not display Friedel-like density os-
cillations and essentially di↵ers from the screening re-
sulting from the insertion of external charge defects [12–
14]. We show that the amount of charge associated with
NA + NB vacancies is proportional to |NA �NB |. The
vacuum charge density and its corresponding charge are
obtained by solving the scattering problem of massless
Dirac fermions by one vacancy while imposing on their
wave function a new type of ‘chiral’ boundary condi-
tions. This choice unveils the topological nature of the
charge and its relation to zero modes under the form of
an Index theorem. We generalise these results to multi-
vacancy configurations and we demonstrate the interest
of topological features to achieve remote charge switching
(Fig. 1b).

Dirac model In graphene, carbon atoms condense
into a planar honeycomb bipartite lattice built from two
triangular sublattices TA and TB . The Bravais lattice
with a two-atom unit cell and its reciprocal are triangular
and the hexagonal Brillouin zone has two inequivalent
crystallographic Dirac points K and K

0. Around each of
them, the low energy excitation spectrum is conveniently
described by non-interacting and in-plane massless Dirac
fermions with the e↵ective continuous Hamiltonian,
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Figure 1. Schematic visualisation of the main results. (a) By removing a single carbon atom, a vacancy is created which
holds a finite fractional charge Q = ± e

2 IndexH. This vacuum charge is associated to the emergence of zero energy modes
whose bookkeeping is given by IndexH, a topological quantity in nature which preserves the chiral symmetry between positive
and negative parts of the Dirac spectral cone. The topological vacuum charge Q is impervious to lattice perturbations and
other specificities of the high energy dispersion law. The zero mode eigenfunction  (r, E = 0) and its corresponding charge
density ⇢ (r) are located at the vacancy boundary (purple). (b) Multiple vacancies. A configuration of NA = 2 A-vacancies
and NB = 1 B-vacancies is represented. The charge distribution is still constrained by the number of zero modes and its
related IndexH = |NA �NB |, but ⇢ (r) is now markedly modified compared to a single vacancy. For |NA �NB | 6= 0, charges
vanish on the minority vacancies, a situation we denote QM = 0, while being finite on the majority vacancies. These charges
denoted by QH, albeit of topological nature, are di↵erent from the single vacancy fractional charge, and depend on the spatial
configuration of all vacancies. Their value is determined by integrating the charge density deduced from the ansatz (14) for the
zero energy eigenfunctions, over two lattice spacings around the vacancy.

a coarse grained position r. The spectrum of H spans
the continuum, but positive and negative parts can be
mapped one onto the other, a symmetry expressed by

{H,�z} = 0 , (2)

and hereafter called chiral, which is a consequence of the
bipartite structure of the lattice. Moreover, the honey-
comb lattice is invariant under spatial inversion r 7! �r
which decomposes into two mirror symmetries where par-
ity, x 7! x, y 7! �y, H 7! �xH�x, exchanges the two
sublattices TA and TB .

The vacuum charge density, �e
P

n,En<0  
†
n
(r) n (r),

corresponding to electrons filling all the negative energy
states, takes the symmetric form [22, 24],

⇢ (r) =
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For an infinite system, the charge density ⇢ (r) is a total

divergence ([24, 29] and Supplementary Note 1),
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where the regularising mass parameter M ! 0 removes
the sign ambiguity in (3) in the presence of zero modes.
The matrix element �(r) ⌘

1
2

⌦
r

�� tr
�
��z

1
H�i0

���r
↵
is a

two-dimensional vector and “tr” is over spinor indices.
Despite being defined over the entire energy spec-

trum, ⇢ (r) turns out to be evaluated at the Fermi
energy, a noteworthy result since (1) is merely valid
close to E = 0. Furthermore, (4) is directly related
to features of the zero-energy subspace. Its dimension,
dimkerD+dimkerD†, obtained by counting all solutions
of D B = D

†
 A = 0, cannot generally be determined,

but the relation,

IndexH = � sign (M)
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Introductory paragraph Graphene has a remark-
able low energy spectrum described by an e↵ective Dirac
model, whose interest resides in its ability to account for a
wealth of fundamental aspects specific to massless Dirac
fermions. Significant interest has lately been devoted to
the study of vacancies [1–11] obtained by removing a neu-
tral carbon atom. The presence of a single vacancy has
interesting and unexpected consequences. It leads to the
occurrence of a stable charge of order unity localised at
the vacancy site and interacting with other charges of the
conductor by means of an unscreened Coulomb potential
[7]. It also breaks the symmetry between the two tri-
angular graphene sublattices hence inducing zero energy
states at the Dirac point [1–4]. These features have been
noticed [5, 6], however, their precise underlying mecha-
nism and its relation to Dirac physics, if any, are yet to
be investigated. Here we show the fractional and pseudo-
scalar nature of this stable vacancy charge originating
from the vacuum and insensitive to screening e↵ects [12–
14]. A continuous Dirac model is presented which relates
zero modes to vacuum fractional charge and to a par-
ity anomaly. This relation, constitutes an Index theorem
and is achieved by using particular chiral boundary con-
ditions [15–17] which map the vacancy problem onto edge
state physics and link zero energy states to topological
features of the bulk alike the Hall e↵ect or physics of
kinks, vortices and monopoles. Vacancies in graphene
thus allow to realise prominent features of 2 + 1 quan-
tum electrodynamics, e.g., charge fractionalisation and
parity symmetry breaking [18–28], but without coupling
to a gauge field. This essential di↵erence makes vacancy
physics relatively easy to implement and an interesting
playground for topological switching and computation.

Precise statement of results Vacancies have
important consequences for the physics of graphene:
(i) Zero energy modes. In the presence of NA + NB

vacancies, where NA (NB) is the number of vacancies
corresponding to sublattice TA (TB), the tight binding
Hamiltonian has |NA �NB | zero energy eigenvalues with
vanishing wave function on the minority sublattice [1–3].
(ii) Charge. Density functional theory calculations [5]
show that when a carbon atom is removed, the induced
electronic rearrangement leads to a lower energy con-
figuration and to an overall local electric charge in the
ground state. In addition, tunnelling and Landau level
spectroscopy [6] provide experimental support for the ex-
istence of this local charge and show, with very good
agreement, an energy spectrum corresponding to an un-

screened V ⇠ �1/r Coulomb potential [7]. (iii) Sym-
metry breaking. For NA 6= NB , sublattice symmetry is
broken and so is parity in the continuum limit. For a
single vacancy, the degeneracy lifting between the two
lowest angular momentum channels j = ±1/2, a clear
indication of parity symmetry breaking, has been indeed
observed [7].
We present a continuous Dirac model of graphene,

valid at low energy and applicable to an arbitrary con-
figuration of isolated vacancies, which accounts for the
above features and shows their direct relation. The lo-
calised, fractional and pseudo-scalar nature of the va-
cancy charge is a consequence of the asymmetry between
positive and negative parts of the spectrum as expressed
by the occurrence of zero energy modes (Fig. 1a). This
fractional charge does not display Friedel-like density os-
cillations and essentially di↵ers from the screening re-
sulting from the insertion of external charge defects [12–
14]. We show that the amount of charge associated with
NA + NB vacancies is proportional to |NA �NB |. The
vacuum charge density and its corresponding charge are
obtained by solving the scattering problem of massless
Dirac fermions by one vacancy while imposing on their
wave function a new type of ‘chiral’ boundary condi-
tions. This choice unveils the topological nature of the
charge and its relation to zero modes under the form of
an Index theorem. We generalise these results to multi-
vacancy configurations and we demonstrate the interest
of topological features to achieve remote charge switching
(Fig. 1b).

Dirac model In graphene, carbon atoms condense
into a planar honeycomb bipartite lattice built from two
triangular sublattices TA and TB . The Bravais lattice
with a two-atom unit cell and its reciprocal are triangular
and the hexagonal Brillouin zone has two inequivalent
crystallographic Dirac points K and K

0. Around each of
them, the low energy excitation spectrum is conveniently
described by non-interacting and in-plane massless Dirac
fermions with the e↵ective continuous Hamiltonian,
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Figure 1. Schematic visualisation of the main results. (a) By removing a single carbon atom, a vacancy is created which
holds a finite fractional charge Q = ± e

2 IndexH. This vacuum charge is associated to the emergence of zero energy modes
whose bookkeeping is given by IndexH, a topological quantity in nature which preserves the chiral symmetry between positive
and negative parts of the Dirac spectral cone. The topological vacuum charge Q is impervious to lattice perturbations and
other specificities of the high energy dispersion law. The zero mode eigenfunction  (r, E = 0) and its corresponding charge
density ⇢ (r) are located at the vacancy boundary (purple). (b) Multiple vacancies. A configuration of NA = 2 A-vacancies
and NB = 1 B-vacancies is represented. The charge distribution is still constrained by the number of zero modes and its
related IndexH = |NA �NB |, but ⇢ (r) is now markedly modified compared to a single vacancy. For |NA �NB | 6= 0, charges
vanish on the minority vacancies, a situation we denote QM = 0, while being finite on the majority vacancies. These charges
denoted by QH, albeit of topological nature, are di↵erent from the single vacancy fractional charge, and depend on the spatial
configuration of all vacancies. Their value is determined by integrating the charge density deduced from the ansatz (14) for the
zero energy eigenfunctions, over two lattice spacings around the vacancy.

a coarse grained position r. The spectrum of H spans
the continuum, but positive and negative parts can be
mapped one onto the other, a symmetry expressed by
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and hereafter called chiral, which is a consequence of the
bipartite structure of the lattice. Moreover, the honey-
comb lattice is invariant under spatial inversion r 7! �r
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Introductory paragraph Graphene has a remark-
able low energy spectrum described by an e↵ective Dirac
model, whose interest resides in its ability to account for a
wealth of fundamental aspects specific to massless Dirac
fermions. Significant interest has lately been devoted to
the study of vacancies [1–11] obtained by removing a neu-
tral carbon atom. The presence of a single vacancy has
interesting and unexpected consequences. It leads to the
occurrence of a stable charge of order unity localised at
the vacancy site and interacting with other charges of the
conductor by means of an unscreened Coulomb potential
[7]. It also breaks the symmetry between the two tri-
angular graphene sublattices hence inducing zero energy
states at the Dirac point [1–4]. These features have been
noticed [5, 6], however, their precise underlying mecha-
nism and its relation to Dirac physics, if any, are yet to
be investigated. Here we show the fractional and pseudo-
scalar nature of this stable vacancy charge originating
from the vacuum and insensitive to screening e↵ects [12–
14]. A continuous Dirac model is presented which relates
zero modes to vacuum fractional charge and to a par-
ity anomaly. This relation, constitutes an Index theorem
and is achieved by using particular chiral boundary con-
ditions [15–17] which map the vacancy problem onto edge
state physics and link zero energy states to topological
features of the bulk alike the Hall e↵ect or physics of
kinks, vortices and monopoles. Vacancies in graphene
thus allow to realise prominent features of 2 + 1 quan-
tum electrodynamics, e.g., charge fractionalisation and
parity symmetry breaking [18–28], but without coupling
to a gauge field. This essential di↵erence makes vacancy
physics relatively easy to implement and an interesting
playground for topological switching and computation.

Precise statement of results Vacancies have
important consequences for the physics of graphene:
(i) Zero energy modes. In the presence of NA + NB

vacancies, where NA (NB) is the number of vacancies
corresponding to sublattice TA (TB), the tight binding
Hamiltonian has |NA �NB | zero energy eigenvalues with
vanishing wave function on the minority sublattice [1–3].
(ii) Charge. Density functional theory calculations [5]
show that when a carbon atom is removed, the induced
electronic rearrangement leads to a lower energy con-
figuration and to an overall local electric charge in the
ground state. In addition, tunnelling and Landau level
spectroscopy [6] provide experimental support for the ex-
istence of this local charge and show, with very good
agreement, an energy spectrum corresponding to an un-

screened V ⇠ �1/r Coulomb potential [7]. (iii) Sym-
metry breaking. For NA 6= NB , sublattice symmetry is
broken and so is parity in the continuum limit. For a
single vacancy, the degeneracy lifting between the two
lowest angular momentum channels j = ±1/2, a clear
indication of parity symmetry breaking, has been indeed
observed [7].
We present a continuous Dirac model of graphene,

valid at low energy and applicable to an arbitrary con-
figuration of isolated vacancies, which accounts for the
above features and shows their direct relation. The lo-
calised, fractional and pseudo-scalar nature of the va-
cancy charge is a consequence of the asymmetry between
positive and negative parts of the spectrum as expressed
by the occurrence of zero energy modes (Fig. 1a). This
fractional charge does not display Friedel-like density os-
cillations and essentially di↵ers from the screening re-
sulting from the insertion of external charge defects [12–
14]. We show that the amount of charge associated with
NA + NB vacancies is proportional to |NA �NB |. The
vacuum charge density and its corresponding charge are
obtained by solving the scattering problem of massless
Dirac fermions by one vacancy while imposing on their
wave function a new type of ‘chiral’ boundary condi-
tions. This choice unveils the topological nature of the
charge and its relation to zero modes under the form of
an Index theorem. We generalise these results to multi-
vacancy configurations and we demonstrate the interest
of topological features to achieve remote charge switching
(Fig. 1b).

Dirac model In graphene, carbon atoms condense
into a planar honeycomb bipartite lattice built from two
triangular sublattices TA and TB . The Bravais lattice
with a two-atom unit cell and its reciprocal are triangular
and the hexagonal Brillouin zone has two inequivalent
crystallographic Dirac points K and K

0. Around each of
them, the low energy excitation spectrum is conveniently
described by non-interacting and in-plane massless Dirac
fermions with the e↵ective continuous Hamiltonian,
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Supplementary Figure 4: The phase of �"n as a function of the coupling � and |K| for � > |K|. The bold
black line represents ⇠ = |K|. It can be seen that the phase of �"n takes values in the range [0, 0.046⇡] for d � 2

.

(i) continuously connected constant potential V< = ��/L [7] corresponding to h = Jm+1(� + EL)/Jm(� + EL),
where Jn(x) is Bessel’s function; (ii) zero wavefunction on one of the graphene lattice sites [8] corresponding to
h = 0; (iii) infinite mass term on boundary term [9] corresponding to h = 1. Generically, h can depend on E,L and
m. From (6), the critical coupling is �c ⌘ |m+ 1/2|  1/2, giving rise to two angular momentum s-wave channels,
m = 0,�1 for which �c = 1/2.

An additional important property of our model is related to parity symmetry. Since mass or scalar potential
terms are absent (and the Coulomb potential is radial), the Dirac equation in 2 + 1 dimension is symmetric under
2 dimensional parity, Py, in which (x, y) ! (�x, y) [10]. The action of the parity operators on  (r,�) is defined as

 
0(r,�) ⌘ Py (r,⇡ � �)

= �y (r,⇡ � �)

= �ie
i(�m�1)�
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This transformation can also be accounted for (up to an unimportant overall phase) by

 1(r) !  2(r), 2(r) ! � 1(r),m ! �m� 1 (21)

where K ⌘ m+ 1/2, thus m ! �m� 1 , K ! �K. Indeed, the Dirac equation (5), is invariant under (21).
From (21) it is apparent that solutions corresponding to angular momentum m and �m� 1 are linked via parity

symmetry. Since energy remains unchanged under parity, a natural question is whether the quasi bound energies
are the same for angular momentum channels m and �m�1. The answer depends on the short distance region. For
example, if we describe the r < L regime by condition (i) then the quasi bound states will necessarily be degenerate
over the m and �m�1 channels. The reason is that in this case, the potential of both regimes r > L, r < L respects
parity symmetry. As a result, h in (i) transforms like  2(r)/ 1(r) under (21), i.e., h ! �h

�1. Thus, by applying
(21) on both side of (14) it is straightforward to obtain that d⌘m/dE = d⌘�m�1/dE. However, if the potential in
the r < L regime break parity, that is, the corresponding boundary condition does not transform as h ! �h

�1

under (21) (for example h = 0, 1), then d⌘m/dE 6= d⌘�m�1/dE and the degeneracy will be broken. Specifically, for
m = 0,�1 we find two interleaved geometric ladders of over critical states in the corresponding regime � > �c = 1/2
as shown in the main text. The relative position of the two ladders typically depends on h and therefore is sensitive
to the detail of the short range physics.
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The explicit expression is complicated and is therefore omitted. Resonant quasi-bound states appear for specific
values of the energy E at which d⌘/dE exhibits a sharp maxima. We would like to obtain an analytic expression
for the position of the resonances in the regime |E|L ⌧ 1 appearing in Fig. 3 of the main text. Such an expression
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Focusing our attention at the regime |"|L ⌧ 1, one finds very di↵erent results depending on the value of �. For
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where h0 ⌘ h|E!0. Solving supplementary equation (16) for ⇢2i� gives ⇢2i� = z0 where z0 ⌘
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Note that ⇥ is independent on the boundary condition h0. Recall that � ⌘
p
�2 � K2, where K is given in (6) for

d � 2. For � > |K| �
1
2 , arg (�"n) is a very slowly varying function bounded in the region 0 < arg (�"n) < 0.046⇡,

as can be seen in supplementary figure 4. This is consistent with negative resonances En = Re ("n) < 0 with
width and Wn ⌘ �2 Im ("n) > 0. Therefore, in the regime |"|L ⌧ 1, "n describes a geometrically spaced set of
infinitely many negative quasi bound states for all � > |K| , h, d � 2. The width of the resonance is given by
Wn ⌘ �2 Im ("n) < 0.9⇡ |"n| which describes resonances getting sharper indefinitely as n ! 1. In the vicinity of
the transition point � � |K| & 0, arg (�"n) ⇠= �

⇡
1�e2|K|⇡ +O(⇠ � |K|)1/2 which for d = 2, m = 0(, |K| = 1

2 ) agrees
with the result of reference [6] in the main text.

Supplamentary Note 2: Dirac Coulomb system as a model for a charged vacancy in
graphene

As explained in the main text, we model excitations around the vacancy as massless Dirac particles and neglect any
interactions between them. Therefore, for r > L, L being the characteristic size of the vacancy, they are described
by the Dirac equation (5) with d = 2. The full spinor in this case is given in polar coordinates by

 (r,�) = e
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 1(r)

i 2(r)ei�

◆
(19)

in a representation where H = ~� · ~p � �/r. The components of the spinor correspond to amplitudes of the wave
function on each of the two graphene sublattices. In the near vacancy region, r < L we assume some unknown
interaction that can be taken into account by the boundary condition (7) at r = L. Conventionally used choices are:

4

Supplementary Figure 4: The phase of �"n as a function of the coupling � and |K| for � > |K|. The bold
black line represents ⇠ = |K|. It can be seen that the phase of �"n takes values in the range [0, 0.046⇡] for d � 2

.

(i) continuously connected constant potential V< = ��/L [7] corresponding to h = Jm+1(� + EL)/Jm(� + EL),
where Jn(x) is Bessel’s function; (ii) zero wavefunction on one of the graphene lattice sites [8] corresponding to
h = 0; (iii) infinite mass term on boundary term [9] corresponding to h = 1. Generically, h can depend on E, L and
m. From (6), the critical coupling is �c ⌘ |m + 1/2|  1/2, giving rise to two angular momentum s-wave channels,
m = 0,�1 for which �c = 1/2.

An additional important property of our model is related to parity symmetry. Since mass or scalar potential
terms are absent (and the Coulomb potential is radial), the Dirac equation in 2 + 1 dimension is symmetric under
2 dimensional parity, Py, in which (x, y) ! (�x, y) [10]. The action of the parity operators on  (r,�) is defined as
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From (21) it is apparent that solutions corresponding to angular momentum m and �m� 1 are linked via parity

symmetry. Since energy remains unchanged under parity, a natural question is whether the quasi bound energies
are the same for angular momentum channels m and �m�1. The answer depends on the short distance region. For
example, if we describe the r < L regime by condition (i) then the quasi bound states will necessarily be degenerate
over the m and �m�1 channels. The reason is that in this case, the potential of both regimes r > L, r < L respects
parity symmetry. As a result, h in (i) transforms like  2(r)/ 1(r) under (21), i.e., h ! �h

�1. Thus, by applying
(21) on both side of (14) it is straightforward to obtain that d⌘m/dE = d⌘�m�1/dE. However, if the potential in
the r < L regime break parity, that is, the corresponding boundary condition does not transform as h ! �h

�1

under (21) (for example h = 0, 1), then d⌘m/dE 6= d⌘�m�1/dE and the degeneracy will be broken. Specifically, for
m = 0,�1 we find two interleaved geometric ladders of over critical states in the corresponding regime � > �c = 1/2
as shown in the main text. The relative position of the two ladders typically depends on h and therefore is sensitive
to the detail of the short range physics.
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holds for IndexH ⌘ dimkerD � dimkerD† [22, 24].
Combining (4) and (5) leads to

Q ⌘

Z
dr⇢ (r) = �

e

2
IndexH . (6)

In the absence of vacancies, there are no zero modes thus
IndexH vanishes and so does the charge Q. However,
this may not be the case in the presence of vacancies.

Fractional charge of a single vacancy The re-
moval of one carbon atom creates a neutral vacancy,
here arbitrarily assigned to be an A-vacancy. The corre-
sponding excitation spectrum in the continuum limit is
obtained by considering scattering solutions of the Dirac
Hamiltonian (1) on a plane with a puncture of radius R.
Since ⇢ (r) depends on the behaviour at zero energy, we
look for zero modes, i.e., solutions of D B = D

†
 A = 0.

The general solution is
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with  A
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�m�1 and (Am, Bm)
constants. Requiring  (r ! 1, ✓) = 0, we keep harmon-
ics m < 0 for  A

m
(r) and m � 0 for  B

m
(r).

