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We present a method for quantum tomography of multiqubit states. We apply the method to spin-
multiphoton states, which we generate using a quantum dot based device. Periodic excitation of a quantum
dot confined spin deterministically generates strings of entangled photons in a cluster state, threefold
faster than previously demonstrated. Our tomography method uses time-resolved polarization-sensitive
multiphoton correlation measurements to measure both the polarization of the confined spin and that of
the emitted photons. We develop an edge-sensitive gradient-descent algorithm and apply it to the acquired
data to map the periodic physical process that generates the cluster state. We utilize our tomographic
method to optimize our quantum dot based device and show that the enhanced generation rate increases
the entanglement robustness of the generated multiqubit state.

DOI: 10.1103/PhysRevApplied.18.024055

I. INTRODUCTION

Measurement-based quantum protocols are very promis-
ing for quantum computation in general [1–3] and for
quantum communication in particular [4–7]. The use of
multipartite entangled states, called graph states [8,9],
enables quantum computation by single-qubit measure-
ments and rapid classical feedforward, depending on the
measurement outcome [2]. For quantum communication,
graph states of photons are particularly attractive [10–14],
since they provide redundancy against photon loss and
compensation for the finite efficiency of quantum gates.
Moreover, since the quantum information is contained in
the graph state, they eliminate the need to communicate
within the coherence time of the local nodes [7]. Graph
states are therefore considered for efficient distribution of
entanglement between remote nodes [15] as well as for
quantum repeaters [5,6]. The development of devices capa-
ble of deterministically producing high-quality photonic
graph states at a fast rate is, therefore, a scientific and
technological challenge of the utmost importance [16–19].

The technological quest for the generation of photonic
graph states, which are required for building scalable quan-
tum network architectures, has led to a variety of further
studies. Of particular importance and relevance to this
work is the Lindner and Rudolph proposal [20] for gen-
erating a one-dimensional (1D) cluster state of entangled
photons using semiconductor quantum dots (QDs). The
scheme uses a single confined electronic spin in a coher-
ent superposition of its two eigenstates. The spin precesses
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in a magnetic field while driven by a temporal sequence
of resonant laser pulses, every quarter of a precession
period. Upon excitation of the QD spin, a single photon
is deterministically emitted and the photon polarization is
entangled with the polarization of the QD spin. This timed
excitation repeats itself indefinitely, thus generating a long
1D cluster of entangled photons.

QD confined-spin–single-photon entanglement has been
demonstrated for the exciton [21]. Since the two exciton
spin states form an optical � system with a nondegenerate
biexciton level, the radiative recombination of a biexciton
results in a maximally entangled exciton-photon pair [22].
This unique feature of the exciton spin qubit also allows
us to fully control its state, using a single short optical
pulse (holonomic single-qubit gate [23]). In contrast, the
QD confined electron and hole spin states form optical �

systems with the two levels of their excited trions. There-
fore, early demonstrations of spin-photon entanglement in
these cases have used strong magnetic fields to remove the
degeneracy of the trions, thereby reestablishing optical �

systems [24–27]. The proposal of Ref. [20] requires that
the spin states and their optical excitations form an optical
� system and therefore the use of high magnetic field is
detrimental.

Schwartz and coworkers have demonstrated a proof-of-
concept realization of the Ref. [20] proposal, using the spin
of the dark exciton (DE) as the entangler [28]. The short-
range electron-hole exchange interaction slightly removes
the degeneracy of the DE. Therefore, a coherent superposi-
tion of the DE eigenstates naturally precesses, even in the
absence of an external magnetic field. Due to the limited
temporal resolution of the silicon avalanche photodetectors
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used by Schwartz et al., the spin is reexcited every three
quarters of its precession period, instead of every quarter
as in the original proposal. Schwartz and coworkers have
shown that the entanglement robustness of the 1D photonic
string is mainly determined by the ratio between the pho-
ton radiative time and the spin-precession time and to a
lesser extent also by the ratio between the latter and the
confined-spin-coherence time [28].

In this study, we use a larger number of single-photon
detectors, with better quantum efficiency and an order
of magnitude better temporal resolution than previously
available. The enhanced temporal resolution allows an
increase by a factor of 3 of the photon generation rate,
exciting the entangler every quarter of its precession
period while at the same time obtaining much better
photon correlation statistics. Moreover, the improved tem-
poral resolution allows complete spin tomography [29]
of the spin state of the entangler, in addition to the full
characterization of the polarization states of the emitted
photons [30].

Thus, here we use complete time-resolved spin-
multiphoton correlation measurements for characterizing
the quantum state and the periodically applied process map
that generates the photonic cluster. For this purpose, we
develop a “fitting” algorithm that is particularly efficient
and applicable to our experimental measurements. We use
144 different time-resolved two- and three-photon corre-
lation measurements to extract the overall 8× 8 physical
quantum state and process map that best describes our sys-
tem. Then, we apply a gradient-descent method for finding
the maximal log-likelihood between the physical model
and the measured data. Our method differs from the stan-
dard one in defining the gradient relative to a specific
non-Euclidean metric that is adapted to the geometry of
the set of physical (completely positive) process maps (or
quantum states). This approach is different from known
algorithms such as projected gradient descent [31–33] and
more suitable for our experimental data.

We demonstrate that our improved experimental system
and analysis allow us to measure the slight improvement
to the generated cluster state due to the reduced decoher-
ence of the DE spin [34] during the faster optical driving.
This is important since, to begin with, the expected effect
of the spin dephasing on the process map is much smaller
than the effect of the finite spectral width of the radiative
decay [28].

II. CLUSTER-STATE GENERATION: METHOD

At the heart of our device is a semiconductor QD.
The QD contains a confined electronic-spin, which serves
as the entangler qubit [20,35,36]. We define the sample
growth direction, which is also the shortest dimension of
the QD (about 3 nm), as the quantization z axis. The
QD is embedded in a planar microcavity, formed by two

Bragg-reflecting mirrors [Fig. 1(a)], facilitating efficient
light harvesting by an objective placed above the QD.

The DE is an electron-hole pair with parallel spins
[38–40], having two total angular momentum states of ±2
as projected onto the QD z axis. Since the DE optical
activity is weak [41], it has a long life and a long coher-
ence time [34,39]. Upon optical excitation, the DE (|⇑↑〉)
is excited to form a biexciton (BIE) (|⇑⇑↑↓〉). The BIE
is formed by a pair of electrons in their first conduction-
subband level and two heavy holes with parallel spins, one
in the first and one in the second valence-subband levels.
Figures 1(b) and 1(c) schematically describe the DE-BIE
energy-level structure and the selection rules for optical
transitions between these levels, respectively [38,42,43].

Each laser pulse (in red) excites the QD-confined DE
to its corresponding BIE state. The BIE decays to the
DE* level within about 370 ps by radiative recombi-
nation in which a single photon is emitted (marked in
pink). The DE* then decays to the ground DE state by
about 70-ps spin-preserving acoustic-phonon relaxation.
The energy difference between the emitted photon and
the exciting laser allows us to spectrally filter the emitted
single photons.

The eigenstates of the DE and BIE are given
by |±XDE〉 = (|+ZDE〉 ± |−ZDE〉) /

√
2 and |±XBIE〉 =

(|+ZBIE〉 ± |−ZBIE〉) /
√

2. The energy differences between
these eigenstates are about 1μeV, smaller than the radia-
tive width of the BIE optical transition (� 3 μeV) and
much smaller than the spectral width of our laser pulse (�
100 μeV). It follows that a coherent superposition of the
DE (BIE) eigenstates precesses with a period TDE = 3.1 ns
(TBIE = 5.6 ns), an order of magnitude longer than the BIE
radiative time.