We choose appropriate boundary conditions on the
scattering potential so as to preserve chiral symmetry
(2), a necessary condition to use expressions (4)–(6). Lo-
cal boundary conditions e.g., Dirichlet,  (r) |vac = 0 lead
either to an over determination or to particle-hole pair
creation (Neumann) [30]. We propose instead a new set
of chiral boundary conditions,
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m
(r = R) = 0, m  0,

 
B

m
(r = R) = 0, m > 0,

(8)

a close relative of non-local boundary conditions intro-
duced in the study of Index theorems for Dirac opera-
tors [15–17]. This choice (8) preserves the chiral sym-
metry and thereby represent a perfectly reflecting bar-
rier of probability density (Supplementary Note 2). Im-
plemented on the power law wave function (7), condi-
tions (8) uniquely lead to a single zero mode  (r) ⌘�
0 iB0e

i✓
/r
�T

by projecting onto the m = 0 subspace
for  B

m
(r) and having  A

m
⌘ 0. It is worth noting that

this eigenfunction reproduces the tight binding result [3]
justified by the absence of any characteristic scale. This
zero mode is quasi-bound, that is, decaying but non-
normalizable and thus appears as a pronounced peak in
the density of states at the Fermi energy. An analogous
choice of boundary conditions for a B-vacancy leads to

the single zero mode  (r) ⌘
�
A�1/r 0

�T
(Supplemen-

tary Note 3) [31].
Chiral boundary conditions (8) do not preserve parity

which in the continuous limit, corresponds to m $ �m�
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$ � 

B

�m�1 and  B
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�m�1. Indeed, unlike the
parity preserving choice,
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under conditions (8), the m = 0 solution  B

0 (r) = ie
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does not transform into the vanishing m = �1 solution
 
A

�1(r). We thus conclude that the presence of a vacancy
necessarily breaks parity and removes the j = ±1/2 de-
generacy, where j ⌘ m+ 1/2.
To relate the existence of the zero mode to a finite

vacuum charge density as given in (5)–(6), we must di-
rectly calculate the Index in (5). To that aim, we use the
regularized expression [29],
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z!0
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where H
B
⌘ D

†
D and H

A
⌘ DD

†. The “Tr” operation
here is over all states. Hereafter we take signM ⌘ 1 in
(5), thus arbitrarily fixing the sign of the charge for an
A-vacancy. Extending chiral boundary conditions (8) to
non-zero energy scattering states involved in (10), shows
how the angular momentum contributions cancel out ex-
cept for j = ±1/2 $ m = �1, 0. A thorough calcula-
tion (Supplementary Note 4) yields IndexH = 1 and, to-
gether with (4)–(5), the vacuum charge density rewrites,
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in the limit R ! 0 while, at finite R, it decays as 1/r2

away from the vacancy. Thus, ⇢ (r) appears as a total
divergence with a fractional vacuum charge Q = �e/2,
localized at the boundary of the vacancy (Fig. 2). The
corresponding potential is Coulomb-like, i.e. decays as
1/r. The same conclusions apply to aB-vacancy but with
an opposite sign of the charge (Supplementary Note 4).
This sign flip Q ! �Q in the exchange TA $ TB points
to the pseudo-scalar nature of the vacuum charge. Hence
a non-zero Q provides a clear signal for the breaking of
parity symmetry of the ground state and the lifting of
the j = ±1/2 degeneracy. Including spin degeneracy, the
overall “fractional charge” is 2⇥Q = ±e.
It is interesting to further understand the origin of this

finite charge. The creation of a vacancy leads to an asym-
metry between positive and negative energy states. An
ill-defined albeit suggestive way to visualise it is o↵ered
by the spatial integral of (3) which together with (6) gives

Q =
e
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This “spectral asymmetry”, of topological origin [15],
eventually amounts to a counting of zero modes only.
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Figure 1 | Electronic properties of single vacancy on G/G/BN. a, Schematics of the experimental set-up. b, Typical STM topography of G/G/BN surface
before and after He+ ion sputtering. Inset: atomic resolution topography of a 4 nm ⇥ 4 nm area containing a single vacancy shows the triangular
interference pattern characteristic of a bare (unpassivated) vacancy. c, Spatial dependence of the vacancy peak (VP). Curves are vertically shifted for
clarity. Inset is the dI/dV map at the energy of the VP. Experimental parameters for panels b and c: Vb =�300 mV, I=20 pA, Vg =�30 V. d, Doping
dependence of the VP. The arrows label the Dirac point energy, ED, of pristine graphene 50 nm away from any vacancy. Curves are o�set for clarity.
Tunnelling parameters: Vb =�200 mV, I=20 pA. e, Gate voltage dependence of ED (black) and VP energy (blue) relative to the Fermi energy (EF =0)
extracted from the dI/dV spectra. The dotted line is a fit as detailed in Supplementary Section 2.

vacancy with e�ective charge Z/ ⇠ +1|e|, where |e| is the
fundamental unit of charge. The e�ective charge and sign of a
local vacancy in graphene can be directly estimated from LL
spectroscopy, by measuring the on-site energy shift of the N =0 LL
relative to its value far away, 1E00 ⇡ �(Z/)(e2/4(2⇡)1/2"0lB)
(ref. 24). Here "0 is the permittivity of free space and lB is the
magnetic length. As we show in Supplementary Fig. 16s(b), this
expression, obtained from first-order perturbation theory, is
valid for � > 0.1, where it approaches the tight-binding result. In
Fig. 2a we show a LL map along a line-cut traversing the vacancy.
Contrary to expectations, we observed a negligible downshift,
indicating that the vacancy charge is significantly smaller than
that predicted by DFT. To estimate the local charge when it is too
small to produce an observable LL downshift, we compare the
splitting of the N = 0 LL caused by the locally broken sublattice
symmetry with numerical simulations (Supplementary Section 11
and Supplementary Fig. 16s(a)). The best fit to the data, shown in
Fig. 2c, is obtained for a positively charged vacancy with � ⇠ 0.1.
We next attempt to increase the vacancy charge by applying STM
voltage pulses at its centre (Methods). It is well known that such
pulses can functionalize atoms, tailor the local structure or change
the charge state25,26. In Fig. 2b we plot the LL map after applying
several pulses. Now we observe a clear downshift in theN =0 LL, as
expected for a positively charged vacancy with � >0.1. Comparing
with the theoretical simulation in Fig. 2d, we obtain a good match
to the data for � ⇠ 0.45, which is also the value obtained from
the formula above. The charge continues to build up as more
pulses are delivered (Supplementary Fig. 6s). Interestingly, both

positive and negative pulses produce similar positively charged
states (Supplementary Fig. 7s) and their charge is stable, remaining
unchanged for as long as the experiment is kept cold. These results
suggest that, similar to the numerical relaxation process applied
in the DFT calculations23, pulsing helps the system relax towards
the ground state, which is the fully charged vacancy. The number
of pulses needed to reach a given intermediate charge varies for
di�erent vacancies (Supplementary Fig. 6s), consistent with the
stochastic process characterizing the relaxation. Importantly,
applying a similar pulse sequence to pristine graphene produces
no signature of charge build-up (Supplementary Fig. 8s). This
indicates that the charge build-up occurs at the vacancy site itself
and not in the substrate. Experiments were carried out on several
samples and on di�erent substrates, with pulsing producing similar
results (Supplementary Section 6).

We performed numerical simulations, solving the tight-binding
Hamiltonian for a charged vacancy (Supplementary Section 7), to
calculate the evolution of the DOS with � . The simulations consider
e�ects which go beyond the continuum limit and Dirac equation,
such as the e�ect of a vacancy in graphene with broken electron–
hole symmetry. This allows one to calculate the evolution of the
local DOS well into the supercritical regime while including both
the e�ects of the vacancy and magnetic field, which is not possible
with continuummodels. The results, summarized in Fig. 3a,b, show
that at low � , in the absence of field, the spectrum consists of a single
peak which evolves from the uncharged VP. With increasing � , the
VP broadens and its energy becomes more negative, all the while
remaining tightly localized on the vacancy site (Supplementary

2
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We use a homemade LT-STM [24] to investigate the
local electronic structure of the single atomic vacancies
created in graphite. This is an unrivaled technique to
provide local information about the surface electronic
properties, achieving atomic precision and very high en-
ergy resolution (!1 meV at 4.2 K). The use of these unique
capabilities in graphenelike systems has already made it
possible, for example, to detect the coexistence of both
massless and massive Dirac fermions in a graphite surface
[25,26], or to prove the Dirac nature of the quasiparticles in
epitaxial graphene on SiC [27,28]. Differential conduc-
tance (dI=dV) spectra were measured in open feedback
loop mode using the lock-in technique with frequency
2.3 kHz and ac modulation of 1 mV. Various tungsten
(W) tips were used for the measurements. In order to avoid
tip artifacts, tip status was always checked by measuring
reference spectra on pristine graphite; only tips showing
the standard featureless V-shaped spectra and a work func-
tion of 4–5 eV were considered in this work. Spectra
remained unchanged for moderate tip-sample distance var-
iations (stabilization current was routinely modified from
10 pA to 10 nA). Figure 1(d) shows consecutive dI=dV
spectra, measured at 6 K, summarizing our results. Far
enough from any defect, spectra showed a featureless
V-shaped form as expected for the LDOS of pristine
graphite (black circles). Spectra acquired on top of a single
vacancy (red circles), both in ! and " positions reveal the
existence of a sharp resonance peak around the Fermi level
(EF) with a FWHM of !5 mV. The spatial localization of
the resonance is shown in Fig. 2.

The presence of this resonance is a fundamental result
that, although anticipated in many theoretical works, had
never been experimentally observed before. The formation

of a magnetic moment can be associated to the resonance,
since electron-electron interactions, and the fact that the
localized level is very close to the Fermi energy, favor the
polarization of this state. In addition, the narrowness of the
resonance and the low electronic density of graphite at the
Fermi level imply a very poor screening of the magnetic

a) )d)b

c)

α site
β site

2 layernd

FIG. 1 (color online). (a) 17" 17 nm2 STM topography, measured at 6 K, showing the graphite surface after the Arþ ion irradiation
(for a larger scale overview of the same region, see [21]). Data analyzed using WSXM [37]. Single vacancies occupy both ! and " sites
of the graphite honeycomb lattice. Sample bias: þ270 mV, tunneling current: 1 nA. (b) Schematic diagram of the graphite structure.
(c) 3D view of a single isolated vacancy. Sample bias: þ150 mV, tunneling current: 0.5 nA. (d) STS measurements of the LDOS
induced by the single vacancy and of graphite. Black open circles correspond to dI=dV spectra measured on pristine graphite and red
solid circles correspond to dI=dV spectra measured on top of the single vacancy, showing the appearance of a sharp resonance at EF.
dI=dV measurements were done consecutively at 6 K with the same microscopic tip.

LDOS
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)c)b

FIG. 2 (color online). (a) LDOS as a function of sample
voltage V and position x along the line drawn in (b). A light
central line has been drawn to outline the evolution of the
resonance peak height, showing a clear R3 modulation.
(b) STM topographic image of a single graphite vacancy.
Image size 8" 8 nm2; sample bias þ200 mV tunneling current
0.6 nA. (c) r$2 decay of the resonance intensity. Black dots
correspond to the maxima of the resonance peak height and the
line is parabolic fit to the experimental data.
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Figure 1 | Electronic properties of single vacancy on G/G/BN. a, Schematics of the experimental set-up. b, Typical STM topography of G/G/BN surface
before and after He+ ion sputtering. Inset: atomic resolution topography of a 4 nm ⇥ 4 nm area containing a single vacancy shows the triangular
interference pattern characteristic of a bare (unpassivated) vacancy. c, Spatial dependence of the vacancy peak (VP). Curves are vertically shifted for
clarity. Inset is the dI/dV map at the energy of the VP. Experimental parameters for panels b and c: Vb =�300 mV, I=20 pA, Vg =�30 V. d, Doping
dependence of the VP. The arrows label the Dirac point energy, ED, of pristine graphene 50 nm away from any vacancy. Curves are o�set for clarity.
Tunnelling parameters: Vb =�200 mV, I=20 pA. e, Gate voltage dependence of ED (black) and VP energy (blue) relative to the Fermi energy (EF =0)
extracted from the dI/dV spectra. The dotted line is a fit as detailed in Supplementary Section 2.

vacancy with e�ective charge Z/ ⇠ +1|e|, where |e| is the
fundamental unit of charge. The e�ective charge and sign of a
local vacancy in graphene can be directly estimated from LL
spectroscopy, by measuring the on-site energy shift of the N =0 LL
relative to its value far away, 1E00 ⇡ �(Z/)(e2/4(2⇡)1/2"0lB)
(ref. 24). Here "0 is the permittivity of free space and lB is the
magnetic length. As we show in Supplementary Fig. 16s(b), this
expression, obtained from first-order perturbation theory, is
valid for � > 0.1, where it approaches the tight-binding result. In
Fig. 2a we show a LL map along a line-cut traversing the vacancy.
Contrary to expectations, we observed a negligible downshift,
indicating that the vacancy charge is significantly smaller than
that predicted by DFT. To estimate the local charge when it is too
small to produce an observable LL downshift, we compare the
splitting of the N = 0 LL caused by the locally broken sublattice
symmetry with numerical simulations (Supplementary Section 11
and Supplementary Fig. 16s(a)). The best fit to the data, shown in
Fig. 2c, is obtained for a positively charged vacancy with � ⇠ 0.1.
We next attempt to increase the vacancy charge by applying STM
voltage pulses at its centre (Methods). It is well known that such
pulses can functionalize atoms, tailor the local structure or change
the charge state25,26. In Fig. 2b we plot the LL map after applying
several pulses. Now we observe a clear downshift in theN =0 LL, as
expected for a positively charged vacancy with � >0.1. Comparing
with the theoretical simulation in Fig. 2d, we obtain a good match
to the data for � ⇠ 0.45, which is also the value obtained from
the formula above. The charge continues to build up as more
pulses are delivered (Supplementary Fig. 6s). Interestingly, both

positive and negative pulses produce similar positively charged
states (Supplementary Fig. 7s) and their charge is stable, remaining
unchanged for as long as the experiment is kept cold. These results
suggest that, similar to the numerical relaxation process applied
in the DFT calculations23, pulsing helps the system relax towards
the ground state, which is the fully charged vacancy. The number
of pulses needed to reach a given intermediate charge varies for
di�erent vacancies (Supplementary Fig. 6s), consistent with the
stochastic process characterizing the relaxation. Importantly,
applying a similar pulse sequence to pristine graphene produces
no signature of charge build-up (Supplementary Fig. 8s). This
indicates that the charge build-up occurs at the vacancy site itself
and not in the substrate. Experiments were carried out on several
samples and on di�erent substrates, with pulsing producing similar
results (Supplementary Section 6).

We performed numerical simulations, solving the tight-binding
Hamiltonian for a charged vacancy (Supplementary Section 7), to
calculate the evolution of the DOS with � . The simulations consider
e�ects which go beyond the continuum limit and Dirac equation,
such as the e�ect of a vacancy in graphene with broken electron–
hole symmetry. This allows one to calculate the evolution of the
local DOS well into the supercritical regime while including both
the e�ects of the vacancy and magnetic field, which is not possible
with continuummodels. The results, summarized in Fig. 3a,b, show
that at low � , in the absence of field, the spectrum consists of a single
peak which evolves from the uncharged VP. With increasing � , the
VP broadens and its energy becomes more negative, all the while
remaining tightly localized on the vacancy site (Supplementary
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Created by removing a single carbon atom

• Induces a stable charge     at the vacancy site 
• Zero energy modes 
• Breaks parity (sublattice symmetry)
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Figure 3. Configuration of three vacancies NA = 2,
NB = 1. There is one zero mode, IndexH = |NA�NB | = 1,
so that the two A-vacancies (green upward outline) have a
finite and equal charge QN in this symmetric configuration
and the B-vacancy (purple downward outline) is not charged
QO = 0. (a) Tight binding calculation of the spatial charge
density |⇢ (r)| obtained from definition (3) and depicted by
the blue spots. The total charge is QN ⇡ 10�1 (in units of
e/2) and QO ⇡ 10�4 on each A,B vacancy respectively. A
small positive mass term M ⇡ +10�9 has been used together
with armchair boundary conditions which suppress charge ac-
cumulation on the boundary (Supplementary Note 5). (b)
Continuous Dirac model calculation of the spatial charge den-
sity |⇢ (r)| for the same situation as in (a). These results
are obtained using low energy scattering theory (Supplemen-
tary Note 6). The homogeneous purple region around the
A-vacancies is ⇡ 10�5.

o↵, at once, all the finite charges QN on the graphene
lattice. This e↵ect, of topological origin, is independent
of the relative position of the vacancies and results only
from the vanishing of the overall Index.

Discussion The physics of a charged vacancy pre-
sented here, bears essential similarities with 2 + 1 quan-
tum electrodynamics (QED), such as fermion number
fractionalisation and parity anomaly [18–28]. In the lat-
ter case, a dynamical external gauge field induces zero
modes of massless planar fermions and vacuum charge
with abnormal parity. The Index of the corresponding
Dirac operator follows (6) and acquires non-zero values
proportional to the strength of the gauge field. Hence,
the present results provide, for graphene, a measurable
realization of these QED e↵ects with the topological con-
tent of the gauge field now replaced by vacancies with
properly tailored boundary conditions. Furthermore, our
findings display a coherent description of existing mea-
surements [6, 7] and provide additional predictions that
can be tested with an appropriate experimental control
on vacancy configurations. Including spin degrees of free-
dom and using Lieb’s theorem [2] may significantly en-
rich the picture presented here by associating to a va-
cancy the quantum dynamics of a localised vacuum spin.
Possible connections to recent observations of vacancy
magnetic moments [8–10] should be investigated together
with a generalisation to other bipartite lattices and to

Figure 4. Topological switch. (a) NA = 5, NB = 4. In
that initial configuration, IndexH = |NA�NB | = 1 so that all
A-vacancies are switched on with charges QN (green upward
outline) and B vacancies are switched o↵, QO ⌘ 0 (purple
downward outline). (b) NA = 5, NB = 5. Adding a single
B vacancy at a remote place switches o↵ all the charges of
the A-vacancies since IndexH = |NA �NB | = 0. This multi-
charge switching on and o↵ is of topological nature. The
spatial charge density |⇢ (r)| is obtained from tight binding
calculations and depicted by the blue spots. The finite charges
are QN ⇡ 10�1�10�2 (in units of e/2) on each A-vacancy and
QO ⇡ 10�8 on each B vacancy in (a), and QM, QO ⇡ 10�8 in
(b). A small positive mass term M ⇡ +10�9 has been used
together with armchair boundary conditions which suppress
charge accumulation on the boundary (Supplementary Note
5).

non-isolated vacancies. The notion of topological switch
involves di↵erent and somehow unusual algebraic rules,
e.g, 3QN+2QO = 3QN but QO+(3QN+2QO) = 0, which
may have applications in logic circuit.

Acknowledgements This work was supported by
the Israel Science Foundation Grant No. 924/09.

⇤ eric@physics.technion.ac.il
[1] B. Sutherland, “Localization of electronic wave func-

tions due to local topology,” Phys. Rev. B 34, 5208–5211
(1986).

[2] E. H. Lieb, “Two theorems on the Hubbard model,”
Phys. Rev. Lett. 62, 1201–1204 (1989).

[3] V. M. Pereira, F. Guinea, J. M. B. Lopes dos Santos,
N. M. R. Peres, and A. H. Castro Neto, “Disorder in-
duced localized states in graphene,” Phys. Rev. Lett. 96,
036801 (2006).

[4] B. R. K. Nanda, M. Sherafati, Z. S. Popovi, and S. Satpa-
thy, “Electronic structure of the substitutional vacancy in
graphene: density-functional and Green’s function stud-
ies,” New J. Phys. 14, 083004 (2012).

[5] Y. Liu, M. Weinert, and L. Li, “Determining charge
state of graphene vacancy by noncontact atomic force
microscopy and first-principles calculations,” Nanotech-
nology 26, 035702 (2015).

5

Figure 3. Configuration of three vacancies NA = 2,
NB = 1. There is one zero mode, IndexH = |NA�NB | = 1,
so that the two A-vacancies (green upward outline) have a
finite and equal charge QN in this symmetric configuration
and the B-vacancy (purple downward outline) is not charged
QO = 0. (a) Tight binding calculation of the spatial charge
density |⇢ (r)| obtained from definition (3) and depicted by
the blue spots. The total charge is QN ⇡ 10�1 (in units of
e/2) and QO ⇡ 10�4 on each A,B vacancy respectively. A
small positive mass term M ⇡ +10�9 has been used together
with armchair boundary conditions which suppress charge ac-
cumulation on the boundary (Supplementary Note 5). (b)
Continuous Dirac model calculation of the spatial charge den-
sity |⇢ (r)| for the same situation as in (a). These results
are obtained using low energy scattering theory (Supplemen-
tary Note 6). The homogeneous purple region around the
A-vacancies is ⇡ 10�5.

o↵, at once, all the finite charges QN on the graphene
lattice. This e↵ect, of topological origin, is independent
of the relative position of the vacancies and results only
from the vanishing of the overall Index.

Discussion The physics of a charged vacancy pre-
sented here, bears essential similarities with 2 + 1 quan-
tum electrodynamics (QED), such as fermion number
fractionalisation and parity anomaly [18–28]. In the lat-
ter case, a dynamical external gauge field induces zero
modes of massless planar fermions and vacuum charge
with abnormal parity. The Index of the corresponding
Dirac operator follows (6) and acquires non-zero values
proportional to the strength of the gauge field. Hence,
the present results provide, for graphene, a measurable
realization of these QED e↵ects with the topological con-
tent of the gauge field now replaced by vacancies with
properly tailored boundary conditions. Furthermore, our
findings display a coherent description of existing mea-
surements [6, 7] and provide additional predictions that
can be tested with an appropriate experimental control
on vacancy configurations. Including spin degrees of free-
dom and using Lieb’s theorem [2] may significantly en-
rich the picture presented here by associating to a va-
cancy the quantum dynamics of a localised vacuum spin.
Possible connections to recent observations of vacancy
magnetic moments [8–10] should be investigated together
with a generalisation to other bipartite lattices and to

Figure 4. Topological switch. (a) NA = 5, NB = 4. In
that initial configuration, IndexH = |NA�NB | = 1 so that all
A-vacancies are switched on with charges QN (green upward
outline) and B vacancies are switched o↵, QO ⌘ 0 (purple
downward outline). (b) NA = 5, NB = 5. Adding a single
B vacancy at a remote place switches o↵ all the charges of
the A-vacancies since IndexH = |NA �NB | = 0. This multi-
charge switching on and o↵ is of topological nature. The
spatial charge density |⇢ (r)| is obtained from tight binding
calculations and depicted by the blue spots. The finite charges
are QN ⇡ 10�1�10�2 (in units of e/2) on each A-vacancy and
QO ⇡ 10�8 on each B vacancy in (a), and QM, QO ⇡ 10�8 in
(b). A small positive mass term M ⇡ +10�9 has been used
together with armchair boundary conditions which suppress
charge accumulation on the boundary (Supplementary Note
5).

non-isolated vacancies. The notion of topological switch
involves di↵erent and somehow unusual algebraic rules,
e.g, 3QN+2QO = 3QN but QO+(3QN+2QO) = 0, which
may have applications in logic circuit.

Acknowledgements This work was supported by
the Israel Science Foundation Grant No. 924/09.

⇤ eric@physics.technion.ac.il
[1] B. Sutherland, “Localization of electronic wave func-

tions due to local topology,” Phys. Rev. B 34, 5208–5211
(1986).

[2] E. H. Lieb, “Two theorems on the Hubbard model,”
Phys. Rev. Lett. 62, 1201–1204 (1989).

[3] V. M. Pereira, F. Guinea, J. M. B. Lopes dos Santos,
N. M. R. Peres, and A. H. Castro Neto, “Disorder in-
duced localized states in graphene,” Phys. Rev. Lett. 96,
036801 (2006).