The DE and BIE act as spin qubits. Angular-momentum
conservation during the optical transitions between these
two qubits implies the following π -system selection
rules [34]:

|⇑↑〉 |+Z〉←→ |⇑⇑↓↑〉 ,
|⇓↓〉 |−Z〉←→ |⇓⇓↑↓〉 .

(1)

where |+Z〉 (|−Z〉) is a right- (left-) hand circularly
polarized photon propagating along the +Z direction. It
thereby follows that a laser pulse polarized as |+X 〉 =
(|+Z〉 + |−Z〉) /

√
2 coherently excites a superposition

α |⇑↑〉 + β |⇓↓〉 of the DE spin-qubit states to a simi-
lar superposition α |⇑⇑↑↓〉 + β |⇓⇓↑↓〉 of the BIE states.
The BIE then radiatively decays into an entangled spin-
photon state α |⇑↑〉 |+Z〉 + β |⇓↓〉 |−Z〉. Therefore, the
excitation and photon emission act as a two-qubit entan-
gling controlled-NOT (CNOT) gate between the spin and the
photon.

The method for generating the cluster state is described
in Fig. 1(d). The confined DE is resonantly excited
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(a) (b) (c)

(d) (e)

FIG. 1. (a) A schematic description of the QD-based device: DBR, distributed Bragg reflector. (b) The energy levels of the DE-DE*-
BIE system and the transitions between these levels. Each laser pulse (red upward-pointing arrow) excites the DE and photogenerates
a BIE. The BIE then decays to an excited DE* by emitting a single-photon (downward pink arrow). The DE* then decays to its ground
level by emitting an acoustic-phonon (curly downward-pointing arrow). (c) The BIE-DE*-DE energy levels and the polarization-
selection rules for the optical transitions. Here,+X (−X ) describes a horizontally (vertically) rectilinearly polarized optical transition.
The short-range electron-hole exchange interaction removes the degeneracy between the two eigenstates of both the DE and the BIE.
A coherent superposition of the DE (BIE) eigenstates precesses with a period marked by TDE (TBIE). (d) The cluster-state repeating
protocol containing Hadamard gates acting on the QD confined spin followed by a two-qubit controlled-NOT (CNOT) gate, which
entangles the spin polarization with the polarization of the emitted photons. (e) The experimental setup, pulse sequence, photon
emissions, and detection for realizing and characterizing the cluster state. The blue downward-pointing broad arrow is an optical-
depletion 7-ns-long pulse [37], which depletes the QD of carriers. The upward-pointing arrows are 12-ps-long π -area laser pulses,
while the downward-pointing pink exponential decays represent the emitted photons. We project the polarization of the photons using
liquid-crystal variable retarders (LCVRs) and polarizing beam splitters (PBSs) while looking for up to three photon correlations.

repeatedly by a laser pulse to its corresponding BIE. The
BIE decays radiatively by emitting a photon. The excita-
tion and photon emission act as a two-qubit CNOT gate that
entangles the emitted photon-polarization qubit and the
spin qubit, thus adding a photon to the growing photonic
cluster. The excitation pulses are timed such that between
the pulses, the DE spin precesses by one quarter of its pre-
cession period. This temporal precession can be ideally
described as a unitary Hadamard gate acting on the spin
qubit only. The combination of the CNOT two-qubit gate
and the Hadamard one-qubit gate forms the basic cycle of
the protocol, which when repeated periodically generates
the entangled spin-plus-photons cluster state [20].