[4] B. R. K. Nanda, M. Sherafati, Z. S. Popovi, and S. Satpa-
thy, “Electronic structure of the substitutional vacancy in
graphene: density-functional and Green’s function stud-
ies,” New J. Phys. 14, 083004 (2012).

[5] Y. Liu, M. Weinert, and L. Li, “Determining charge
state of graphene vacancy by noncontact atomic force
microscopy and first-principles calculations,” Nanotech-
nology 26, 035702 (2015).



Spectral consequences of vacancies 

• Local + Resonance spectrum using STM tip. 

• Local charge builds up around a vacancy :

Liu, Y., Weinert, M. & Li, L. Nanotechnology 26, 035702 (2015)

(DFT)

Coulomb potential ~ 1e 

No vacancy

Single vacancy 
Zero mode

of the quasi-bound states spectrum is broken for β> βc into a DS
phase characterized by a fractal distribution of quasi-bound
states. The QPT thus reflects the lack of self-adjointness of the
Hamiltonian equation (3) and the necessary regularisation pro-
cedure leads to a scale anomaly in which CS is broken into DS.

Experimental realization in graphene. A particularly interesting
condensed matter system, where the previous considerations
seem to be relevant is graphene in the presence of implanted
Coulomb charges in conveniently created vacancies30. It is
indeed known that low-energy excitations in graphene behave
as a massless Dirac fermion field with a linear dispersion
ϵ= ± vF|p| and a Fermi velocity vF≃ 106 m/s31. These character-
istics have been extensively exploited to make graphene a very
useful platform to emulate specific features of quantum field
theory, topology and especially QED23, since an effective fine
structure constant αG≡ e2/ħvF of order unity is obtained by
replacing the velocity of light c by vF.

It has been recently shown that single-atom vacancies in
graphene can stably host local charge30. Density functional theory
calculations have shown that, when a carbon atom is removed from
the honeycomb lattice, the atoms around the vacancy site rearrange
into a lower energy configuration32. The resulting lattice recon-
struction causes a charge redistribution, which in the ground state
has an effective local charge of ≈+1. Recent Kelvin probe force
microscopy measurements of the local charge at the vacancy sites
are in good agreement with the Density functional theory
predictions. Vacancies are generated by sputtering graphene with
He+ ions33, 34. Charge is modified and measured at the vacancy site
by means of scanning tunnelling spectroscopy and Landau level
spectroscopy as detailed in ref. 30. Applying multiple pulses allows
for a gradual increase in the vacancy charge, which in turn acts as
an effective tunable Coulomb source. Moreover, the size of the
source inside the vacancy is small (≈1 nm) as compared to the
method of deposited metal clusters35. Using this method, we are
able to observe the transition expected to occur at β= 1/2 and to
measure and analyze three resonances for a broad range of β values.

To establish a relation between the measured differential
conductance and the spectrum of quasi-bound states, we recall

that the tunnel current I(V) is proportional to both the density of
states ρt(ϵ) of the STM tip and ρ(ϵ) of massless electronic
excitations in graphene at the vacancy location. We also assume
that the tunnel matrix element |t|2 depends only weakly on energy
and that both voltage and temperature are small compared to
the Fermi energy and height of the tunnelling potential, so
that the current I(V)=GtV is linear with V thus defining the
tunnel conductance Gt= 2π(e2/ħ)|t|2ρtρ(ϵ). Assuming that ρt of
the reference electrode (the tip) is energy independent, a variation
δρ(ϵ) of the local density of states at the vacancy leads to a
variation δI(V) of the current and thus to a variation δGt(V) of
the tunnel conductance so that, at zero temperature, we obtain36

δGtðVÞ
Gt

¼ δρðϵÞ
ρ0

; ð7Þ

where ρ0 is the density of states in the absence of vacancy.
By considering the vacancy as a local perturbation, each quasi-
particle state is characterized by its scattering phase shift taken to
be the phase shift η(E) of the quasi-bound Dirac states previously
calculated. Then, the change of density of states δρ(E) is obtained
from equation (6) and combining together with equation (7)
leads to the relation,

dδI
dV

¼ Gt

πρ0

dηðEÞ
dE

ð8Þ

between the differential tunnel conductance and the scattering
phase shift.

The measurements and the data analysis presented here were
carried out as follows: positive charges are gradually injected
into an initially prepared single atom vacancy and the differential
conductance δGt(V) is measured at each step as a function
of voltage. Since we are looking at the positions of resonant quasi-
bound states, both quantities displayed in Figs. 2, 4 give the same set
of resonant energies, independently of the energy-
independent factor Gt/πρ0. For low enough values of the
charge, the differential conductance displayed in Fig. 2b, shows
the existence of a single quasi-bound state resonance. The behavior
close to the Dirac point, namely in the low-energy regime
independent on the short distance regularization, is very similar to
the theoretical prediction of Fig. 2a. When the build up charge
exceeds a certain value, we note the appearance of
three resonances, emerging out of the Dirac point. We interpret
these resonances as the lowest overcritical (β> 1/2) resonances,
which we denote E1, E′

1, E2, respectively. The corresponding
theoretical and experimental behaviors displayed in Figs. 3, 4,
show a very good qualitative agreement. To achieve a quantitative
comparison solely based on the previous Dirac Hamiltonian
equation (3), we fix L and the boundary condition h and deduce
the theoretical β values corresponding to the respective positions
of the lowest overcritical resonance E1 (as demonstrated in Fig. 4).
This allows to determine the lowest branch E1(β) for n= 1
represented in Fig. 5. Then, the experimental points E′

1, E2
are directly compared to their corresponding theoretical branch as
seen in Fig. 5. We determine L and h, according to the ansatz
h= a(m + 1), and obtain the best correspondence for L≃ 0.2 nm,
a≃ −0.85. We compare the experimental E2/E1 ratio
with the universal prediction Enþ 1=En ¼ e% π=

ffiffiffiffiffiffiffiffiffiffiffi
β2% 1=4

p
as seen in

Fig. 6. A trend-line of the form e% b=
ffiffiffiffiffiffiffiffiffiffiffi
β2% 1=4

p
is fitted to the ratios

E2/E1, yielding a statistical value of b= 3.145 with standard error of
Δb= 0.06 consistent with the predicted value π. An error of ± 1
mV is assumed for the position of the energy resonances.

A few comments are appropriate: (i) The points on the E2(β)
curve follow very closely the theoretical prediction
Enþ 1=En ¼ e% π=

ffiffiffiffiffiffiffiffiffiffiffi
β2% 1=4

p
. This result is insensitive to the choice
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Measure the tunnelling conductance        prop. to the local DOS

We use a homemade LT-STM [24] to investigate the
local electronic structure of the single atomic vacancies
created in graphite. This is an unrivaled technique to
provide local information about the surface electronic
properties, achieving atomic precision and very high en-
ergy resolution (!1 meV at 4.2 K). The use of these unique
capabilities in graphenelike systems has already made it
possible, for example, to detect the coexistence of both
massless and massive Dirac fermions in a graphite surface
[25,26], or to prove the Dirac nature of the quasiparticles in
epitaxial graphene on SiC [27,28]. Differential conduc-
tance (dI=dV) spectra were measured in open feedback
loop mode using the lock-in technique with frequency
2.3 kHz and ac modulation of 1 mV. Various tungsten
(W) tips were used for the measurements. In order to avoid
tip artifacts, tip status was always checked by measuring
reference spectra on pristine graphite; only tips showing
the standard featureless V-shaped spectra and a work func-
tion of 4–5 eV were considered in this work. Spectra
remained unchanged for moderate tip-sample distance var-
iations (stabilization current was routinely modified from
10 pA to 10 nA). Figure 1(d) shows consecutive dI=dV
spectra, measured at 6 K, summarizing our results. Far
enough from any defect, spectra showed a featureless
V-shaped form as expected for the LDOS of pristine
graphite (black circles). Spectra acquired on top of a single
vacancy (red circles), both in ! and " positions reveal the
existence of a sharp resonance peak around the Fermi level
(EF) with a FWHM of !5 mV. The spatial localization of
the resonance is shown in Fig. 2.

The presence of this resonance is a fundamental result
that, although anticipated in many theoretical works, had
never been experimentally observed before. The formation

of a magnetic moment can be associated to the resonance,
since electron-electron interactions, and the fact that the
localized level is very close to the Fermi energy, favor the
polarization of this state. In addition, the narrowness of the
resonance and the low electronic density of graphite at the
Fermi level imply a very poor screening of the magnetic
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FIG. 1 (color online). (a) 17" 17 nm2 STM topography, measured at 6 K, showing the graphite surface after the Arþ ion irradiation
(for a larger scale overview of the same region, see [21]). Data analyzed using WSXM [37]. Single vacancies occupy both ! and " sites
of the graphite honeycomb lattice. Sample bias: þ270 mV, tunneling current: 1 nA. (b) Schematic diagram of the graphite structure.
(c) 3D view of a single isolated vacancy. Sample bias: þ150 mV, tunneling current: 0.5 nA. (d) STS measurements of the LDOS
induced by the single vacancy and of graphite. Black open circles correspond to dI=dV spectra measured on pristine graphite and red
solid circles correspond to dI=dV spectra measured on top of the single vacancy, showing the appearance of a sharp resonance at EF.
dI=dV measurements were done consecutively at 6 K with the same microscopic tip.
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FIG. 2 (color online). (a) LDOS as a function of sample
voltage V and position x along the line drawn in (b). A light
central line has been drawn to outline the evolution of the
resonance peak height, showing a clear R3 modulation.
(b) STM topographic image of a single graphite vacancy.
Image size 8" 8 nm2; sample bias þ200 mV tunneling current
0.6 nA. (c) r$2 decay of the resonance intensity. Black dots
correspond to the maxima of the resonance peak height and the
line is parabolic fit to the experimental data.
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Figure 3. Configuration of three vacancies NA = 2,
NB = 1. There is one zero mode, IndexH = |NA�NB | = 1,
so that the two A-vacancies (green upward outline) have a
finite and equal charge QN in this symmetric configuration
and the B-vacancy (purple downward outline) is not charged
QO = 0. (a) Tight binding calculation of the spatial charge
density |⇢ (r)| obtained from definition (3) and depicted by
the blue spots. The total charge is QN ⇡ 10�1 (in units of
e/2) and QO ⇡ 10�4 on each A,B vacancy respectively. A
small positive mass term M ⇡ +10�9 has been used together
with armchair boundary conditions which suppress charge ac-
cumulation on the boundary (Supplementary Note 5). (b)
Continuous Dirac model calculation of the spatial charge den-
sity |⇢ (r)| for the same situation as in (a). These results
are obtained using low energy scattering theory (Supplemen-
tary Note 6). The homogeneous purple region around the
A-vacancies is ⇡ 10�5.

o↵, at once, all the finite charges QN on the graphene
lattice. This e↵ect, of topological origin, is independent
of the relative position of the vacancies and results only
from the vanishing of the overall Index.

Discussion The physics of a charged vacancy pre-
sented here, bears essential similarities with 2 + 1 quan-
tum electrodynamics (QED), such as fermion number
fractionalisation and parity anomaly [18–28]. In the lat-
ter case, a dynamical external gauge field induces zero
modes of massless planar fermions and vacuum charge
with abnormal parity. The Index of the corresponding
Dirac operator follows (6) and acquires non-zero values
proportional to the strength of the gauge field. Hence,
the present results provide, for graphene, a measurable
realization of these QED e↵ects with the topological con-
tent of the gauge field now replaced by vacancies with
properly tailored boundary conditions. Furthermore, our
findings display a coherent description of existing mea-
surements [6, 7] and provide additional predictions that
can be tested with an appropriate experimental control
on vacancy configurations. Including spin degrees of free-
dom and using Lieb’s theorem [2] may significantly en-
rich the picture presented here by associating to a va-
cancy the quantum dynamics of a localised vacuum spin.
Possible connections to recent observations of vacancy
magnetic moments [8–10] should be investigated together
with a generalisation to other bipartite lattices and to

Figure 4. Topological switch. (a) NA = 5, NB = 4. In
that initial configuration, IndexH = |NA�NB | = 1 so that all
A-vacancies are switched on with charges QN (green upward
outline) and B vacancies are switched o↵, QO ⌘ 0 (purple
downward outline). (b) NA = 5, NB = 5. Adding a single
B vacancy at a remote place switches o↵ all the charges of
the A-vacancies since IndexH = |NA �NB | = 0. This multi-
charge switching on and o↵ is of topological nature. The
spatial charge density |⇢ (r)| is obtained from tight binding
calculations and depicted by the blue spots. The finite charges
are QN ⇡ 10�1�10�2 (in units of e/2) on each A-vacancy and
QO ⇡ 10�8 on each B vacancy in (a), and QM, QO ⇡ 10�8 in
(b). A small positive mass term M ⇡ +10�9 has been used
together with armchair boundary conditions which suppress
charge accumulation on the boundary (Supplementary Note
5).

non-isolated vacancies. The notion of topological switch
involves di↵erent and somehow unusual algebraic rules,
e.g, 3QN+2QO = 3QN but QO+(3QN+2QO) = 0, which
may have applications in logic circuit.
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charge switching on and o↵ is of topological nature. The
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Figure 3. Configuration of three vacancies NA = 2,
NB = 1. There is one zero mode, IndexH = |NA�NB | = 1,
so that the two A-vacancies (green upward outline) have a
finite and equal charge QN in this symmetric configuration
and the B-vacancy (purple downward outline) is not charged
QO = 0. (a) Tight binding calculation of the spatial charge
density |⇢ (r)| obtained from definition (3) and depicted by
the blue spots. The total charge is QN ⇡ 10�1 (in units of
e/2) and QO ⇡ 10�4 on each A,B vacancy respectively. A
small positive mass term M ⇡ +10�9 has been used together
with armchair boundary conditions which suppress charge ac-
cumulation on the boundary (Supplementary Note 5). (b)
Continuous Dirac model calculation of the spatial charge den-
sity |⇢ (r)| for the same situation as in (a). These results
are obtained using low energy scattering theory (Supplemen-
tary Note 6). The homogeneous purple region around the
A-vacancies is ⇡ 10�5.

o↵, at once, all the finite charges QN on the graphene
lattice. This e↵ect, of topological origin, is independent
of the relative position of the vacancies and results only
from the vanishing of the overall Index.

Discussion The physics of a charged vacancy pre-
sented here, bears essential similarities with 2 + 1 quan-
tum electrodynamics (QED), such as fermion number
fractionalisation and parity anomaly [18–28]. In the lat-
ter case, a dynamical external gauge field induces zero
modes of massless planar fermions and vacuum charge
with abnormal parity. The Index of the corresponding
Dirac operator follows (6) and acquires non-zero values
proportional to the strength of the gauge field. Hence,
the present results provide, for graphene, a measurable
realization of these QED e↵ects with the topological con-
tent of the gauge field now replaced by vacancies with
properly tailored boundary conditions. Furthermore, our
findings display a coherent description of existing mea-
surements [6, 7] and provide additional predictions that
can be tested with an appropriate experimental control
on vacancy configurations. Including spin degrees of free-
dom and using Lieb’s theorem [2] may significantly en-
rich the picture presented here by associating to a va-
cancy the quantum dynamics of a localised vacuum spin.
Possible connections to recent observations of vacancy
magnetic moments [8–10] should be investigated together
with a generalisation to other bipartite lattices and to

Figure 4. Topological switch. (a) NA = 5, NB = 4. In
that initial configuration, IndexH = |NA�NB | = 1 so that all
A-vacancies are switched on with charges QN (green upward
outline) and B vacancies are switched o↵, QO ⌘ 0 (purple
downward outline). (b) NA = 5, NB = 5. Adding a single
B vacancy at a remote place switches o↵ all the charges of
the A-vacancies since IndexH = |NA �NB | = 0. This multi-
charge switching on and o↵ is of topological nature. The
spatial charge density |⇢ (r)| is obtained from tight binding
calculations and depicted by the blue spots. The finite charges
are QN ⇡ 10�1�10�2 (in units of e/2) on each A-vacancy and
QO ⇡ 10�8 on each B vacancy in (a), and QM, QO ⇡ 10�8 in
(b). A small positive mass term M ⇡ +10�9 has been used
together with armchair boundary conditions which suppress
charge accumulation on the boundary (Supplementary Note
5).

non-isolated vacancies. The notion of topological switch
involves di↵erent and somehow unusual algebraic rules,
e.g, 3QN+2QO = 3QN but QO+(3QN+2QO) = 0, which
may have applications in logic circuit.
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massless Dirac Coulomb model : /H i rβ= − ⋅ −∇σ
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structure 
constant Zαβ ≡ ZαG

κDimensionless quantity

Scale free problem with continuous scale invariance (CSI)

The continuous scale invariance (CSI) is broken into a discrete scale 
invariance (DSI) by any choice of boundary conditions

Important and measurable spectral signature (for the zero modes): 
quantum phase transition (scale anomaly) !

Omrie Ovdat, J. Mao, Eva Andrei, E.A (2017) 

Spectral signature of vacancies 



 Dirac spectral quantum phase transition

 Singular value βcr =
d −1

2
= 1

2

Dimensionless coupling Zαβ ≡ ZαG
κ

Continuous scale invariance (CSI) 

r0
E L0 →∞( ) = 0

En = −ε0 e
− πn

β 2−βcr
2

β < βcr β > βcrβcr

Discrete scale invariance (DSI) 

/H i rβ= − ⋅ −∇σ



• Massless Dirac Coulomb model : 

/H i rβ= − ⋅ −∇σ
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In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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The massless Dirac – Coulomb system
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Experimental observation
Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:
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Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:
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Going back to the zero modes
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Generalization to multiple vacancies

Future endeavors
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Observing a scale anomaly in graphene: Universality, discrete scale invariance and vacuum charge
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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• Taking into account electron spin: Relate the spin density and Lieb’s theorem 
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• Interactions between vacancies mediated by e-e interactions
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Universal transition: continuous to discrete scaling

Determined by boundary conditions
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Figure 2 | E�ect of charged vacancy on the Landau level (LL) spectra. a,b, Spatial dependence of the LLs across a line-cut traversing the vacancy before (a)
and after (b) applying the voltage pulse. The position of the vacancy is marked by the enhanced intensity of the VP residing at its centre. The energy shift of
the N=0 LL at 6 T, 1E00 ⇠45 mV, corresponds to an e�ective charge of Z/ ⇠0.2 and � ⇠0.45, indicating that the charge is subcritical. We note that the
N=0 LL is split at the vacancy site. Since the wavefunction for the N=0 LL is confined to one sublattice, the removal of one atom breaks the local
symmetry and produces the strong splitting. c,d, Numerical simulation of spatial dependence of the LL spectra across a line-cut reproduces the
experimental results in a and b for � ⇠0.1 and � ⇠0.45, respectively.
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b, Simulated spectra for the � values in c. Curves are vertically o�set for clarity. c, Evolution of STS with charge (increasing from bottom to top). Each curve
is marked with its corresponding � value. The horizontal dashed line separates spectra in the subcritical and supercritical regimes. The vertical dashed line
represents the bulk Dirac point (DP) measured far from any vacancy. Experimental parameters: Vb =�200 mV, I=20 pA, Vg =�54 V.
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N=0 LL is split at the vacancy site. Since the wavefunction for the N=0 LL is confined to one sublattice, the removal of one atom breaks the local
symmetry and produces the strong splitting. c,d, Numerical simulation of spatial dependence of the LL spectra across a line-cut reproduces the
experimental results in a and b for � ⇠0.1 and � ⇠0.45, respectively.
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Figure 3 | Electronic properties of the charged vacancy. a, Simulated map of the evolution of the spectra with � . The intensity scale in the VP regime is
divided by 2 to facilitate the comparison with the atomic-collapse (AC) regime. The symbols represent the energies of the VP and AC peaks from c.
b, Simulated spectra for the � values in c. Curves are vertically o�set for clarity. c, Evolution of STS with charge (increasing from bottom to top). Each curve
is marked with its corresponding � value. The horizontal dashed line separates spectra in the subcritical and supercritical regimes. The vertical dashed line
represents the bulk Dirac point (DP) measured far from any vacancy. Experimental parameters: Vb =�200 mV, I=20 pA, Vg =�54 V.
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Vacancies in Graphene : Dirac Physics and Fractional Vacuum Charges

Omrie Ovdat, Yaroslav Don, and Eric Akkermans⇤

Department of Physics, Technion – Israel Institute of Technology, Haifa 3200003, Israel

Introductory paragraph Graphene has a remark-
able low energy spectrum described by an e↵ective Dirac
model, whose interest resides in its ability to account for a
wealth of fundamental aspects specific to massless Dirac
fermions. Significant interest has lately been devoted to
the study of vacancies [1–11] obtained by removing a neu-
tral carbon atom. The presence of a single vacancy has
interesting and unexpected consequences. It leads to the
occurrence of a stable charge of order unity localised at
the vacancy site and interacting with other charges of the
conductor by means of an unscreened Coulomb potential
[7]. It also breaks the symmetry between the two tri-
angular graphene sublattices hence inducing zero energy
states at the Dirac point [1–4]. These features have been
noticed [5, 6], however, their precise underlying mecha-
nism and its relation to Dirac physics, if any, are yet to
be investigated. Here we show the fractional and pseudo-
scalar nature of this stable vacancy charge originating
from the vacuum and insensitive to screening e↵ects [12–
14]. A continuous Dirac model is presented which relates
zero modes to vacuum fractional charge and to a par-
ity anomaly. This relation, constitutes an Index theorem
and is achieved by using particular chiral boundary con-
ditions [15–17] which map the vacancy problem onto edge
state physics and link zero energy states to topological
features of the bulk alike the Hall e↵ect or physics of
kinks, vortices and monopoles. Vacancies in graphene
thus allow to realise prominent features of 2 + 1 quan-
tum electrodynamics, e.g., charge fractionalisation and
parity symmetry breaking [18–28], but without coupling
to a gauge field. This essential di↵erence makes vacancy
physics relatively easy to implement and an interesting
playground for topological switching and computation.

Precise statement of results Vacancies have
important consequences for the physics of graphene:
(i) Zero energy modes. In the presence of NA + NB

vacancies, where NA (NB) is the number of vacancies
corresponding to sublattice TA (TB), the tight binding
Hamiltonian has |NA �NB | zero energy eigenvalues with
vanishing wave function on the minority sublattice [1–3].
(ii) Charge. Density functional theory calculations [5]
show that when a carbon atom is removed, the induced
electronic rearrangement leads to a lower energy con-
figuration and to an overall local electric charge in the
ground state. In addition, tunnelling and Landau level
spectroscopy [6] provide experimental support for the ex-
istence of this local charge and show, with very good
agreement, an energy spectrum corresponding to an un-

screened V ⇠ �1/r Coulomb potential [7]. (iii) Sym-
metry breaking. For NA 6= NB , sublattice symmetry is
broken and so is parity in the continuum limit. For a
single vacancy, the degeneracy lifting between the two
lowest angular momentum channels j = ±1/2, a clear
indication of parity symmetry breaking, has been indeed
observed [7].
We present a continuous Dirac model of graphene,

valid at low energy and applicable to an arbitrary con-
figuration of isolated vacancies, which accounts for the
above features and shows their direct relation. The lo-
calised, fractional and pseudo-scalar nature of the va-
cancy charge is a consequence of the asymmetry between
positive and negative parts of the spectrum as expressed
by the occurrence of zero energy modes (Fig. 1a). This
fractional charge does not display Friedel-like density os-
cillations and essentially di↵ers from the screening re-
sulting from the insertion of external charge defects [12–
14]. We show that the amount of charge associated with
NA + NB vacancies is proportional to |NA �NB |. The
vacuum charge density and its corresponding charge are
obtained by solving the scattering problem of massless
Dirac fermions by one vacancy while imposing on their
wave function a new type of ‘chiral’ boundary condi-
tions. This choice unveils the topological nature of the
charge and its relation to zero modes under the form of
an Index theorem. We generalise these results to multi-
vacancy configurations and we demonstrate the interest
of topological features to achieve remote charge switching
(Fig. 1b).

Dirac model In graphene, carbon atoms condense
into a planar honeycomb bipartite lattice built from two
triangular sublattices TA and TB . The Bravais lattice
with a two-atom unit cell and its reciprocal are triangular
and the hexagonal Brillouin zone has two inequivalent
crystallographic Dirac points K and K

0. Around each of
them, the low energy excitation spectrum is conveniently
described by non-interacting and in-plane massless Dirac
fermions with the e↵ective continuous Hamiltonian,

H = �i� ·r =

✓
0 D

D
† 0

◆
(1)

(in natural units), D = �i@x � @y = e
�i✓

�
�i@r �

1
r
@✓

�

and � = (�x,�y). The operators D and D
† are defined

on the direct sum HA �HB of Hilbert spaces associated
to TA and TB and the corresponding quantum states are

two-component spinors  (r) =
�
 
A
 
B
�T

, with  
A,B

being quantum amplitudes on TA and TB respectively at
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:
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corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 
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Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]
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Observing a scale anomaly in graphene: Universality, discrete scale invariance and vacuum charge
Omrie Ovdat⁽ᵃ⁾, Jinhai Mao⁽ᵇ⁾, Yuhang Jiang⁽ᵇ⁾, Eva Andrei⁽ᵇ⁾, Yaroslav Don⁽ᵃ⁾, Amit Goft⁽ᵃ⁾ and Eric Akkermans⁽ᵃ⁾

(a) Department of Physics, Technion, Israel Institute of Technology, Haifa 3200003, Israel  (b) Department of Physics and Astronomy, Rutgers University, Piscataway, NJ 08854,USA 

We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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• Taking into account electron spin: Relate the spin density and Lieb’s theorem 

to the charge density and the Index

• Interactions between vacancies mediated by e-e interactions

• Potential of vacancy charge induced by interactions

• Entangled states of modes around multiple vacancy configurations
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Universal transition: continuous to discrete scaling

Determined by boundary conditions
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states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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atoms [2] and scaled to the (overcritical) fixed Efimov value 𝛽𝐸 = 1.12

Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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• Taking into account electron spin: Relate the spin density and Lieb’s theorem 
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• Potential of vacancy charge induced by interactions

• Entangled states of modes around multiple vacancy configurations
References

[7] R. Jackiw and C. Rebbi Phys. Rev. D 13, 3398 (1976)[3] Case, K. M. Phys. Rev. 80, 797–806 (1950)
[4] Efimov, V. Phys. Lett. B 33, 563–564 (1970)

[5] Sutherland B., Phys. Rev. B 34, 5208 (1986)
[6] Ovdat O., Don Y., and Akkermans E., arXiv:1807.10297 (2018)

Universal transition: continuous to discrete scaling

Determined by boundary conditions
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In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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atoms [2] and scaled to the (overcritical) fixed Efimov value 𝛽𝐸 = 1.12

Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:

For example, for 𝑁𝐴 = 1,𝑁𝐵 = 0

� �
� �

49 1
†

50 1

0
0

0
A

B

D
H t

D
\

\
\

u

u

§ ·§ ·
  ¨ ¸¨ ¸¨ ¸© ¹© ¹ Over-constraint 

Under-constraint by one eq.� � � �
� � � �

49 50 50

49

1
†

150 49

0

0
B

A

D

D

\

\
u u

uu

 

 
�

# of  zero modes =  𝑁𝐴 − 𝑁𝐵 = |Index H|
†Index dim ker dim kerH D D{ �

We consider

• Single quantum Dirac particle

• Massless (relativistic)

• Free (No potential)

• Infinite plane 

• Non trivial topology
The massless Dirac-Coulomb system 

0m  

0
~

1/ r
\

§ ·
¨ ¸
© ¹

� � � � 0iH\ \ � ��  r σ r � � 1
0,1,2 1, ,2, 0

0
,

m
im im

m mm i
m m

r e
r

B
i e

A
r

eT T
T\ T � �

 }  � � }

§ ·§ ·
 � ¨ ¸¨ ¸

© ¹ © ¹
¦ ¦

For vacancies in graphene we take [6]: 
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existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
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In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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The massless Dirac – Coulomb system
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Experimental observation
Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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We use our Dirac model and compare with experimental results. The behavior 

matches the β<1/2 regime.

After several pulses new peaks rise from the 

Dirac point.

We interpret the first as the lowest over 

critical quasi bound state.
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𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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Left plot. green X’s are the values of Efimov energies measured in Cesium 

atoms [2] and scaled to the (overcritical) fixed Efimov value 𝛽𝐸 = 1.12

Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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• Taking into account electron spin: Relate the spin density and Lieb’s theorem 
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• Interactions between vacancies mediated by e-e interactions
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Universal transition: continuous to discrete scaling

Determined by boundary conditions
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In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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Left plot. green X’s are the values of Efimov energies measured in Cesium 

atoms [2] and scaled to the (overcritical) fixed Efimov value 𝛽𝐸 = 1.12

Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:

For example, for 𝑁𝐴 = 1,𝑁𝐵 = 0
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
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In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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The massless Dirac – Coulomb system
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Focus on s – wave channels 𝑚 = 0,−1 (total angular momentum ½, 

purple and blue lines respectively). 𝛽 < 1/2: Single quasi bound state
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Experimental observation
Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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We use our Dirac model and compare with experimental results. The behavior 

matches the β<1/2 regime.

After several pulses new peaks rise from the 

Dirac point.

We interpret the first as the lowest over 

critical quasi bound state.
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A single quasi bound state is observed for the first few 
pulses. 
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𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.

𝐸1′: Second lowest over critical quasi bound state 
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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Left plot. green X’s are the values of Efimov energies measured in Cesium 

atoms [2] and scaled to the (overcritical) fixed Efimov value 𝛽𝐸 = 1.12

Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:

For example, for 𝑁𝐴 = 1,𝑁𝐵 = 0
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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• Taking into account electron spin: Relate the spin density and Lieb’s theorem 
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• Interactions between vacancies mediated by e-e interactions
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Universal transition: continuous to discrete scaling

Determined by boundary conditions
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In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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Left plot. green X’s are the values of Efimov energies measured in Cesium 

atoms [2] and scaled to the (overcritical) fixed Efimov value 𝛽𝐸 = 1.12

Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:

For example, for 𝑁𝐴 = 1,𝑁𝐵 = 0
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For vacancies in graphene we take [6]: 
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Non standard, m dependent, parity breaking – Chiral boundary condition

0m  
R

A

� � 1
0,1,2 1, ,2,

0

0
,

m
im im m

m i
m mm

r
iB r e

A
r e eT T

T\ T � �
 }  � � }

§ ·§ ·
 � ¨ ¸¨ ¸

© ¹ © ¹
¦ ¦

Going back to the zero modes

1
0

0
iiB r e T�

§ ·
¨ ¸
© ¹

Consistent with single vacancy tight biding graphene

unique

� � � � � � � �†

sign
2 n n n

n

e EU \ \ � ¦r r rVacuum charge density

2 2~ /R r

/r L

IR 

cutoff

/~ r Le�

Utilizing boundary conditions

� � � �
2
eU G �r rIn the limit 𝑅 → 0

2
eQ  �� � 0 1

0 1

( / ) ( / ) ˆ
4 ( / ) ( / )

K r L K r Le r
R K R L K R L

U
S

§ ·
 � ��¨ ¸

© ¹
r

� � � �2 Index
2 2A B
e eNQ d x N HU  � �  �³ r

Zero 
modes

Local 
charge

parity 
breaking

Realization of fractional charge induced by 

magnetic flux [7,8] with B AN N� � )

Generalization to multiple vacancies

Future endeavors

Abstract

Observing a scale anomaly in graphene: Universality, discrete scale invariance and vacuum charge
Omrie Ovdat⁽ᵃ⁾, Jinhai Mao⁽ᵇ⁾, Yuhang Jiang⁽ᵇ⁾, Eva Andrei⁽ᵇ⁾, Yaroslav Don⁽ᵃ⁾, Amit Goft⁽ᵃ⁾ and Eric Akkermans⁽ᵃ⁾

(a) Department of Physics, Technion, Israel Institute of Technology, Haifa 3200003, Israel  (b) Department of Physics and Astronomy, Rutgers University, Piscataway, NJ 08854,USA 
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universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
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In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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The massless Dirac – Coulomb system
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Experimental observation
Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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We use our Dirac model and compare with experimental results. The behavior 

matches the β<1/2 regime.

After several pulses new peaks rise from the 

Dirac point.

We interpret the first as the lowest over 

critical quasi bound state.
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A single quasi bound state is observed for the first few 
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𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.

𝐸1′: Second lowest over critical quasi bound state 
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .

Fitting parameters: 0.85( 1), 0.2h m L nm � # 1 0 0 1.02
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The choice of boundary condition must break parity, otherwise the 

theoretical 𝐸1, 𝐸1′ would be degenerate and there would be no line to 

describe the red points.
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Left plot. green X’s are the values of Efimov energies measured in Cesium 

atoms [2] and scaled to the (overcritical) fixed Efimov value 𝛽𝐸 = 1.12

Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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Universal transition: continuous to discrete scaling

Determined by boundary conditions
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In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
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Universal transition: continuous to discrete scaling

Determined by boundary conditions
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Vacancies in Graphene : Dirac Physics and Fractional Vacuum Charges

Omrie Ovdat, Yaroslav Don, and Eric Akkermans⇤

Department of Physics, Technion – Israel Institute of Technology, Haifa 3200003, Israel

Introductory paragraph Graphene has a remark-
able low energy spectrum described by an e↵ective Dirac
model, whose interest resides in its ability to account for a
wealth of fundamental aspects specific to massless Dirac
fermions. Significant interest has lately been devoted to
the study of vacancies [1–11] obtained by removing a neu-
tral carbon atom. The presence of a single vacancy has
interesting and unexpected consequences. It leads to the
occurrence of a stable charge of order unity localised at
the vacancy site and interacting with other charges of the
conductor by means of an unscreened Coulomb potential
[7]. It also breaks the symmetry between the two tri-
angular graphene sublattices hence inducing zero energy
states at the Dirac point [1–4]. These features have been
noticed [5, 6], however, their precise underlying mecha-
nism and its relation to Dirac physics, if any, are yet to
be investigated. Here we show the fractional and pseudo-
scalar nature of this stable vacancy charge originating
from the vacuum and insensitive to screening e↵ects [12–
14]. A continuous Dirac model is presented which relates
zero modes to vacuum fractional charge and to a par-
ity anomaly. This relation, constitutes an Index theorem
and is achieved by using particular chiral boundary con-
ditions [15–17] which map the vacancy problem onto edge
state physics and link zero energy states to topological
features of the bulk alike the Hall e↵ect or physics of
kinks, vortices and monopoles. Vacancies in graphene
thus allow to realise prominent features of 2 + 1 quan-
tum electrodynamics, e.g., charge fractionalisation and
parity symmetry breaking [18–28], but without coupling
to a gauge field. This essential di↵erence makes vacancy
physics relatively easy to implement and an interesting
playground for topological switching and computation.

Precise statement of results Vacancies have
important consequences for the physics of graphene:
(i) Zero energy modes. In the presence of NA + NB

vacancies, where NA (NB) is the number of vacancies
corresponding to sublattice TA (TB), the tight binding
Hamiltonian has |NA �NB | zero energy eigenvalues with
vanishing wave function on the minority sublattice [1–3].
(ii) Charge. Density functional theory calculations [5]
show that when a carbon atom is removed, the induced
electronic rearrangement leads to a lower energy con-
figuration and to an overall local electric charge in the
ground state. In addition, tunnelling and Landau level
spectroscopy [6] provide experimental support for the ex-
istence of this local charge and show, with very good
agreement, an energy spectrum corresponding to an un-

screened V ⇠ �1/r Coulomb potential [7]. (iii) Sym-
metry breaking. For NA 6= NB , sublattice symmetry is
broken and so is parity in the continuum limit. For a
single vacancy, the degeneracy lifting between the two
lowest angular momentum channels j = ±1/2, a clear
indication of parity symmetry breaking, has been indeed
observed [7].
We present a continuous Dirac model of graphene,

valid at low energy and applicable to an arbitrary con-
figuration of isolated vacancies, which accounts for the
above features and shows their direct relation. The lo-
calised, fractional and pseudo-scalar nature of the va-
cancy charge is a consequence of the asymmetry between
positive and negative parts of the spectrum as expressed
by the occurrence of zero energy modes (Fig. 1a). This
fractional charge does not display Friedel-like density os-
cillations and essentially di↵ers from the screening re-
sulting from the insertion of external charge defects [12–
14]. We show that the amount of charge associated with
NA + NB vacancies is proportional to |NA �NB |. The
vacuum charge density and its corresponding charge are
obtained by solving the scattering problem of massless
Dirac fermions by one vacancy while imposing on their
wave function a new type of ‘chiral’ boundary condi-
tions. This choice unveils the topological nature of the
charge and its relation to zero modes under the form of
an Index theorem. We generalise these results to multi-
vacancy configurations and we demonstrate the interest
of topological features to achieve remote charge switching
(Fig. 1b).

Dirac model In graphene, carbon atoms condense
into a planar honeycomb bipartite lattice built from two
triangular sublattices TA and TB . The Bravais lattice
with a two-atom unit cell and its reciprocal are triangular
and the hexagonal Brillouin zone has two inequivalent
crystallographic Dirac points K and K

0. Around each of
them, the low energy excitation spectrum is conveniently
described by non-interacting and in-plane massless Dirac
fermions with the e↵ective continuous Hamiltonian,

H = �i� ·r =

✓
0 D

D
† 0

◆
(1)

(in natural units), D = �i@x � @y = e
�i✓

�
�i@r �

1
r
@✓

�

and � = (�x,�y). The operators D and D
† are defined

on the direct sum HA �HB of Hilbert spaces associated
to TA and TB and the corresponding quantum states are

two-component spinors  (r) =
�
 
A
 
B
�T

, with  
A,B

being quantum amplitudes on TA and TB respectively at
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• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured

� �. .
dI a u
dV

Dirac pointcharge

V

We use our Dirac model and compare with experimental results. The behavior 

matches the β<1/2 regime.

After several pulses new peaks rise from the 

Dirac point.

We interpret the first as the lowest over 

critical quasi bound state.

mV

dI
dV

A single quasi bound state is observed for the first few 
pulses. 

V V
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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Universal transition: continuous to discrete scaling
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𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 

Abstract

The massless Dirac – Coulomb system

We consider

• Single quantum Dirac particle (spin ½)

• Massless (relativistic)

• Source: External charge of radius ~ 𝐿

• 𝑑 dimensional space
2ZeZ
c

E D  { (dimensionless)

V

rL

� � /V r rE �

Dirac  Hamiltonian (ℏ = 𝑐 = 1)

� �0ˆ i
iH i V rJ J w � �

1

2

( )
;

( )
( , , ) iEt im

i

r
e m

ie r
r t e I

I

\
I

\
� § ·

¨ ¸
© ¹

< v � (Restrict to 𝑑 = 2)

This is a quantum mechanical scattering problem (no bound states)

)( ,,E L hK

� � 1E
E
KU

S
w

 
w

Quasi bound state:  distinct peak in 

The phase shift

Density of states

� �EU

Focus on s – wave channels 𝑚 = 0,−1 (total angular momentum ½, 

purple and blue lines respectively). 𝛽 < 1/2: Single quasi bound state

2 2

1;c

n

nE E Le
S

E E
�

�v

� �EU

� �E eV � �E eV � �E eV

𝛽 > 1/2: Infinite quasi bound states forming a geometric series for 𝐸 𝐿 ≪ 1

𝛽 > 1/2: Infinite number of quasi 

bound states forming a geometric 

series for 𝐸 𝐿0 ≪ 1

1.2E  

� �EU

� �E eV

2 2

1 / c
n nE eE

S

E E
�

�
�  �

A low energy quantum phase transition occurs

Under-critical phase Over-critical phase

1
2E � 1

2E !
Quantum phase transition

Continuous scale invariant Discrete scale invariant

1E LE

� � 2 1/41
,

n

n h e
L

E
S

EH E
�

� Transition is universal:

Ingredients of phenomenon Experimental observation (continued) Dirac model for vacancies in graphene
What is special about 𝛽 = 1/2?

Where did the scale symmetry come from?

Continuous Scale invariant Formal/Classic  Hamiltonian Continuous Scale invariant

Self-adjointness

Regularization with Scale 𝐿

Quantum Hamiltonian

1/ 2E � 1/ 2E !

†ˆ ˆH H †ˆ ˆH Hz

Quantum phase transition

Redundant: can take 𝐿 → 0 Essential: 𝐿 → 0 I’ll defined

Discrete Scale invariant

0ˆ /i
iH i rJ J Ew � �

Continuous Scale invariant

Scale anom
aly

Valid for all space dimensions with  
1

2c
dE  
�

Experimental observation
Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 
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• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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We use our Dirac model and compare with experimental results. The behavior 
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𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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Vacancies in Graphene : Dirac Physics and Fractional Vacuum Charges

Omrie Ovdat, Yaroslav Don, and Eric Akkermans⇤

Department of Physics, Technion – Israel Institute of Technology, Haifa 3200003, Israel

Introductory paragraph Graphene has a remark-
able low energy spectrum described by an e↵ective Dirac
model, whose interest resides in its ability to account for a
wealth of fundamental aspects specific to massless Dirac
fermions. Significant interest has lately been devoted to
the study of vacancies [1–11] obtained by removing a neu-
tral carbon atom. The presence of a single vacancy has
interesting and unexpected consequences. It leads to the
occurrence of a stable charge of order unity localised at
the vacancy site and interacting with other charges of the
conductor by means of an unscreened Coulomb potential
[7]. It also breaks the symmetry between the two tri-
angular graphene sublattices hence inducing zero energy
states at the Dirac point [1–4]. These features have been
noticed [5, 6], however, their precise underlying mecha-
nism and its relation to Dirac physics, if any, are yet to
be investigated. Here we show the fractional and pseudo-
scalar nature of this stable vacancy charge originating
from the vacuum and insensitive to screening e↵ects [12–
14]. A continuous Dirac model is presented which relates
zero modes to vacuum fractional charge and to a par-
ity anomaly. This relation, constitutes an Index theorem
and is achieved by using particular chiral boundary con-
ditions [15–17] which map the vacancy problem onto edge
state physics and link zero energy states to topological
features of the bulk alike the Hall e↵ect or physics of
kinks, vortices and monopoles. Vacancies in graphene
thus allow to realise prominent features of 2 + 1 quan-
tum electrodynamics, e.g., charge fractionalisation and
parity symmetry breaking [18–28], but without coupling
to a gauge field. This essential di↵erence makes vacancy
physics relatively easy to implement and an interesting
playground for topological switching and computation.

Precise statement of results Vacancies have
important consequences for the physics of graphene:
(i) Zero energy modes. In the presence of NA + NB

vacancies, where NA (NB) is the number of vacancies
corresponding to sublattice TA (TB), the tight binding
Hamiltonian has |NA �NB | zero energy eigenvalues with
vanishing wave function on the minority sublattice [1–3].
(ii) Charge. Density functional theory calculations [5]
show that when a carbon atom is removed, the induced
electronic rearrangement leads to a lower energy con-
figuration and to an overall local electric charge in the
ground state. In addition, tunnelling and Landau level
spectroscopy [6] provide experimental support for the ex-
istence of this local charge and show, with very good
agreement, an energy spectrum corresponding to an un-

screened V ⇠ �1/r Coulomb potential [7]. (iii) Sym-
metry breaking. For NA 6= NB , sublattice symmetry is
broken and so is parity in the continuum limit. For a
single vacancy, the degeneracy lifting between the two
lowest angular momentum channels j = ±1/2, a clear
indication of parity symmetry breaking, has been indeed
observed [7].
We present a continuous Dirac model of graphene,

valid at low energy and applicable to an arbitrary con-
figuration of isolated vacancies, which accounts for the
above features and shows their direct relation. The lo-
calised, fractional and pseudo-scalar nature of the va-
cancy charge is a consequence of the asymmetry between
positive and negative parts of the spectrum as expressed
by the occurrence of zero energy modes (Fig. 1a). This
fractional charge does not display Friedel-like density os-
cillations and essentially di↵ers from the screening re-
sulting from the insertion of external charge defects [12–
14]. We show that the amount of charge associated with
NA + NB vacancies is proportional to |NA �NB |. The
vacuum charge density and its corresponding charge are
obtained by solving the scattering problem of massless
Dirac fermions by one vacancy while imposing on their
wave function a new type of ‘chiral’ boundary condi-
tions. This choice unveils the topological nature of the
charge and its relation to zero modes under the form of
an Index theorem. We generalise these results to multi-
vacancy configurations and we demonstrate the interest
of topological features to achieve remote charge switching
(Fig. 1b).

Dirac model In graphene, carbon atoms condense
into a planar honeycomb bipartite lattice built from two
triangular sublattices TA and TB . The Bravais lattice
with a two-atom unit cell and its reciprocal are triangular
and the hexagonal Brillouin zone has two inequivalent
crystallographic Dirac points K and K

0. Around each of
them, the low energy excitation spectrum is conveniently
described by non-interacting and in-plane massless Dirac
fermions with the e↵ective continuous Hamiltonian,

H = �i� ·r =

✓
0 D

D
† 0

◆
(1)

(in natural units), D = �i@x � @y = e
�i✓

�
�i@r �

1
r
@✓

�

and � = (�x,�y). The operators D and D
† are defined

on the direct sum HA �HB of Hilbert spaces associated
to TA and TB and the corresponding quantum states are

two-component spinors  (r) =
�
 
A
 
B
�T

, with  
A,B

being quantum amplitudes on TA and TB respectively at
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Experimental observation
Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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Dirac pointcharge
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We use our Dirac model and compare with experimental results. The behavior 

matches the β<1/2 regime.

After several pulses new peaks rise from the 

Dirac point.

We interpret the first as the lowest over 

critical quasi bound state.
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A single quasi bound state is observed for the first few 
pulses. 
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𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.

𝐸1′: Second lowest over critical quasi bound state 
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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• Taking into account electron spin: Relate the spin density and Lieb’s theorem 
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• Voltage Pulses inserted by an STM induce charge into the 
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• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured

� �. .
dI a u
dV

Dirac pointcharge

V

We use our Dirac model and compare with experimental results. The behavior 

matches the β<1/2 regime.

After several pulses new peaks rise from the 

Dirac point.

We interpret the first as the lowest over 

critical quasi bound state.

mV

dI
dV

A single quasi bound state is observed for the first few 
pulses. 

V V

𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
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Vacancies in Graphene : Dirac Physics and Fractional Vacuum Charges

Omrie Ovdat, Yaroslav Don, and Eric Akkermans⇤

Department of Physics, Technion – Israel Institute of Technology, Haifa 3200003, Israel

Introductory paragraph Graphene has a remark-
able low energy spectrum described by an e↵ective Dirac
model, whose interest resides in its ability to account for a
wealth of fundamental aspects specific to massless Dirac
fermions. Significant interest has lately been devoted to
the study of vacancies [1–11] obtained by removing a neu-
tral carbon atom. The presence of a single vacancy has
interesting and unexpected consequences. It leads to the
occurrence of a stable charge of order unity localised at
the vacancy site and interacting with other charges of the
conductor by means of an unscreened Coulomb potential
[7]. It also breaks the symmetry between the two tri-
angular graphene sublattices hence inducing zero energy
states at the Dirac point [1–4]. These features have been
noticed [5, 6], however, their precise underlying mecha-
nism and its relation to Dirac physics, if any, are yet to
be investigated. Here we show the fractional and pseudo-
scalar nature of this stable vacancy charge originating
from the vacuum and insensitive to screening e↵ects [12–
14]. A continuous Dirac model is presented which relates
zero modes to vacuum fractional charge and to a par-
ity anomaly. This relation, constitutes an Index theorem
and is achieved by using particular chiral boundary con-
ditions [15–17] which map the vacancy problem onto edge
state physics and link zero energy states to topological
features of the bulk alike the Hall e↵ect or physics of
kinks, vortices and monopoles. Vacancies in graphene
thus allow to realise prominent features of 2 + 1 quan-
tum electrodynamics, e.g., charge fractionalisation and
parity symmetry breaking [18–28], but without coupling
to a gauge field. This essential di↵erence makes vacancy
physics relatively easy to implement and an interesting
playground for topological switching and computation.

Precise statement of results Vacancies have
important consequences for the physics of graphene:
(i) Zero energy modes. In the presence of NA + NB

vacancies, where NA (NB) is the number of vacancies
corresponding to sublattice TA (TB), the tight binding
Hamiltonian has |NA �NB | zero energy eigenvalues with
vanishing wave function on the minority sublattice [1–3].
(ii) Charge. Density functional theory calculations [5]
show that when a carbon atom is removed, the induced
electronic rearrangement leads to a lower energy con-
figuration and to an overall local electric charge in the
ground state. In addition, tunnelling and Landau level
spectroscopy [6] provide experimental support for the ex-
istence of this local charge and show, with very good
agreement, an energy spectrum corresponding to an un-

screened V ⇠ �1/r Coulomb potential [7]. (iii) Sym-
metry breaking. For NA 6= NB , sublattice symmetry is
broken and so is parity in the continuum limit. For a
single vacancy, the degeneracy lifting between the two
lowest angular momentum channels j = ±1/2, a clear
indication of parity symmetry breaking, has been indeed
observed [7].
We present a continuous Dirac model of graphene,

valid at low energy and applicable to an arbitrary con-
figuration of isolated vacancies, which accounts for the
above features and shows their direct relation. The lo-
calised, fractional and pseudo-scalar nature of the va-
cancy charge is a consequence of the asymmetry between
positive and negative parts of the spectrum as expressed
by the occurrence of zero energy modes (Fig. 1a). This
fractional charge does not display Friedel-like density os-
cillations and essentially di↵ers from the screening re-
sulting from the insertion of external charge defects [12–
14]. We show that the amount of charge associated with
NA + NB vacancies is proportional to |NA �NB |. The
vacuum charge density and its corresponding charge are
obtained by solving the scattering problem of massless
Dirac fermions by one vacancy while imposing on their
wave function a new type of ‘chiral’ boundary condi-
tions. This choice unveils the topological nature of the
charge and its relation to zero modes under the form of
an Index theorem. We generalise these results to multi-
vacancy configurations and we demonstrate the interest
of topological features to achieve remote charge switching
(Fig. 1b).

Dirac model In graphene, carbon atoms condense
into a planar honeycomb bipartite lattice built from two
triangular sublattices TA and TB . The Bravais lattice
with a two-atom unit cell and its reciprocal are triangular
and the hexagonal Brillouin zone has two inequivalent
crystallographic Dirac points K and K

0. Around each of
them, the low energy excitation spectrum is conveniently
described by non-interacting and in-plane massless Dirac
fermions with the e↵ective continuous Hamiltonian,

H = �i� ·r =

✓
0 D

D
† 0

◆
(1)

(in natural units), D = �i@x � @y = e
�i✓

�
�i@r �

1
r
@✓

�

and � = (�x,�y). The operators D and D
† are defined

on the direct sum HA �HB of Hilbert spaces associated
to TA and TB and the corresponding quantum states are

two-component spinors  (r) =
�
 
A
 
B
�T

, with  
A,B

being quantum amplitudes on TA and TB respectively at
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Topological content of magnetic flux is replaced by vacancies
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B AN N− ⇔ Φ

Zero 
modes

Local 
charge

Broken 
parity

IndexH =Φ

Φ
2
eQ = Φ

Q Parity Q−

• Massless Dirac model + magnetic flux 

Compact space without boundaries :  

Atiyah-Singer Index theorem.

• Massless Dirac model + vacancies in 

graphene : 

Topological content of the magnetic 

flux is replaced by holes in the plane.

Index theorem in an open space with  

boundaries and no gauge field
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 Scattering of a free massless Dirac fermion on a 
punctured plane

• Single Dirac fermion 

• Massless (relativistic) 

• Free (No potential) 

• Infinite plane  

• Non-trivial topology 
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Effective low energy model for graphene:
Model: free massless Dirac fermion on a punctured plane

• Single Dirac fermion

• Massless (relativistic)

• Free (No potential)

• Infinite plane 

• Non-trivial topology
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• We are interested in zero energy eigenfunctions � � � � 0iH\ \ � ��  r σ r
• Consider a single A-vacancy at the origin

0m  
R

• Decaying solutions, in polar coordinates:

1/ 2j m �total angular momentum number:

AChiral boundary condition to describe a single vacancy

0m  
R

A

• For vacancies in graphene we take: 

� �
� �

| 0, 0 0

| 0, 0

A
m r R m

B
m r R m

m g

m g

\

\
 

 

 d

 !

 

 f

� �
� �
� �

, ,

,
,

A
mim
B i

m m

r

i e

E

r E
e

r E
T

T

\ T

\
\�

 

§ ·
¨ ¸¨ ¸
© ¹

¦ ⋮ 0

1 0

0 0

-1 0

-2 0

⋮ 0

m |Am r R\  |B
m r R\  

• Non standard, m dependent – Chiral boundary condition

610zR �|

110
2
eQ �| 110

2
eQ �|

9/ 10M t � 

410
2
eQ �|

In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 

Abstract

The massless Dirac – Coulomb system

We consider

• Single quantum Dirac particle (spin ½)

• Massless (relativistic)

• Source: External charge of radius ~ 𝐿

• 𝑑 dimensional space
2ZeZ
c

E D  { (dimensionless)

V

rL

� � /V r rE �

Dirac  Hamiltonian (ℏ = 𝑐 = 1)

� �0ˆ i
iH i V rJ J w � �

1

2

( )
;

( )
( , , ) iEt im

i

r
e m

ie r
r t e I

I

\
I

\
� § ·

¨ ¸
© ¹

< v � (Restrict to 𝑑 = 2)

This is a quantum mechanical scattering problem (no bound states)

)( ,,E L hK

� � 1E
E
KU

S
w

 
w

Quasi bound state:  distinct peak in 

The phase shift

Density of states

� �EU

Focus on s – wave channels 𝑚 = 0,−1 (total angular momentum ½, 

purple and blue lines respectively). 𝛽 < 1/2: Single quasi bound state

2 2

1;c

n

nE E Le
S

E E
�

�v

� �EU

� �E eV � �E eV � �E eV

𝛽 > 1/2: Infinite quasi bound states forming a geometric series for 𝐸 𝐿 ≪ 1

𝛽 > 1/2: Infinite number of quasi 

bound states forming a geometric 

series for 𝐸 𝐿0 ≪ 1

1.2E  

� �EU

� �E eV

2 2

1 / c
n nE eE

S

E E
�

�
�  �

A low energy quantum phase transition occurs
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Ingredients of phenomenon Experimental observation (continued) Dirac model for vacancies in graphene
What is special about 𝛽 = 1/2?

Where did the scale symmetry come from?
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Self-adjointness
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Experimental observation
Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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We use our Dirac model and compare with experimental results. The behavior 

matches the β<1/2 regime.

After several pulses new peaks rise from the 

Dirac point.

We interpret the first as the lowest over 

critical quasi bound state.
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A single quasi bound state is observed for the first few 
pulses. 

V V

𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.

𝐸1′: Second lowest over critical quasi bound state 
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]
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Observing a scale anomaly in graphene: Universality, discrete scale invariance and vacuum charge
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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Experimental observation
Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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We use our Dirac model and compare with experimental results. The behavior 

matches the β<1/2 regime.

After several pulses new peaks rise from the 

Dirac point.

We interpret the first as the lowest over 

critical quasi bound state.
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A single quasi bound state is observed for the first few 
pulses. 
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𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.

𝐸1′: Second lowest over critical quasi bound state 
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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Left plot. green X’s are the values of Efimov energies measured in Cesium 

atoms [2] and scaled to the (overcritical) fixed Efimov value 𝛽𝐸 = 1.12

Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:
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• Single quantum Dirac particle

• Massless (relativistic)
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• Infinite plane 

• Non trivial topology
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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• Taking into account electron spin: Relate the spin density and Lieb’s theorem 

to the charge density and the Index

• Interactions between vacancies mediated by e-e interactions

• Potential of vacancy charge induced by interactions

• Entangled states of modes around multiple vacancy configurations
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Universal transition: continuous to discrete scaling

Determined by boundary conditions
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In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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Experimental observation
Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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We use our Dirac model and compare with experimental results. The behavior 

matches the β<1/2 regime.

After several pulses new peaks rise from the 

Dirac point.

We interpret the first as the lowest over 

critical quasi bound state.
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A single quasi bound state is observed for the first few 
pulses. 
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𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.

𝐸1′: Second lowest over critical quasi bound state 

𝐸2: Second quasi bound state. Expected to obey: 2 1/4
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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The choice of boundary condition must break parity, otherwise the 

theoretical 𝐸1, 𝐸1′ would be degenerate and there would be no line to 

describe the red points.
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Left plot. green X’s are the values of Efimov energies measured in Cesium 

atoms [2] and scaled to the (overcritical) fixed Efimov value 𝛽𝐸 = 1.12

Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:

For example, for 𝑁𝐴 = 1,𝑁𝐵 = 0
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For vacancies in graphene we take [6]: 
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Going back to the zero modes
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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• Taking into account electron spin: Relate the spin density and Lieb’s theorem 
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Universal transition: continuous to discrete scaling

Determined by boundary conditions
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In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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The massless Dirac – Coulomb system

We consider
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• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.

𝐸1′: Second lowest over critical quasi bound state 
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:

For example, for 𝑁𝐴 = 1,𝑁𝐵 = 0

� �
� �

49 1
†

50 1

0
0

0
A

B

D
H t

D
\

\
\

u

u

§ ·§ ·
  ¨ ¸¨ ¸¨ ¸© ¹© ¹ Over-constraint 

Under-constraint by one eq.� � � �
� � � �

49 50 50

49

1
†

150 49

0

0
B

A

D

D

\

\
u u

uu

 

 
�

# of  zero modes =  𝑁𝐴 − 𝑁𝐵 = |Index H|
†Index dim ker dim kerH D D{ �

We consider

• Single quantum Dirac particle

• Massless (relativistic)

• Free (No potential)

• Infinite plane 

• Non trivial topology
The massless Dirac-Coulomb system 

0m  

0
~

1/ r
\

§ ·
¨ ¸
© ¹

� � � � 0iH\ \ � ��  r σ r � � 1
0,1,2 1, ,2, 0

0
,

m
im im

m mm i
m m

r e
r

B
i e

A
r

eT T
T\ T � �

 }  � � }

§ ·§ ·
 � ¨ ¸¨ ¸

© ¹ © ¹
¦ ¦

For vacancies in graphene we take [6]: 

� �
� �

| 0, 0 0

| 0, 0

A
m r R m

B
m r R m

m g

m g

\

\
 

 

 d

 !

 

 f

Non standard, m dependent, parity breaking – Chiral boundary condition

0m  
R

A

� � 1
0,1,2 1, ,2,

0

0
,

m
im im m

m i
m mm

r
iB r e

A
r e eT T

T\ T � �
 }  � � }

§ ·§ ·
 � ¨ ¸¨ ¸

© ¹ © ¹
¦ ¦

Going back to the zero modes

1
0

0
iiB r e T�

§ ·
¨ ¸
© ¹

Consistent with single vacancy tight biding graphene

unique

� � � � � � � �†

sign
2 n n n

n

e EU \ \ � ¦r r rVacuum charge density

2 2~ /R r

/r L

IR 

cutoff

/~ r Le�

Utilizing boundary conditions

� � � �
2
eU G �r rIn the limit 𝑅 → 0

2
eQ  �� � 0 1

0 1

( / ) ( / ) ˆ
4 ( / ) ( / )

K r L K r Le r
R K R L K R L

U
S

§ ·
 � ��¨ ¸

© ¹
r

� � � �2 Index
2 2A B
e eNQ d x N HU  � �  �³ r

Zero 
modes

Local 
charge

parity 
breaking

Realization of fractional charge induced by 

magnetic flux [7,8] with B AN N� � )

Generalization to multiple vacancies

Future endeavors

Abstract

Observing a scale anomaly in graphene: Universality, discrete scale invariance and vacuum charge
Omrie Ovdat⁽ᵃ⁾, Jinhai Mao⁽ᵇ⁾, Yuhang Jiang⁽ᵇ⁾, Eva Andrei⁽ᵇ⁾, Yaroslav Don⁽ᵃ⁾, Amit Goft⁽ᵃ⁾ and Eric Akkermans⁽ᵃ⁾

(a) Department of Physics, Technion, Israel Institute of Technology, Haifa 3200003, Israel  (b) Department of Physics and Astronomy, Rutgers University, Piscataway, NJ 08854,USA 

We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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• Taking into account electron spin: Relate the spin density and Lieb’s theorem 
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Universal transition: continuous to discrete scaling

Determined by boundary conditions
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In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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We use our Dirac model and compare with experimental results. The behavior 

matches the β<1/2 regime.

After several pulses new peaks rise from the 

Dirac point.

We interpret the first as the lowest over 

critical quasi bound state.
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A single quasi bound state is observed for the first few 
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𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.

𝐸1′: Second lowest over critical quasi bound state 
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:

For example, for 𝑁𝐴 = 1,𝑁𝐵 = 0
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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Universal transition: continuous to discrete scaling

Determined by boundary conditions

� � � �
� �

,
, ,

,

A
mim
B i

m m

r E
r E

ri e
e

E
T

T

\
\ T

\�

§ ·
 ¨ ¸¨ ¸

© ¹
¦

� �
1 1

0 1
1 0

A BN N
kA kB

N
k kkA kB

q qz
z z z z

\  
  

§ · § ·
 �¨ ¸ ¨ ¸� �© ¹ © ¹

¦ ¦ #  of zero modes  A BN N� 

� � � � � � � �†

sign
2 n n n

n

e E \U \� ¦r r r

5A’s and 4B’s
1

2 2A BQ Ne eN � � � �

5A’s and 5B’s
0

2 2A BQ Ne eN � � � �

110
2
eQ �|

210
2
eQ �|

810
2
eQ �|

8
. 10

2
eQ Q �|

� � † †2
e z

D z D z
z

D D
U § ·�¨ ¸

©
 �

� � ¹
r r r

R

A



 Single A-vacancy

Zero energy eigenfunctions : 

610zR �|

110
2
eQ �| 110

2
eQ �|

9/ 10M t � 

410
2
eQ �|

In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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Experimental observation
Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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We use our Dirac model and compare with experimental results. The behavior 

matches the β<1/2 regime.

After several pulses new peaks rise from the 

Dirac point.

We interpret the first as the lowest over 

critical quasi bound state.
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pulses. 
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𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.

𝐸1′: Second lowest over critical quasi bound state 
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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Universal transition: continuous to discrete scaling

Determined by boundary conditions
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In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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The massless Dirac – Coulomb system
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Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured

� �. .
dI a u
dV

Dirac pointcharge

V

We use our Dirac model and compare with experimental results. The behavior 

matches the β<1/2 regime.

After several pulses new peaks rise from the 

Dirac point.

We interpret the first as the lowest over 

critical quasi bound state.
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A single quasi bound state is observed for the first few 
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𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.

𝐸1′: Second lowest over critical quasi bound state 
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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The choice of boundary condition must break parity, otherwise the 

theoretical 𝐸1, 𝐸1′ would be degenerate and there would be no line to 

describe the red points.
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Relation to the inverse square potential spectrum and the Efimov effect:
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Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:

For example, for 𝑁𝐴 = 1,𝑁𝐵 = 0
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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Universal transition: continuous to discrete scaling

Determined by boundary conditions
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𝑗 = 1/2

𝑗 = −1/2

All modes, except for : 

3

holds for IndexH ⌘ dimkerD � dimkerD† [22, 24].
Combining (4) and (5) leads to

Q ⌘

Z
dr⇢ (r) = �

e

2
IndexH . (6)

In the absence of vacancies, there are no zero modes thus
IndexH vanishes and so does the charge Q. However,
this may not be the case in the presence of vacancies.

Fractional charge of a single vacancy The re-
moval of one carbon atom creates a neutral vacancy,
here arbitrarily assigned to be an A-vacancy. The corre-
sponding excitation spectrum in the continuum limit is
obtained by considering scattering solutions of the Dirac
Hamiltonian (1) on a plane with a puncture of radius R.
Since ⇢ (r) depends on the behaviour at zero energy, we
look for zero modes, i.e., solutions of D B = D

†
 A = 0.

The general solution is

 (r, ✓) ⌘

X

m2Z
e
im✓

✓
 
A

m
(r)

i 
B

m
(r)ei✓

◆
(7)

with  A

m
(r) = Amr

m,  B

m
(r) = Bmr

�m�1 and (Am, Bm)
constants. Requiring  (r ! 1, ✓) = 0, we keep harmon-
ics m < 0 for  A

m
(r) and m � 0 for  B

m
(r).

We choose appropriate boundary conditions on the
scattering potential so as to preserve chiral symmetry
(2), a necessary condition to use expressions (4)–(6). Lo-
cal boundary conditions e.g., Dirichlet,  (r) |vac = 0 lead
either to an over determination or to particle-hole pair
creation (Neumann) [30]. We propose instead a new set
of chiral boundary conditions,

 
A

m
(r = R) = 0, m  0,

 
B

m
(r = R) = 0, m > 0,

(8)

a close relative of non-local boundary conditions intro-
duced in the study of Index theorems for Dirac opera-
tors [15–17]. This choice (8) preserves the chiral sym-
metry and thereby represent a perfectly reflecting bar-
rier of probability density (Supplementary Note 2). Im-
plemented on the power law wave function (7), condi-
tions (8) uniquely lead to a single zero mode  (r) ⌘�
0 iB0e

i✓
/r
�T

by projecting onto the m = 0 subspace
for  B

m
(r) and having  A

m
⌘ 0. It is worth noting that

this eigenfunction reproduces the tight binding result [3]
justified by the absence of any characteristic scale. This
zero mode is quasi-bound, that is, decaying but non-
normalizable and thus appears as a pronounced peak in
the density of states at the Fermi energy. An analogous
choice of boundary conditions for a B-vacancy leads to

the single zero mode  (r) ⌘
�
A�1/r 0

�T
(Supplemen-

tary Note 3) [31].
Chiral boundary conditions (8) do not preserve parity

which in the continuous limit, corresponds to m $ �m�

1,  A

m
$ � 

B

�m�1 and  B

m
$  

A

�m�1. Indeed, unlike the
parity preserving choice,

 
A

m
(r = R) = 0, m > 0,

 
B

m
(r = R) = 0, m  0,

(9)

under conditions (8), the m = 0 solution  B

0 (r) = ie
i✓
/r

does not transform into the vanishing m = �1 solution
 
A

�1(r). We thus conclude that the presence of a vacancy
necessarily breaks parity and removes the j = ±1/2 de-
generacy, where j ⌘ m+ 1/2.
To relate the existence of the zero mode to a finite

vacuum charge density as given in (5)–(6), we must di-
rectly calculate the Index in (5). To that aim, we use the
regularized expression [29],

IndexH = lim
z!0

Tr

✓
z

HB + z
�

z

HA + z

◆
(10)

where H
B

⌘ D
†
D and H

A
⌘ DD

†. The “Tr” operation
here is over all states. Hereafter we take signM ⌘ 1 in
(5), thus arbitrarily fixing the sign of the charge for an
A-vacancy. Extending chiral boundary conditions (8) to
non-zero energy scattering states involved in (10), shows
how the angular momentum contributions cancel out ex-
cept for j = ±1/2 $ m = �1, 0. A thorough calcula-
tion (Supplementary Note 4) yields IndexH = 1 and, to-
gether with (4)–(5), the vacuum charge density rewrites,

⇢ (r) = �
1

2⇡
r ·

✓
e/2

r
r̂

◆
(11)

in the limit R ! 0 while, at finite R, it decays as 1/r2

away from the vacancy. Thus, ⇢ (r) appears as a total
divergence with a fractional vacuum charge Q = �e/2,
localized at the boundary of the vacancy (Fig. 2). The
corresponding potential is Coulomb-like, i.e. decays as
1/r. The same conclusions apply to aB-vacancy but with
an opposite sign of the charge (Supplementary Note 4).
This sign flip Q ! �Q in the exchange TA $ TB points
to the pseudo-scalar nature of the vacuum charge. Hence
a non-zero Q provides a clear signal for the breaking of
parity symmetry of the ground state and the lifting of
the j = ±1/2 degeneracy. Including spin degeneracy, the
overall “fractional charge” is 2 ⇥ Q = ±e.
It is interesting to further understand the origin of this

finite charge. The creation of a vacancy leads to an asym-
metry between positive and negative energy states. An
ill-defined albeit suggestive way to visualise it is o↵ered
by the spatial integral of (3) which together with (6) gives

Q =
e

2

 
X

En>0

1 �

X

En<0

1

!
= �

e

2
IndexH . (12)

This “spectral asymmetry”, of topological origin [15],
eventually amounts to a counting of zero modes only.

are projected out.

Consistent with the tight-binding model
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states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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Experimental observation
Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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Dirac pointcharge

V

We use our Dirac model and compare with experimental results. The behavior 

matches the β<1/2 regime.

After several pulses new peaks rise from the 

Dirac point.

We interpret the first as the lowest over 

critical quasi bound state.

mV

dI
dV

A single quasi bound state is observed for the first few 
pulses. 

V V

𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.

𝐸1′: Second lowest over critical quasi bound state 

𝐸2: Second quasi bound state. Expected to obey: 2 1/4
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .

Fitting parameters: 0.85( 1), 0.2h m L nm � # 1 0 0 1.02
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Left plot. green X’s are the values of Efimov energies measured in Cesium 

atoms [2] and scaled to the (overcritical) fixed Efimov value 𝛽𝐸 = 1.12

Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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Universal transition: continuous to discrete scaling

Determined by boundary conditions
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In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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Experimental observation
Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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We use our Dirac model and compare with experimental results. The behavior 

matches the β<1/2 regime.

After several pulses new peaks rise from the 

Dirac point.

We interpret the first as the lowest over 

critical quasi bound state.
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A single quasi bound state is observed for the first few 
pulses. 
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𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.

𝐸1′: Second lowest over critical quasi bound state 

𝐸2: Second quasi bound state. Expected to obey: 2 1/4
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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The choice of boundary condition must break parity, otherwise the 

theoretical 𝐸1, 𝐸1′ would be degenerate and there would be no line to 

describe the red points.
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Left plot. green X’s are the values of Efimov energies measured in Cesium 

atoms [2] and scaled to the (overcritical) fixed Efimov value 𝛽𝐸 = 1.12

Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:

For example, for 𝑁𝐴 = 1,𝑁𝐵 = 0
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For vacancies in graphene we take [6]: 
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Non standard, m dependent, parity breaking – Chiral boundary condition

0m  
R

A

� � 1
0,1,2 1, ,2,

0

0
,

m
im im m

m i
m mm

r
iB r e

A
r e eT T

T\ T � �
 }  � � }

§ ·§ ·
 � ¨ ¸¨ ¸

© ¹ © ¹
¦ ¦

Going back to the zero modes

1
0

0
iiB r e T�

§ ·
¨ ¸
© ¹

Consistent with single vacancy tight biding graphene

unique

� � � � � � � �†

sign
2 n n n

n

e EU \ \ � ¦r r rVacuum charge density

2 2~ /R r

/r L

IR 

cutoff

/~ r Le�

Utilizing boundary conditions

� � � �
2
eU G �r rIn the limit 𝑅 → 0

2
eQ  �� � 0 1

0 1

( / ) ( / ) ˆ
4 ( / ) ( / )

K r L K r Le r
R K R L K R L

U
S

§ ·
 � ��¨ ¸

© ¹
r

� � � �2 Index
2 2A B
e eNQ d x N HU  � �  �³ r

Zero 
modes

Local 
charge

parity 
breaking

Realization of fractional charge induced by 

magnetic flux [7,8] with B AN N� � )
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Future endeavors
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Observing a scale anomaly in graphene: Universality, discrete scale invariance and vacuum charge
Omrie Ovdat⁽ᵃ⁾, Jinhai Mao⁽ᵇ⁾, Yuhang Jiang⁽ᵇ⁾, Eva Andrei⁽ᵇ⁾, Yaroslav Don⁽ᵃ⁾, Amit Goft⁽ᵃ⁾ and Eric Akkermans⁽ᵃ⁾

(a) Department of Physics, Technion, Israel Institute of Technology, Haifa 3200003, Israel  (b) Department of Physics and Astronomy, Rutgers University, Piscataway, NJ 08854,USA 

We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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• Taking into account electron spin: Relate the spin density and Lieb’s theorem 

to the charge density and the Index

• Interactions between vacancies mediated by e-e interactions

• Potential of vacancy charge induced by interactions

• Entangled states of modes around multiple vacancy configurations
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Universal transition: continuous to discrete scaling

Determined by boundary conditions
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We use a homemade LT-STM [24] to investigate the
local electronic structure of the single atomic vacancies
created in graphite. This is an unrivaled technique to
provide local information about the surface electronic
properties, achieving atomic precision and very high en-
ergy resolution (!1 meV at 4.2 K). The use of these unique
capabilities in graphenelike systems has already made it
possible, for example, to detect the coexistence of both
massless and massive Dirac fermions in a graphite surface
[25,26], or to prove the Dirac nature of the quasiparticles in
epitaxial graphene on SiC [27,28]. Differential conduc-
tance (dI=dV) spectra were measured in open feedback
loop mode using the lock-in technique with frequency
2.3 kHz and ac modulation of 1 mV. Various tungsten
(W) tips were used for the measurements. In order to avoid
tip artifacts, tip status was always checked by measuring
reference spectra on pristine graphite; only tips showing
the standard featureless V-shaped spectra and a work func-
tion of 4–5 eV were considered in this work. Spectra
remained unchanged for moderate tip-sample distance var-
iations (stabilization current was routinely modified from
10 pA to 10 nA). Figure 1(d) shows consecutive dI=dV
spectra, measured at 6 K, summarizing our results. Far
enough from any defect, spectra showed a featureless
V-shaped form as expected for the LDOS of pristine
graphite (black circles). Spectra acquired on top of a single
vacancy (red circles), both in ! and " positions reveal the
existence of a sharp resonance peak around the Fermi level
(EF) with a FWHM of !5 mV. The spatial localization of
the resonance is shown in Fig. 2.

The presence of this resonance is a fundamental result
that, although anticipated in many theoretical works, had
never been experimentally observed before. The formation

of a magnetic moment can be associated to the resonance,
since electron-electron interactions, and the fact that the
localized level is very close to the Fermi energy, favor the
polarization of this state. In addition, the narrowness of the
resonance and the low electronic density of graphite at the
Fermi level imply a very poor screening of the magnetic

a) )d)b

c)

α site
β site

2 layernd

FIG. 1 (color online). (a) 17" 17 nm2 STM topography, measured at 6 K, showing the graphite surface after the Arþ ion irradiation
(for a larger scale overview of the same region, see [21]). Data analyzed using WSXM [37]. Single vacancies occupy both ! and " sites
of the graphite honeycomb lattice. Sample bias: þ270 mV, tunneling current: 1 nA. (b) Schematic diagram of the graphite structure.
(c) 3D view of a single isolated vacancy. Sample bias: þ150 mV, tunneling current: 0.5 nA. (d) STS measurements of the LDOS
induced by the single vacancy and of graphite. Black open circles correspond to dI=dV spectra measured on pristine graphite and red
solid circles correspond to dI=dV spectra measured on top of the single vacancy, showing the appearance of a sharp resonance at EF.
dI=dV measurements were done consecutively at 6 K with the same microscopic tip.

LDOS
High

Low

a)

)c)b

FIG. 2 (color online). (a) LDOS as a function of sample
voltage V and position x along the line drawn in (b). A light
central line has been drawn to outline the evolution of the
resonance peak height, showing a clear R3 modulation.
(b) STM topographic image of a single graphite vacancy.
Image size 8" 8 nm2; sample bias þ200 mV tunneling current
0.6 nA. (c) r$2 decay of the resonance intensity. Black dots
correspond to the maxima of the resonance peak height and the
line is parabolic fit to the experimental data.
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Chiral boundary conditions break parity  
but conserve energy reflection

†

0
0
D

H
D
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

• Parity symmetry

Boundary conditions break parity and maintain energy reflection

†

0
0
D

H
D

§ ·
 ¨ ¸
© ¹

, 0EH E\ \ z

• Energy reflection symmetry

^ `3, 0H V  � � � �3 3H EV \ V \�  �

• Parity symmetry

� � � �, ,H x y E x y\ \ 

� � � �, ,x xH x y E x yV \ V \�  �

0m  
R

A

⋮ 0

1 0

0 0

-1 0

-2 0

⋮ 0

m |Am r R\  |B
m r R\  

• Energy reflection symmetry

Hamiltonian is symmetric under energy reflection

†

0
0
D

H
D

§ ·
 ¨ ¸
© ¹

, 0EH E\ \ z

• Energy reflection symmetry

^ `, 0zH V  � � � �z zH EV \ V \�  �

For every 𝐸 > 0 state 
there is a 𝐸 < 0 state

• Consider discrete finite tight binding Hamiltonian

Chiral boundary conditions  
do not preserve parity :

Supplementary Figure 4: The phase of �"n as a function of the coupling � and |K| for � > |K|. The bold
black line represents ⇠ = |K|. It can be seen that the phase of �"n takes values in the range [0, 0.046⇡] for d � 2

.

(i) continuously connected constant potential V< = ��/L [7] corresponding to h = Jm+1(� + EL)/Jm(� + EL),
where Jn(x) is Bessel’s function; (ii) zero wavefunction on one of the graphene lattice sites [8] corresponding to
h = 0; (iii) infinite mass term on boundary term [9] corresponding to h = 1. Generically, h can depend on E, L and
m. From (6), the critical coupling is �c ⌘ |m + 1/2|  1/2, giving rise to two angular momentum s-wave channels,
m = 0,�1 for which �c = 1/2.

An additional important property of our model is related to parity symmetry. Since mass or scalar potential
terms are absent (and the Coulomb potential is radial), the Dirac equation in 2 + 1 dimension is symmetric under
2 dimensional parity, Py, in which (x, y) ! (�x, y) [10]. The action of the parity operators on  (r,�) is defined as

 
0(r,�) ⌘ Py (r,⇡ � �)

= �y (r,⇡ � �)

= �ie
i(�m�1)�

✓
 2(r)

�i 1(r)ei�

◆
. (20)

This transformation can also be accounted for (up to an unimportant overall phase) by

 1(r) !  2(r), 2(r) ! � 1(r), m ! �m � 1 (21)

where K ⌘ m + 1/2, thus m ! �m � 1 , K ! �K. Indeed, the Dirac equation (5), is invariant under (21).
From (21) it is apparent that solutions corresponding to angular momentum m and �m� 1 are linked via parity

symmetry. Since energy remains unchanged under parity, a natural question is whether the quasi bound energies
are the same for angular momentum channels m and �m�1. The answer depends on the short distance region. For
example, if we describe the r < L regime by condition (i) then the quasi bound states will necessarily be degenerate
over the m and �m�1 channels. The reason is that in this case, the potential of both regimes r > L, r < L respects
parity symmetry. As a result, h in (i) transforms like  2(r)/ 1(r) under (21), i.e., h ! �h

�1. Thus, by applying
(21) on both side of (14) it is straightforward to obtain that d⌘m/dE = d⌘�m�1/dE. However, if the potential in
the r < L regime break parity, that is, the corresponding boundary condition does not transform as h ! �h

�1

under (21) (for example h = 0, 1), then d⌘m/dE 6= d⌘�m�1/dE and the degeneracy will be broken. Specifically, for
m = 0,�1 we find two interleaved geometric ladders of over critical states in the corresponding regime � > �c = 1/2
as shown in the main text. The relative position of the two ladders typically depends on h and therefore is sensitive
to the detail of the short range physics.
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In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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The massless Dirac – Coulomb system

We consider

• Single quantum Dirac particle (spin ½)

• Massless (relativistic)

• Source: External charge of radius ~ 𝐿

• 𝑑 dimensional space
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What is special about 𝛽 = 1/2?

Where did the scale symmetry come from?
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Experimental observation
Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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We use our Dirac model and compare with experimental results. The behavior 

matches the β<1/2 regime.

After several pulses new peaks rise from the 

Dirac point.

We interpret the first as the lowest over 

critical quasi bound state.
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A single quasi bound state is observed for the first few 
pulses. 
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𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.

𝐸1′: Second lowest over critical quasi bound state 
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:

For example, for 𝑁𝐴 = 1,𝑁𝐵 = 0
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We consider

• Single quantum Dirac particle

• Massless (relativistic)

• Free (No potential)

• Infinite plane 

• Non trivial topology
The massless Dirac-Coulomb system 
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Observing a scale anomaly in graphene: Universality, discrete scale invariance and vacuum charge
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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Universal transition: continuous to discrete scaling

Determined by boundary conditions
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• Charge density of the Dirac vacuum 

With a single vacancy

3

holds for IndexH ⌘ dimkerD � dimkerD† [22, 24].
Combining (4) and (5) leads to
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IndexH . (6)

In the absence of vacancies, there are no zero modes thus
IndexH vanishes and so does the charge Q. However,
this may not be the case in the presence of vacancies.

Fractional charge of a single vacancy The re-
moval of one carbon atom creates a neutral vacancy,
here arbitrarily assigned to be an A-vacancy. The corre-
sponding excitation spectrum in the continuum limit is
obtained by considering scattering solutions of the Dirac
Hamiltonian (1) on a plane with a puncture of radius R.
Since ⇢ (r) depends on the behaviour at zero energy, we
look for zero modes, i.e., solutions of D B = D

†
 A = 0.

The general solution is
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(r).

We choose appropriate boundary conditions on the
scattering potential so as to preserve chiral symmetry
(2), a necessary condition to use expressions (4)–(6). Lo-
cal boundary conditions e.g., Dirichlet,  (r) |vac = 0 lead
either to an over determination or to particle-hole pair
creation (Neumann) [30]. We propose instead a new set
of chiral boundary conditions,
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(r = R) = 0, m > 0,

(8)

a close relative of non-local boundary conditions intro-
duced in the study of Index theorems for Dirac opera-
tors [15–17]. This choice (8) preserves the chiral sym-
metry and thereby represent a perfectly reflecting bar-
rier of probability density (Supplementary Note 2). Im-
plemented on the power law wave function (7), condi-
tions (8) uniquely lead to a single zero mode  (r) ⌘�
0 iB0e
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by projecting onto the m = 0 subspace
for  B

m
(r) and having  A

m
⌘ 0. It is worth noting that

this eigenfunction reproduces the tight binding result [3]
justified by the absence of any characteristic scale. This
zero mode is quasi-bound, that is, decaying but non-
normalizable and thus appears as a pronounced peak in
the density of states at the Fermi energy. An analogous
choice of boundary conditions for a B-vacancy leads to

the single zero mode  (r) ⌘
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A�1/r 0
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(Supplemen-

tary Note 3) [31].
Chiral boundary conditions (8) do not preserve parity

which in the continuous limit, corresponds to m $ �m�
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�m�1. Indeed, unlike the
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under conditions (8), the m = 0 solution  B
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does not transform into the vanishing m = �1 solution
 
A

�1(r). We thus conclude that the presence of a vacancy
necessarily breaks parity and removes the j = ±1/2 de-
generacy, where j ⌘ m+ 1/2.
To relate the existence of the zero mode to a finite

vacuum charge density as given in (5)–(6), we must di-
rectly calculate the Index in (5). To that aim, we use the
regularized expression [29],

IndexH = lim
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where H
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D and H
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†. The “Tr” operation
here is over all states. Hereafter we take signM ⌘ 1 in
(5), thus arbitrarily fixing the sign of the charge for an
A-vacancy. Extending chiral boundary conditions (8) to
non-zero energy scattering states involved in (10), shows
how the angular momentum contributions cancel out ex-
cept for j = ±1/2 $ m = �1, 0. A thorough calcula-
tion (Supplementary Note 4) yields IndexH = 1 and, to-
gether with (4)–(5), the vacuum charge density rewrites,
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in the limit R ! 0 while, at finite R, it decays as 1/r2

away from the vacancy. Thus, ⇢ (r) appears as a total
divergence with a fractional vacuum charge Q = �e/2,
localized at the boundary of the vacancy (Fig. 2). The
corresponding potential is Coulomb-like, i.e. decays as
1/r. The same conclusions apply to aB-vacancy but with
an opposite sign of the charge (Supplementary Note 4).
This sign flip Q ! �Q in the exchange TA $ TB points
to the pseudo-scalar nature of the vacuum charge. Hence
a non-zero Q provides a clear signal for the breaking of
parity symmetry of the ground state and the lifting of
the j = ±1/2 degeneracy. Including spin degeneracy, the
overall “fractional charge” is 2 ⇥ Q = ±e.
It is interesting to further understand the origin of this

finite charge. The creation of a vacancy leads to an asym-
metry between positive and negative energy states. An
ill-defined albeit suggestive way to visualise it is o↵ered
by the spatial integral of (3) which together with (6) gives

Q =
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This “spectral asymmetry”, of topological origin [15],
eventually amounts to a counting of zero modes only.
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away from the vacancy. Thus, ⇢ (r) appears as a total
divergence with a fractional vacuum charge Q = �e/2,
localized at the boundary of the vacancy (Fig. 2). The
corresponding potential is Coulomb-like, i.e. decays as
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a non-zero Q provides a clear signal for the breaking of
parity symmetry of the ground state and the lifting of
the j = ±1/2 degeneracy. Including spin degeneracy, the
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It is interesting to further understand the origin of this
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corresponding potential is Coulomb-like, i.e. decays as
1/r. The same conclusions apply to aB-vacancy but with
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IndexH vanishes and so does the charge Q. However,
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corresponding potential is Coulomb-like, i.e. decays as
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to the pseudo-scalar nature of the vacuum charge. Hence
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ill-defined albeit suggestive way to visualise it is o↵ered
by the spatial integral of (3) which together with (6) gives

Q =
e

2

 
X

En>0

1 �

X

En<0

1

!
= �

e

2
IndexH . (12)

This “spectral asymmetry”, of topological origin [15],
eventually amounts to a counting of zero modes only.
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Figure 1. Schematic visualisation of the main results. (a) By removing a single carbon atom, a vacancy is created which
holds a finite fractional charge Q = ± e

2 IndexH. This vacuum charge is associated to the emergence of zero energy modes
whose bookkeeping is given by IndexH, a topological quantity in nature which preserves the chiral symmetry between positive
and negative parts of the Dirac spectral cone. The topological vacuum charge Q is impervious to lattice perturbations and
other specificities of the high energy dispersion law. The zero mode eigenfunction  (r, E = 0) and its corresponding charge
density ⇢ (r) are located at the vacancy boundary (purple). (b) Multiple vacancies. A configuration of NA = 2 A-vacancies
and NB = 1 B-vacancies is represented. The charge distribution is still constrained by the number of zero modes and its
related IndexH = |NA �NB |, but ⇢ (r) is now markedly modified compared to a single vacancy. For |NA �NB | 6= 0, charges
vanish on the minority vacancies, a situation we denote QM = 0, while being finite on the majority vacancies. These charges
denoted by QH, albeit of topological nature, are di↵erent from the single vacancy fractional charge, and depend on the spatial
configuration of all vacancies. Their value is determined by integrating the charge density deduced from the ansatz (14) for the
zero energy eigenfunctions, over two lattice spacings around the vacancy.

a coarse grained position r. The spectrum of H spans
the continuum, but positive and negative parts can be
mapped one onto the other, a symmetry expressed by

{H,�z} = 0 , (2)

and hereafter called chiral, which is a consequence of the
bipartite structure of the lattice. Moreover, the honey-
comb lattice is invariant under spatial inversion r 7! �r
which decomposes into two mirror symmetries where par-
ity, x 7! x, y 7! �y, H 7! �xH�x, exchanges the two
sublattices TA and TB .

The vacuum charge density, �e
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corresponding to electrons filling all the negative energy
states, takes the symmetric form [22, 24],
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†
n
(r) n (r) . (3)

For an infinite system, the charge density ⇢ (r) is a total

divergence ([24, 29] and Supplementary Note 1),

⇢ (r) =
e

2
sign (M)r ·�(r) (4)

where the regularising mass parameter M ! 0 removes
the sign ambiguity in (3) in the presence of zero modes.
The matrix element �(r) ⌘

1
2

⌦
r

�� tr
�
��z

1
H�i0

���r
↵
is a

two-dimensional vector and “tr” is over spinor indices.
Despite being defined over the entire energy spec-

trum, ⇢ (r) turns out to be evaluated at the Fermi
energy, a noteworthy result since (1) is merely valid
close to E = 0. Furthermore, (4) is directly related
to features of the zero-energy subspace. Its dimension,
dimkerD+dimkerD†, obtained by counting all solutions
of D B = D

†
 A = 0, cannot generally be determined,

but the relation,

IndexH = � sign (M)

Z
drr ·�(r) (5)
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holds for IndexH ⌘ dimkerD � dimkerD† [22, 24].
Combining (4) and (5) leads to

Q ⌘

Z
dr⇢ (r) = �

e

2
IndexH . (6)

In the absence of vacancies, there are no zero modes thus
IndexH vanishes and so does the charge Q. However,
this may not be the case in the presence of vacancies.

Fractional charge of a single vacancy The re-
moval of one carbon atom creates a neutral vacancy,
here arbitrarily assigned to be an A-vacancy. The corre-
sponding excitation spectrum in the continuum limit is
obtained by considering scattering solutions of the Dirac
Hamiltonian (1) on a plane with a puncture of radius R.
Since ⇢ (r) depends on the behaviour at zero energy, we
look for zero modes, i.e., solutions of D B = D

†
 A = 0.

The general solution is
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m
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(7)

with  A

m
(r) = Amr

m,  B

m
(r) = Bmr

�m�1 and (Am, Bm)
constants. Requiring  (r ! 1, ✓) = 0, we keep harmon-
ics m < 0 for  A

m
(r) and m � 0 for  B

m
(r).

We choose appropriate boundary conditions on the
scattering potential so as to preserve chiral symmetry
(2), a necessary condition to use expressions (4)–(6). Lo-
cal boundary conditions e.g., Dirichlet,  (r) |vac = 0 lead
either to an over determination or to particle-hole pair
creation (Neumann) [30]. We propose instead a new set
of chiral boundary conditions,

 
A

m
(r = R) = 0, m  0,

 
B

m
(r = R) = 0, m > 0,

(8)

a close relative of non-local boundary conditions intro-
duced in the study of Index theorems for Dirac opera-
tors [15–17]. This choice (8) preserves the chiral sym-
metry and thereby represent a perfectly reflecting bar-
rier of probability density (Supplementary Note 2). Im-
plemented on the power law wave function (7), condi-
tions (8) uniquely lead to a single zero mode  (r) ⌘�
0 iB0e

i✓
/r
�T

by projecting onto the m = 0 subspace
for  B

m
(r) and having  A

m
⌘ 0. It is worth noting that

this eigenfunction reproduces the tight binding result [3]
justified by the absence of any characteristic scale. This
zero mode is quasi-bound, that is, decaying but non-
normalizable and thus appears as a pronounced peak in
the density of states at the Fermi energy. An analogous
choice of boundary conditions for a B-vacancy leads to

the single zero mode  (r) ⌘
�
A�1/r 0

�T
(Supplemen-

tary Note 3) [31].
Chiral boundary conditions (8) do not preserve parity

which in the continuous limit, corresponds to m $ �m�
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m
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B

�m�1 and  B

m
$  

A

�m�1. Indeed, unlike the
parity preserving choice,

 
A

m
(r = R) = 0, m > 0,

 
B

m
(r = R) = 0, m  0,
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under conditions (8), the m = 0 solution  B

0 (r) = ie
i✓
/r

does not transform into the vanishing m = �1 solution
 
A

�1(r). We thus conclude that the presence of a vacancy
necessarily breaks parity and removes the j = ±1/2 de-
generacy, where j ⌘ m+ 1/2.
To relate the existence of the zero mode to a finite

vacuum charge density as given in (5)–(6), we must di-
rectly calculate the Index in (5). To that aim, we use the
regularized expression [29],

IndexH = lim
z!0

Tr
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◆
(10)

where H
B

⌘ D
†
D and H

A
⌘ DD

†. The “Tr” operation
here is over all states. Hereafter we take signM ⌘ 1 in
(5), thus arbitrarily fixing the sign of the charge for an
A-vacancy. Extending chiral boundary conditions (8) to
non-zero energy scattering states involved in (10), shows
how the angular momentum contributions cancel out ex-
cept for j = ±1/2 $ m = �1, 0. A thorough calcula-
tion (Supplementary Note 4) yields IndexH = 1 and, to-
gether with (4)–(5), the vacuum charge density rewrites,

⇢ (r) = �
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r
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(11)

in the limit R ! 0 while, at finite R, it decays as 1/r2

away from the vacancy. Thus, ⇢ (r) appears as a total
divergence with a fractional vacuum charge Q = �e/2,
localized at the boundary of the vacancy (Fig. 2). The
corresponding potential is Coulomb-like, i.e. decays as
1/r. The same conclusions apply to aB-vacancy but with
an opposite sign of the charge (Supplementary Note 4).
This sign flip Q ! �Q in the exchange TA $ TB points
to the pseudo-scalar nature of the vacuum charge. Hence
a non-zero Q provides a clear signal for the breaking of
parity symmetry of the ground state and the lifting of
the j = ±1/2 degeneracy. Including spin degeneracy, the
overall “fractional charge” is 2 ⇥ Q = ±e.
It is interesting to further understand the origin of this

finite charge. The creation of a vacancy leads to an asym-
metry between positive and negative energy states. An
ill-defined albeit suggestive way to visualise it is o↵ered
by the spatial integral of (3) which together with (6) gives

Q =
e

2
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e

2
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This “spectral asymmetry”, of topological origin [15],
eventually amounts to a counting of zero modes only.
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We use a homemade LT-STM [24] to investigate the
local electronic structure of the single atomic vacancies
created in graphite. This is an unrivaled technique to
provide local information about the surface electronic
properties, achieving atomic precision and very high en-
ergy resolution (!1 meV at 4.2 K). The use of these unique
capabilities in graphenelike systems has already made it
possible, for example, to detect the coexistence of both
massless and massive Dirac fermions in a graphite surface
[25,26], or to prove the Dirac nature of the quasiparticles in
epitaxial graphene on SiC [27,28]. Differential conduc-
tance (dI=dV) spectra were measured in open feedback
loop mode using the lock-in technique with frequency
2.3 kHz and ac modulation of 1 mV. Various tungsten
(W) tips were used for the measurements. In order to avoid
tip artifacts, tip status was always checked by measuring
reference spectra on pristine graphite; only tips showing
the standard featureless V-shaped spectra and a work func-
tion of 4–5 eV were considered in this work. Spectra
remained unchanged for moderate tip-sample distance var-
iations (stabilization current was routinely modified from
10 pA to 10 nA). Figure 1(d) shows consecutive dI=dV
spectra, measured at 6 K, summarizing our results. Far
enough from any defect, spectra showed a featureless
V-shaped form as expected for the LDOS of pristine
graphite (black circles). Spectra acquired on top of a single
vacancy (red circles), both in ! and " positions reveal the
existence of a sharp resonance peak around the Fermi level
(EF) with a FWHM of !5 mV. The spatial localization of
the resonance is shown in Fig. 2.

The presence of this resonance is a fundamental result
that, although anticipated in many theoretical works, had
never been experimentally observed before. The formation

of a magnetic moment can be associated to the resonance,
since electron-electron interactions, and the fact that the
localized level is very close to the Fermi energy, favor the
polarization of this state. In addition, the narrowness of the
resonance and the low electronic density of graphite at the
Fermi level imply a very poor screening of the magnetic
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2 layernd

FIG. 1 (color online). (a) 17" 17 nm2 STM topography, measured at 6 K, showing the graphite surface after the Arþ ion irradiation
(for a larger scale overview of the same region, see [21]). Data analyzed using WSXM [37]. Single vacancies occupy both ! and " sites
of the graphite honeycomb lattice. Sample bias: þ270 mV, tunneling current: 1 nA. (b) Schematic diagram of the graphite structure.
(c) 3D view of a single isolated vacancy. Sample bias: þ150 mV, tunneling current: 0.5 nA. (d) STS measurements of the LDOS
induced by the single vacancy and of graphite. Black open circles correspond to dI=dV spectra measured on pristine graphite and red
solid circles correspond to dI=dV spectra measured on top of the single vacancy, showing the appearance of a sharp resonance at EF.
dI=dV measurements were done consecutively at 6 K with the same microscopic tip.
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FIG. 2 (color online). (a) LDOS as a function of sample
voltage V and position x along the line drawn in (b). A light
central line has been drawn to outline the evolution of the
resonance peak height, showing a clear R3 modulation.
(b) STM topographic image of a single graphite vacancy.
Image size 8" 8 nm2; sample bias þ200 mV tunneling current
0.6 nA. (c) r$2 decay of the resonance intensity. Black dots
correspond to the maxima of the resonance peak height and the
line is parabolic fit to the experimental data.
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provide local information about the surface electronic
properties, achieving atomic precision and very high en-
ergy resolution (!1 meV at 4.2 K). The use of these unique
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(W) tips were used for the measurements. In order to avoid
tip artifacts, tip status was always checked by measuring
reference spectra on pristine graphite; only tips showing
the standard featureless V-shaped spectra and a work func-
tion of 4–5 eV were considered in this work. Spectra
remained unchanged for moderate tip-sample distance var-
iations (stabilization current was routinely modified from
10 pA to 10 nA). Figure 1(d) shows consecutive dI=dV
spectra, measured at 6 K, summarizing our results. Far
enough from any defect, spectra showed a featureless
V-shaped form as expected for the LDOS of pristine
graphite (black circles). Spectra acquired on top of a single
vacancy (red circles), both in ! and " positions reveal the
existence of a sharp resonance peak around the Fermi level
(EF) with a FWHM of !5 mV. The spatial localization of
the resonance is shown in Fig. 2.

The presence of this resonance is a fundamental result
that, although anticipated in many theoretical works, had
never been experimentally observed before. The formation

of a magnetic moment can be associated to the resonance,
since electron-electron interactions, and the fact that the
localized level is very close to the Fermi energy, favor the
polarization of this state. In addition, the narrowness of the
resonance and the low electronic density of graphite at the
Fermi level imply a very poor screening of the magnetic
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FIG. 1 (color online). (a) 17" 17 nm2 STM topography, measured at 6 K, showing the graphite surface after the Arþ ion irradiation
(for a larger scale overview of the same region, see [21]). Data analyzed using WSXM [37]. Single vacancies occupy both ! and " sites
of the graphite honeycomb lattice. Sample bias: þ270 mV, tunneling current: 1 nA. (b) Schematic diagram of the graphite structure.
(c) 3D view of a single isolated vacancy. Sample bias: þ150 mV, tunneling current: 0.5 nA. (d) STS measurements of the LDOS
induced by the single vacancy and of graphite. Black open circles correspond to dI=dV spectra measured on pristine graphite and red
solid circles correspond to dI=dV spectra measured on top of the single vacancy, showing the appearance of a sharp resonance at EF.
dI=dV measurements were done consecutively at 6 K with the same microscopic tip.
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voltage V and position x along the line drawn in (b). A light
central line has been drawn to outline the evolution of the
resonance peak height, showing a clear R3 modulation.
(b) STM topographic image of a single graphite vacancy.
Image size 8" 8 nm2; sample bias þ200 mV tunneling current
0.6 nA. (c) r$2 decay of the resonance intensity. Black dots
correspond to the maxima of the resonance peak height and the
line is parabolic fit to the experimental data.
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holds for IndexH ⌘ dimkerD � dimkerD† [22, 24].
Combining (4) and (5) leads to

Q ⌘

Z
dr⇢ (r) = �

e

2
IndexH . (6)

In the absence of vacancies, there are no zero modes thus
IndexH vanishes and so does the charge Q. However,
this may not be the case in the presence of vacancies.

Fractional charge of a single vacancy The re-
moval of one carbon atom creates a neutral vacancy,
here arbitrarily assigned to be an A-vacancy. The corre-
sponding excitation spectrum in the continuum limit is
obtained by considering scattering solutions of the Dirac
Hamiltonian (1) on a plane with a puncture of radius R.
Since ⇢ (r) depends on the behaviour at zero energy, we
look for zero modes, i.e., solutions of D B = D

†
 A = 0.

The general solution is

 (r, ✓) ⌘
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m
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(7)

with  A

m
(r) = Amr

m,  B

m
(r) = Bmr

�m�1 and (Am, Bm)
constants. Requiring  (r ! 1, ✓) = 0, we keep harmon-
ics m < 0 for  A

m
(r) and m � 0 for  B

m
(r).

We choose appropriate boundary conditions on the
scattering potential so as to preserve chiral symmetry
(2), a necessary condition to use expressions (4)–(6). Lo-
cal boundary conditions e.g., Dirichlet,  (r) |vac = 0 lead
either to an over determination or to particle-hole pair
creation (Neumann) [30]. We propose instead a new set
of chiral boundary conditions,

 
A

m
(r = R) = 0, m  0,

 
B

m
(r = R) = 0, m > 0,

(8)

a close relative of non-local boundary conditions intro-
duced in the study of Index theorems for Dirac opera-
tors [15–17]. This choice (8) preserves the chiral sym-
metry and thereby represent a perfectly reflecting bar-
rier of probability density (Supplementary Note 2). Im-
plemented on the power law wave function (7), condi-
tions (8) uniquely lead to a single zero mode  (r) ⌘�
0 iB0e

i✓
/r
�T

by projecting onto the m = 0 subspace
for  B

m
(r) and having  A

m
⌘ 0. It is worth noting that

this eigenfunction reproduces the tight binding result [3]
justified by the absence of any characteristic scale. This
zero mode is quasi-bound, that is, decaying but non-
normalizable and thus appears as a pronounced peak in
the density of states at the Fermi energy. An analogous
choice of boundary conditions for a B-vacancy leads to

the single zero mode  (r) ⌘
�
A�1/r 0

�T
(Supplemen-

tary Note 3) [31].
Chiral boundary conditions (8) do not preserve parity

which in the continuous limit, corresponds to m $ �m�

1,  A

m
$ � 

B

�m�1 and  B

m
$  

A

�m�1. Indeed, unlike the
parity preserving choice,
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m
(r = R) = 0, m > 0,

 
B

m
(r = R) = 0, m  0,

(9)

under conditions (8), the m = 0 solution  B

0 (r) = ie
i✓
/r

does not transform into the vanishing m = �1 solution
 
A

�1(r). We thus conclude that the presence of a vacancy
necessarily breaks parity and removes the j = ±1/2 de-
generacy, where j ⌘ m+ 1/2.
To relate the existence of the zero mode to a finite

vacuum charge density as given in (5)–(6), we must di-
rectly calculate the Index in (5). To that aim, we use the
regularized expression [29],

IndexH = lim
z!0

Tr

✓
z

HB + z
�

z

HA + z

◆
(10)

where H
B

⌘ D
†
D and H

A
⌘ DD

†. The “Tr” operation
here is over all states. Hereafter we take signM ⌘ 1 in
(5), thus arbitrarily fixing the sign of the charge for an
A-vacancy. Extending chiral boundary conditions (8) to
non-zero energy scattering states involved in (10), shows
how the angular momentum contributions cancel out ex-
cept for j = ±1/2 $ m = �1, 0. A thorough calcula-
tion (Supplementary Note 4) yields IndexH = 1 and, to-
gether with (4)–(5), the vacuum charge density rewrites,

⇢ (r) = �
1

2⇡
r ·

✓
e/2

r
r̂

◆
(11)

in the limit R ! 0 while, at finite R, it decays as 1/r2

away from the vacancy. Thus, ⇢ (r) appears as a total
divergence with a fractional vacuum charge Q = �e/2,
localized at the boundary of the vacancy (Fig. 2). The
corresponding potential is Coulomb-like, i.e. decays as
1/r. The same conclusions apply to aB-vacancy but with
an opposite sign of the charge (Supplementary Note 4).
This sign flip Q ! �Q in the exchange TA $ TB points
to the pseudo-scalar nature of the vacuum charge. Hence
a non-zero Q provides a clear signal for the breaking of
parity symmetry of the ground state and the lifting of
the j = ±1/2 degeneracy. Including spin degeneracy, the
overall “fractional charge” is 2 ⇥ Q = ±e.
It is interesting to further understand the origin of this

finite charge. The creation of a vacancy leads to an asym-
metry between positive and negative energy states. An
ill-defined albeit suggestive way to visualise it is o↵ered
by the spatial integral of (3) which together with (6) gives

Q =
e

2
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e

2
IndexH . (12)

This “spectral asymmetry”, of topological origin [15],
eventually amounts to a counting of zero modes only.

R
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Figure 1. Schematic visualisation of the main results. (a) By removing a single carbon atom, a vacancy is created which
holds a finite fractional charge Q = ± e

2 IndexH. This vacuum charge is associated to the emergence of zero energy modes
whose bookkeeping is given by IndexH, a topological quantity in nature which preserves the chiral symmetry between positive
and negative parts of the Dirac spectral cone. The topological vacuum charge Q is impervious to lattice perturbations and
other specificities of the high energy dispersion law. The zero mode eigenfunction  (r, E = 0) and its corresponding charge
density ⇢ (r) are located at the vacancy boundary (purple). (b) Multiple vacancies. A configuration of NA = 2 A-vacancies
and NB = 1 B-vacancies is represented. The charge distribution is still constrained by the number of zero modes and its
related IndexH = |NA �NB |, but ⇢ (r) is now markedly modified compared to a single vacancy. For |NA �NB | 6= 0, charges
vanish on the minority vacancies, a situation we denote QM = 0, while being finite on the majority vacancies. These charges
denoted by QH, albeit of topological nature, are di↵erent from the single vacancy fractional charge, and depend on the spatial
configuration of all vacancies. Their value is determined by integrating the charge density deduced from the ansatz (14) for the
zero energy eigenfunctions, over two lattice spacings around the vacancy.

a coarse grained position r. The spectrum of H spans
the continuum, but positive and negative parts can be
mapped one onto the other, a symmetry expressed by

{H,�z} = 0 , (2)

and hereafter called chiral, which is a consequence of the
bipartite structure of the lattice. Moreover, the honey-
comb lattice is invariant under spatial inversion r 7! �r
which decomposes into two mirror symmetries where par-
ity, x 7! x, y 7! �y, H 7! �xH�x, exchanges the two
sublattices TA and TB .

The vacuum charge density, �e
P

n,En<0  
†
n
(r) n (r),

corresponding to electrons filling all the negative energy
states, takes the symmetric form [22, 24],
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For an infinite system, the charge density ⇢ (r) is a total

divergence ([24, 29] and Supplementary Note 1),

⇢ (r) =
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2
sign (M)r ·�(r) (4)

where the regularising mass parameter M ! 0 removes
the sign ambiguity in (3) in the presence of zero modes.
The matrix element �(r) ⌘
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is a

two-dimensional vector and “tr” is over spinor indices.
Despite being defined over the entire energy spec-

trum, ⇢ (r) turns out to be evaluated at the Fermi
energy, a noteworthy result since (1) is merely valid
close to E = 0. Furthermore, (4) is directly related
to features of the zero-energy subspace. Its dimension,
dimkerD+dimkerD†, obtained by counting all solutions
of D B = D

†
 A = 0, cannot generally be determined,

but the relation,

IndexH = � sign (M)

Z
drr ·�(r) (5)
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holds for IndexH ⌘ dimkerD � dimkerD† [22, 24].
Combining (4) and (5) leads to
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In the absence of vacancies, there are no zero modes thus
IndexH vanishes and so does the charge Q. However,
this may not be the case in the presence of vacancies.

Fractional charge of a single vacancy The re-
moval of one carbon atom creates a neutral vacancy,
here arbitrarily assigned to be an A-vacancy. The corre-
sponding excitation spectrum in the continuum limit is
obtained by considering scattering solutions of the Dirac
Hamiltonian (1) on a plane with a puncture of radius R.
Since ⇢ (r) depends on the behaviour at zero energy, we
look for zero modes, i.e., solutions of D B = D

†
 A = 0.

The general solution is
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with  A
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constants. Requiring  (r ! 1, ✓) = 0, we keep harmon-
ics m < 0 for  A
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(r) and m � 0 for  B
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We choose appropriate boundary conditions on the
scattering potential so as to preserve chiral symmetry
(2), a necessary condition to use expressions (4)–(6). Lo-
cal boundary conditions e.g., Dirichlet,  (r) |vac = 0 lead
either to an over determination or to particle-hole pair
creation (Neumann) [30]. We propose instead a new set
of chiral boundary conditions,
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a close relative of non-local boundary conditions intro-
duced in the study of Index theorems for Dirac opera-
tors [15–17]. This choice (8) preserves the chiral sym-
metry and thereby represent a perfectly reflecting bar-
rier of probability density (Supplementary Note 2). Im-
plemented on the power law wave function (7), condi-
tions (8) uniquely lead to a single zero mode  (r) ⌘�
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by projecting onto the m = 0 subspace
for  B

m
(r) and having  A

m
⌘ 0. It is worth noting that

this eigenfunction reproduces the tight binding result [3]
justified by the absence of any characteristic scale. This
zero mode is quasi-bound, that is, decaying but non-
normalizable and thus appears as a pronounced peak in
the density of states at the Fermi energy. An analogous
choice of boundary conditions for a B-vacancy leads to

the single zero mode  (r) ⌘
�
A�1/r 0
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(Supplemen-

tary Note 3) [31].
Chiral boundary conditions (8) do not preserve parity

which in the continuous limit, corresponds to m $ �m�
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�m�1. Indeed, unlike the
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under conditions (8), the m = 0 solution  B

0 (r) = ie
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does not transform into the vanishing m = �1 solution
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�1(r). We thus conclude that the presence of a vacancy
necessarily breaks parity and removes the j = ±1/2 de-
generacy, where j ⌘ m+ 1/2.
To relate the existence of the zero mode to a finite

vacuum charge density as given in (5)–(6), we must di-
rectly calculate the Index in (5). To that aim, we use the
regularized expression [29],

IndexH = lim
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where H
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D and H
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†. The “Tr” operation
here is over all states. Hereafter we take signM ⌘ 1 in
(5), thus arbitrarily fixing the sign of the charge for an
A-vacancy. Extending chiral boundary conditions (8) to
non-zero energy scattering states involved in (10), shows
how the angular momentum contributions cancel out ex-
cept for j = ±1/2 $ m = �1, 0. A thorough calcula-
tion (Supplementary Note 4) yields IndexH = 1 and, to-
gether with (4)–(5), the vacuum charge density rewrites,
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in the limit R ! 0 while, at finite R, it decays as 1/r2

away from the vacancy. Thus, ⇢ (r) appears as a total
divergence with a fractional vacuum charge Q = �e/2,
localized at the boundary of the vacancy (Fig. 2). The
corresponding potential is Coulomb-like, i.e. decays as
1/r. The same conclusions apply to aB-vacancy but with
an opposite sign of the charge (Supplementary Note 4).
This sign flip Q ! �Q in the exchange TA $ TB points
to the pseudo-scalar nature of the vacuum charge. Hence
a non-zero Q provides a clear signal for the breaking of
parity symmetry of the ground state and the lifting of
the j = ±1/2 degeneracy. Including spin degeneracy, the
overall “fractional charge” is 2 ⇥ Q = ±e.
It is interesting to further understand the origin of this

finite charge. The creation of a vacancy leads to an asym-
metry between positive and negative energy states. An
ill-defined albeit suggestive way to visualise it is o↵ered
by the spatial integral of (3) which together with (6) gives

Q =
e
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This “spectral asymmetry”, of topological origin [15],
eventually amounts to a counting of zero modes only.
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holds for IndexH ⌘ dimkerD � dimkerD† [22, 24].
Combining (4) and (5) leads to
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In the absence of vacancies, there are no zero modes thus
IndexH vanishes and so does the charge Q. However,
this may not be the case in the presence of vacancies.

Fractional charge of a single vacancy The re-
moval of one carbon atom creates a neutral vacancy,
here arbitrarily assigned to be an A-vacancy. The corre-
sponding excitation spectrum in the continuum limit is
obtained by considering scattering solutions of the Dirac
Hamiltonian (1) on a plane with a puncture of radius R.
Since ⇢ (r) depends on the behaviour at zero energy, we
look for zero modes, i.e., solutions of D B = D

†
 A = 0.

The general solution is
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constants. Requiring  (r ! 1, ✓) = 0, we keep harmon-
ics m < 0 for  A

m
(r) and m � 0 for  B

m
(r).

We choose appropriate boundary conditions on the
scattering potential so as to preserve chiral symmetry
(2), a necessary condition to use expressions (4)–(6). Lo-
cal boundary conditions e.g., Dirichlet,  (r) |vac = 0 lead
either to an over determination or to particle-hole pair
creation (Neumann) [30]. We propose instead a new set
of chiral boundary conditions,
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(r = R) = 0, m  0,
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m
(r = R) = 0, m > 0,

(8)

a close relative of non-local boundary conditions intro-
duced in the study of Index theorems for Dirac opera-
tors [15–17]. This choice (8) preserves the chiral sym-
metry and thereby represent a perfectly reflecting bar-
rier of probability density (Supplementary Note 2). Im-
plemented on the power law wave function (7), condi-
tions (8) uniquely lead to a single zero mode  (r) ⌘�
0 iB0e
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by projecting onto the m = 0 subspace
for  B

m
(r) and having  A

m
⌘ 0. It is worth noting that

this eigenfunction reproduces the tight binding result [3]
justified by the absence of any characteristic scale. This
zero mode is quasi-bound, that is, decaying but non-
normalizable and thus appears as a pronounced peak in
the density of states at the Fermi energy. An analogous
choice of boundary conditions for a B-vacancy leads to

the single zero mode  (r) ⌘
�
A�1/r 0

�T
(Supplemen-

tary Note 3) [31].
Chiral boundary conditions (8) do not preserve parity

which in the continuous limit, corresponds to m $ �m�
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under conditions (8), the m = 0 solution  B
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does not transform into the vanishing m = �1 solution
 
A

�1(r). We thus conclude that the presence of a vacancy
necessarily breaks parity and removes the j = ±1/2 de-
generacy, where j ⌘ m+ 1/2.
To relate the existence of the zero mode to a finite

vacuum charge density as given in (5)–(6), we must di-
rectly calculate the Index in (5). To that aim, we use the
regularized expression [29],
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where H
B

⌘ D
†
D and H

A
⌘ DD

†. The “Tr” operation
here is over all states. Hereafter we take signM ⌘ 1 in
(5), thus arbitrarily fixing the sign of the charge for an
A-vacancy. Extending chiral boundary conditions (8) to
non-zero energy scattering states involved in (10), shows
how the angular momentum contributions cancel out ex-
cept for j = ±1/2 $ m = �1, 0. A thorough calcula-
tion (Supplementary Note 4) yields IndexH = 1 and, to-
gether with (4)–(5), the vacuum charge density rewrites,
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in the limit R ! 0 while, at finite R, it decays as 1/r2

away from the vacancy. Thus, ⇢ (r) appears as a total
divergence with a fractional vacuum charge Q = �e/2,
localized at the boundary of the vacancy (Fig. 2). The
corresponding potential is Coulomb-like, i.e. decays as
1/r. The same conclusions apply to aB-vacancy but with
an opposite sign of the charge (Supplementary Note 4).
This sign flip Q ! �Q in the exchange TA $ TB points
to the pseudo-scalar nature of the vacuum charge. Hence
a non-zero Q provides a clear signal for the breaking of
parity symmetry of the ground state and the lifting of
the j = ±1/2 degeneracy. Including spin degeneracy, the
overall “fractional charge” is 2 ⇥ Q = ±e.
It is interesting to further understand the origin of this

finite charge. The creation of a vacancy leads to an asym-
metry between positive and negative energy states. An
ill-defined albeit suggestive way to visualise it is o↵ered
by the spatial integral of (3) which together with (6) gives

Q =
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This “spectral asymmetry”, of topological origin [15],
eventually amounts to a counting of zero modes only.
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holds for IndexH ⌘ dimkerD � dimkerD† [22, 24].
Combining (4) and (5) leads to
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In the absence of vacancies, there are no zero modes thus
IndexH vanishes and so does the charge Q. However,
this may not be the case in the presence of vacancies.

Fractional charge of a single vacancy The re-
moval of one carbon atom creates a neutral vacancy,
here arbitrarily assigned to be an A-vacancy. The corre-
sponding excitation spectrum in the continuum limit is
obtained by considering scattering solutions of the Dirac
Hamiltonian (1) on a plane with a puncture of radius R.
Since ⇢ (r) depends on the behaviour at zero energy, we
look for zero modes, i.e., solutions of D B = D

†
 A = 0.
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constants. Requiring  (r ! 1, ✓) = 0, we keep harmon-
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We choose appropriate boundary conditions on the
scattering potential so as to preserve chiral symmetry
(2), a necessary condition to use expressions (4)–(6). Lo-
cal boundary conditions e.g., Dirichlet,  (r) |vac = 0 lead
either to an over determination or to particle-hole pair
creation (Neumann) [30]. We propose instead a new set
of chiral boundary conditions,
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(8)

a close relative of non-local boundary conditions intro-
duced in the study of Index theorems for Dirac opera-
tors [15–17]. This choice (8) preserves the chiral sym-
metry and thereby represent a perfectly reflecting bar-
rier of probability density (Supplementary Note 2). Im-
plemented on the power law wave function (7), condi-
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by projecting onto the m = 0 subspace
for  B

m
(r) and having  A
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⌘ 0. It is worth noting that

this eigenfunction reproduces the tight binding result [3]
justified by the absence of any characteristic scale. This
zero mode is quasi-bound, that is, decaying but non-
normalizable and thus appears as a pronounced peak in
the density of states at the Fermi energy. An analogous
choice of boundary conditions for a B-vacancy leads to

the single zero mode  (r) ⌘
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A�1/r 0
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(Supplemen-

tary Note 3) [31].
Chiral boundary conditions (8) do not preserve parity

which in the continuous limit, corresponds to m $ �m�

1,  A

m
$ � 

B

�m�1 and  B

m
$  

A

�m�1. Indeed, unlike the
parity preserving choice,

 
A

m
(r = R) = 0, m > 0,

 
B

m
(r = R) = 0, m  0,

(9)

under conditions (8), the m = 0 solution  B
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does not transform into the vanishing m = �1 solution
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�1(r). We thus conclude that the presence of a vacancy
necessarily breaks parity and removes the j = ±1/2 de-
generacy, where j ⌘ m+ 1/2.
To relate the existence of the zero mode to a finite

vacuum charge density as given in (5)–(6), we must di-
rectly calculate the Index in (5). To that aim, we use the
regularized expression [29],

IndexH = lim
z!0
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where H
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†
D and H
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⌘ DD

†. The “Tr” operation
here is over all states. Hereafter we take signM ⌘ 1 in
(5), thus arbitrarily fixing the sign of the charge for an
A-vacancy. Extending chiral boundary conditions (8) to
non-zero energy scattering states involved in (10), shows
how the angular momentum contributions cancel out ex-
cept for j = ±1/2 $ m = �1, 0. A thorough calcula-
tion (Supplementary Note 4) yields IndexH = 1 and, to-
gether with (4)–(5), the vacuum charge density rewrites,
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in the limit R ! 0 while, at finite R, it decays as 1/r2

away from the vacancy. Thus, ⇢ (r) appears as a total
divergence with a fractional vacuum charge Q = �e/2,
localized at the boundary of the vacancy (Fig. 2). The
corresponding potential is Coulomb-like, i.e. decays as
1/r. The same conclusions apply to aB-vacancy but with
an opposite sign of the charge (Supplementary Note 4).
This sign flip Q ! �Q in the exchange TA $ TB points
to the pseudo-scalar nature of the vacuum charge. Hence
a non-zero Q provides a clear signal for the breaking of
parity symmetry of the ground state and the lifting of
the j = ±1/2 degeneracy. Including spin degeneracy, the
overall “fractional charge” is 2 ⇥ Q = ±e.
It is interesting to further understand the origin of this

finite charge. The creation of a vacancy leads to an asym-
metry between positive and negative energy states. An
ill-defined albeit suggestive way to visualise it is o↵ered
by the spatial integral of (3) which together with (6) gives

Q =
e

2

 
X

En>0

1 �

X

En<0

1

!
= �

e

2
IndexH . (12)

This “spectral asymmetry”, of topological origin [15],
eventually amounts to a counting of zero modes only.
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In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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The massless Dirac – Coulomb system

We consider

• Single quantum Dirac particle (spin ½)

• Massless (relativistic)

• Source: External charge of radius ~ 𝐿

• 𝑑 dimensional space
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Quasi bound state:  distinct peak in 

The phase shift

Density of states

� �EU

Focus on s – wave channels 𝑚 = 0,−1 (total angular momentum ½, 

purple and blue lines respectively). 𝛽 < 1/2: Single quasi bound state
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A low energy quantum phase transition occurs

Under-critical phase Over-critical phase
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Quantum phase transition

Continuous scale invariant Discrete scale invariant
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� Transition is universal:

Ingredients of phenomenon Experimental observation (continued) Dirac model for vacancies in graphene
What is special about 𝛽 = 1/2?

Where did the scale symmetry come from?

Continuous Scale invariant Formal/Classic  Hamiltonian Continuous Scale invariant

Self-adjointness

Regularization with Scale 𝐿

Quantum Hamiltonian
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aly

Valid for all space dimensions with  
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Experimental observation
Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured

� �. .
dI a u
dV

Dirac pointcharge

V

We use our Dirac model and compare with experimental results. The behavior 

matches the β<1/2 regime.

After several pulses new peaks rise from the 

Dirac point.

We interpret the first as the lowest over 

critical quasi bound state.
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dI
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A single quasi bound state is observed for the first few 
pulses. 

V V

𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.

𝐸1′: Second lowest over critical quasi bound state 

𝐸2: Second quasi bound state. Expected to obey: 2 1/4
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .

Fitting parameters: 0.85( 1), 0.2h m L nm � # 1 0 0 1.02
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The choice of boundary condition must break parity, otherwise the 

theoretical 𝐸1, 𝐸1′ would be degenerate and there would be no line to 

describe the red points.

Importance of parity breaking:

is parity invariant � �,x yx yo� o

Relation to the inverse square potential spectrum and the Efimov effect:

The radial Schrodinger equation with an attractive inverse square potential 
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Left plot. green X’s are the values of Efimov energies measured in Cesium 

atoms [2] and scaled to the (overcritical) fixed Efimov value 𝛽𝐸 = 1.12

Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:

For example, for 𝑁𝐴 = 1,𝑁𝐵 = 0

� �
� �

49 1
†

50 1

0
0

0
A

B

D
H t

D
\

\
\

u

u

§ ·§ ·
  ¨ ¸¨ ¸¨ ¸© ¹© ¹ Over-constraint 

Under-constraint by one eq.� � � �
� � � �

49 50 50

49

1
†

150 49

0

0
B

A

D

D

\

\
u u

uu

 

 
�
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We consider

• Single quantum Dirac particle

• Massless (relativistic)

• Free (No potential)

• Infinite plane 

• Non trivial topology
The massless Dirac-Coulomb system 
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For vacancies in graphene we take [6]: 
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Going back to the zero modes
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Generalization to multiple vacancies

Future endeavors

Abstract

Observing a scale anomaly in graphene: Universality, discrete scale invariance and vacuum charge
Omrie Ovdat⁽ᵃ⁾, Jinhai Mao⁽ᵇ⁾, Yuhang Jiang⁽ᵇ⁾, Eva Andrei⁽ᵇ⁾, Yaroslav Don⁽ᵃ⁾, Amit Goft⁽ᵃ⁾ and Eric Akkermans⁽ᵃ⁾

(a) Department of Physics, Technion, Israel Institute of Technology, Haifa 3200003, Israel  (b) Department of Physics and Astronomy, Rutgers University, Piscataway, NJ 08854,USA 

We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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• Taking into account electron spin: Relate the spin density and Lieb’s theorem 

to the charge density and the Index

• Interactions between vacancies mediated by e-e interactions

• Potential of vacancy charge induced by interactions

• Entangled states of modes around multiple vacancy configurations
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Universal transition: continuous to discrete scaling

Determined by boundary conditions
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In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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The massless Dirac – Coulomb system

We consider

• Single quantum Dirac particle (spin ½)

• Massless (relativistic)

• Source: External charge of radius ~ 𝐿

• 𝑑 dimensional space
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Experimental observation
Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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We use our Dirac model and compare with experimental results. The behavior 

matches the β<1/2 regime.

After several pulses new peaks rise from the 

Dirac point.

We interpret the first as the lowest over 

critical quasi bound state.
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𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.

𝐸1′: Second lowest over critical quasi bound state 
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .

Fitting parameters: 0.85( 1), 0.2h m L nm � # 1 0 0 1.02
F

E L
v

|�

0ˆ /i
iH i rJ J Ew � �

The choice of boundary condition must break parity, otherwise the 

theoretical 𝐸1, 𝐸1′ would be degenerate and there would be no line to 

describe the red points.

Importance of parity breaking:

is parity invariant � �,x yx yo� o

Relation to the inverse square potential spectrum and the Efimov effect:

The radial Schrodinger equation with an attractive inverse square potential 
2

2 2

1ˆ .S
d dH
dr r rdr

]
 � � � Remarkably, the exact same table above applies for

, 1,c

n

n LeE E
S
] ]

�
�vthis Hamiltonian [3] with a bound state spectrum

� �22 / 4.c d]  �

E

Abstract

ˆ
SH with 

01/ 4 cs] ] � !

� �1E E

� �1 'E E

� �2E E

Left plot. green X’s are the values of Efimov energies measured in Cesium 

atoms [2] and scaled to the (overcritical) fixed Efimov value 𝛽𝐸 = 1.12

Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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• Taking into account electron spin: Relate the spin density and Lieb’s theorem 

to the charge density and the Index

• Interactions between vacancies mediated by e-e interactions
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Universal transition: continuous to discrete scaling

Determined by boundary conditions
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In 1970 Vitaly Efimov argued that 3 atoms can form a series of 3 body bound 

states accumulating near  𝐸 = 0 in geometric fashion 𝐸𝑛+1/𝐸𝑛 = exp(−2𝜋/𝑠0), 

𝑠0 ≈ 1.00624 [4]. The spectrum is described by the bound states of 
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Experimental observation
Charge vacancies in graphene as Coulomb sources

• Vacancies are created by sputtering Helium ions

• Voltage Pulses inserted by an STM induce charge into the 

vacancy

• The vacancy stably hosts the charge

• The conductance as a function of voltage is measured
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We use our Dirac model and compare with experimental results. The behavior 

matches the β<1/2 regime.

After several pulses new peaks rise from the 

Dirac point.

We interpret the first as the lowest over 

critical quasi bound state.
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𝐸1: Lowest over critical quasi bound state 

We compare 𝐸1 with the theory to find the corresponding 𝛽.

𝐸1′: Second lowest over critical quasi bound state 
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Theory is compared to experiment as follows:

We obtain nine sets of measurement with three quasi bound peaks that are 

compared to the theory in this way. The results are [1]:

Right plot. Blue points: Experimentally obtained 𝐸2/𝐸1 ratios. Blue line 

(dashed): Optimized curve, fitted according to the model exp −𝑏/ 𝛽2 − 1/4

corresponding to 𝑏 = 3.145 with standard error of Δ𝑏 = 0.06 green line: 

exp −𝜋/ 𝛽2 − 1/4 .
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The choice of boundary condition must break parity, otherwise the 

theoretical 𝐸1, 𝐸1′ would be degenerate and there would be no line to 

describe the red points.
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atoms [2] and scaled to the (overcritical) fixed Efimov value 𝛽𝐸 = 1.12

Effects of vacancies in graphene

• Localized stable charge at the vacancy site (as 

observed above)

• Break sub-lattice symmetry which implies parity 

breaking in the Dirac model (as observed above)

• 𝑁𝐴 − 𝑁𝐵 zero energy levels in the tight binding 

Hamiltonian [5]

Vacancies have a significant effect on the physics of graphene:

For example, for 𝑁𝐴 = 1,𝑁𝐵 = 0
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We discuss a remarkable class of anomalies in which the continuous scale symmetry is broken 
into a discrete scale symmetry for a critical value of a control parameter. We demonstrate the 
universality of this quantum phase transition and present convincing experimental evidence of its 
existence for a charged and massless fermion in an attractive Coulomb potential as realized in a 
charged vacancy in graphene. We present a Dirac model which accounts for the appearance of 
local charge, zero modes and parity breaking in the presence of vacancies in graphene. We show 
that these phenomena realize an analog of charge fractionalization with the content of the flux 
replaced by holes in the plane.
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• Taking into account electron spin: Relate the spin density and Lieb’s theorem 

to the charge density and the Index

• Interactions between vacancies mediated by e-e interactions
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Universal transition: continuous to discrete scaling

Determined by boundary conditions
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Multiple vacancies- topological switch

2

Figure 1. Schematic visualisation of the main results. (a) By removing a single carbon atom, a vacancy is created which
holds a finite fractional charge Q = ± e

2 IndexH. This vacuum charge is associated to the emergence of zero energy modes
whose bookkeeping is given by IndexH, a topological quantity in nature which preserves the chiral symmetry between positive
and negative parts of the Dirac spectral cone. The topological vacuum charge Q is impervious to lattice perturbations and
other specificities of the high energy dispersion law. The zero mode eigenfunction  (r, E = 0) and its corresponding charge
density ⇢ (r) are located at the vacancy boundary (purple). (b) Multiple vacancies. A configuration of NA = 2 A-vacancies
and NB = 1 B-vacancies is represented. The charge distribution is still constrained by the number of zero modes and its
related IndexH = |NA �NB |, but ⇢ (r) is now markedly modified compared to a single vacancy. For |NA �NB | 6= 0, charges
vanish on the minority vacancies, a situation we denote QM = 0, while being finite on the majority vacancies. These charges
denoted by QH, albeit of topological nature, are di↵erent from the single vacancy fractional charge, and depend on the spatial
configuration of all vacancies. Their value is determined by integrating the charge density deduced from the ansatz (14) for the
zero energy eigenfunctions, over two lattice spacings around the vacancy.
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Figure 3. Configuration of three vacancies NA = 2,
NB = 1. There is one zero mode, IndexH = |NA �NB | = 1,
so that the two A-vacancies (green upward outline) have a
finite and equal charge QN in this symmetric configuration
and the B-vacancy (purple downward outline) is not charged
QO = 0. (a) Tight binding calculation of the spatial charge
density |⇢ (r)| obtained from definition (3) and depicted by
the blue spots. The total charge is QN ⇡ 10�1 (in units of
e/2) and QO ⇡ 10�4 on each A,B vacancy respectively. A
small positive mass term M ⇡ +10�9 has been used together
with armchair boundary conditions which suppress charge ac-
cumulation on the boundary (Supplementary Note 5). (b)
Continuous Dirac model calculation of the spatial charge den-
sity |⇢ (r)| for the same situation as in (a). These results
are obtained using low energy scattering theory (Supplemen-
tary Note 6). The homogeneous purple region around the
A-vacancies is ⇡ 10�5.

o↵, at once, all the finite charges QN on the graphene
lattice. This e↵ect, of topological origin, is independent
of the relative position of the vacancies and results only
from the vanishing of the overall Index.

Discussion The physics of a charged vacancy pre-
sented here, bears essential similarities with 2 + 1 quan-
tum electrodynamics (QED), such as fermion number
fractionalisation and parity anomaly [18–28]. In the lat-
ter case, a dynamical external gauge field induces zero
modes of massless planar fermions and vacuum charge
with abnormal parity. The Index of the corresponding
Dirac operator follows (6) and acquires non-zero values
proportional to the strength of the gauge field. Hence,
the present results provide, for graphene, a measurable
realization of these QED e↵ects with the topological con-
tent of the gauge field now replaced by vacancies with
properly tailored boundary conditions. Furthermore, our
findings display a coherent description of existing mea-
surements [6, 7] and provide additional predictions that
can be tested with an appropriate experimental control
on vacancy configurations. Including spin degrees of free-
dom and using Lieb’s theorem [2] may significantly en-
rich the picture presented here by associating to a va-
cancy the quantum dynamics of a localised vacuum spin.
Possible connections to recent observations of vacancy
magnetic moments [8–10] should be investigated together
with a generalisation to other bipartite lattices and to

Figure 4. Topological switch. (a) NA = 5, NB = 4. In
that initial configuration, IndexH = |NA�NB | = 1 so that all
A-vacancies are switched on with charges QN (green upward
outline) and B vacancies are switched o↵, QO ⌘ 0 (purple
downward outline). (b) NA = 5, NB = 5. Adding a single
B vacancy at a remote place switches o↵ all the charges of
the A-vacancies since IndexH = |NA � NB | = 0. This multi-
charge switching on and o↵ is of topological nature. The
spatial charge density |⇢ (r)| is obtained from tight binding
calculations and depicted by the blue spots. The finite charges
are QN ⇡ 10�1�10�2 (in units of e/2) on each A-vacancy and
QO ⇡ 10�8 on each B vacancy in (a), and QM, QO ⇡ 10�8 in
(b). A small positive mass term M ⇡ +10�9 has been used
together with armchair boundary conditions which suppress
charge accumulation on the boundary (Supplementary Note
5).

non-isolated vacancies. The notion of topological switch
involves di↵erent and somehow unusual algebraic rules,
e.g, 3QN+2QO = 3QN but QO+(3QN+2QO) = 0, which
may have applications in logic circuit.
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o↵, at once, all the finite charges QN on the graphene
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Discussion The physics of a charged vacancy pre-
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with abnormal parity. The Index of the corresponding
Dirac operator follows (6) and acquires non-zero values
proportional to the strength of the gauge field. Hence,
the present results provide, for graphene, a measurable
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tent of the gauge field now replaced by vacancies with
properly tailored boundary conditions. Furthermore, our
findings display a coherent description of existing mea-
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can be tested with an appropriate experimental control
on vacancy configurations. Including spin degrees of free-
dom and using Lieb’s theorem [2] may significantly en-
rich the picture presented here by associating to a va-
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Possible connections to recent observations of vacancy
magnetic moments [8–10] should be investigated together
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Figure 4. Topological switch. (a) NA = 5, NB = 4. In
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(b). A small positive mass term M ⇡ +10�9 has been used
together with armchair boundary conditions which suppress
charge accumulation on the boundary (Supplementary Note
5).
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All vacancies are Off



• Single atom vacancies in graphene provide realisations of edge 
state physics of topological origin. 

• Graphene vacancies give rise to localised fractional charges, 
parity symmetry breaking and zero modes.                        

• Charge fractionalisation result from a new type of chiral 
boundary conditions without coupling to a gauge field. 

•  The  physics of charged vacancies can be fully described by 
means of massless free fermions in a Coulomb field. 

•  This scale free problem leads to a quantum phase transition 
(scale anomaly) by changing the strength of the local charge. 

Summary-Further directions



• Two-dimensional analogous of 1D SSH model.

•  Vacancies in graphene allow to realise prominent features of 
2+1 QED. 

•  Existence of zero modes expressed by a topological Index, 
multi-vacancy modes and related edge state physics have 
analogs in non electronic graphene. Could be easily observed. 

• The Quantum Phase transition (scale anomaly) and parity 
breaking are specific to (electronic) graphene. 

• Magnetism related to vacancies (Lieb Thm. Hubbard + bipartite). 

Summary-Further directions



Thank you for your attention.

Some references:  
         Nature Communications (September 2017)          
             Phys. Rev. D (RC), March 2018,  

            J. Phys. A (September 2018)    

              arXiv:1807.10297  (under review) 

Please go to the poster of Omrie and Amit

https://arxiv.org/abs/1807.10297