For the experimental realization of the cluster proto-
col and the characterization of the generated state, we
use the experimental setup described in Fig. 1(e). The
QD is first optically emptied of carriers, making it ready
for initialization. The first 7-ns-long optical pulse (blue
downward-pointing arrow) depletes the QD of charges
and the remaining DE [37]. Then, using a horizontally

polarized 12-ps optical π pulse, we write the DE spin state
to the DE* state. This is possible due to small-mixing
between the bright exciton (BE) and the DE [40]. The
pulsed polarization defines the DE* initial spin state. The
DE* then relaxes to its ground DE state, making the QD
ready for implementing the cluster protocol. A sequence
of resonantly tuned linearly polarized π -area laser pulses
is then applied to the QD. Each pulse results in the emis-
sion of a photon from the BIE-DE optical transition of
the QD. During the last emission, the BIE-spin evolution
can be conveniently used as a resource for the DE-spin
tomography [29].

To characterize the generated multiqubit quantum state,
we project the polarization of the detected photons onto
six different polarization states using liquid-crystal vari-
able retarders (LCVRs) and polarizing beam splitters
(PBSs). We then use highly efficient transmission grat-
ings to spectrally filter the emitted photons from the laser
light. The photons are eventually detected by six efficient
(> 80%) fast single-photon superconducting detectors
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with a temporal resolution of about 30 ps. We use a
laser sync and consecutive one-, two-, and three-photon
correlations for the analysis presented above.

III. CLUSTER-STATE CHARACTERIZATION

The robustness of the cluster-state entanglement is char-
acterized using three cycles of the repeated protocol. The
characterization is done by correlating one, two, and three
detected photon events. In all cases the last detected pho-
ton is used for the tomography of the DE spin. We use two
different orthogonal +X and +Y linearly polarized exci-
tation pulses, respectively [29]. The +X -polarized laser
pulse promotes the DE state to a similar superposition of
BIE states, while the+Y excitation introduces a π/2 phase
shift to the superposition [29]. In addition, we utilize the
BIE-state evolution during its radiative decay back to DE*
to measure the degree of circular polarization (Dcp) of the
emission as a function of time:

Dcp(t) = P+Z(t)− P−Z(t)
P+Z(t)+ P−Z(t)

, (2)

where Pj represents the detected photon-polarization pro-
jection onto the j basis. By fitting the measured Dcp(t)
to a central spin-evolution model that we have recently
developed for QD-confined charge carriers [29], we accu-
rately extract the DE-spin state at the time of its optical
excitation.

As we implement the protocol, we perform full tomo-
graphic measurements of the growing quantum state. First,
we measure the initialized DE state. Then we apply one
cycle of the protocol and measure the resulting spin-plus-
one-photon state. Finally, we apply a second cycle of the
protocol and measure the spin-plus-two-photons state.

In Fig. 2, we present a small set of the measurements
used to deduce the spin, spin-plus-one-photon, and spin-
plus-two-photons quantum states and the process map
of the periodic cycle of the cluster protocol. The first
row shows Dcp measurements characterizing the initial-
ized spin, the second row shows the Dcp of the correlated
spin-plus-one-photon state after the photon is projected
onto a +Y-polarization basis, and the third row shows
the Dcp of the correlated spin-plus-two-photons state after
both photons are projected onto a +Y-polarization basis.
Each row differs from the row above it by the applica-
tion of one additional cycle of the protocol. In all mea-
surements shown in Fig. 2, the DE is initialized to the
−X state. In each row, the left panel displays the time-
resolved photoluminescence (PL) and the center panel
(right panel) displays the time-resolved Dcp measured after
+X - (+Y-) polarized excitation of the final spin. By fitting
the Dcp correlation measurements, we extract the follow-
ing spin, spin-plus-one-photon, and spin-plus-two-photons
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FIG. 2. Examples of one-, two-, and three-photon correlation
measurements performed in characterizing the photonic cluster
state. (a)–(c) Time-resolved PL measurements of the BIE-DE
optical transition following one-, two- , and three-pulse exci-
tations, respectively. (d)–(f) The time-resolved degree of the
circular-polarization measurements Dcp(t) = P+Z (t)−P−Z (t)

P+Z (t)+P−Z (t) of the
last detected photon, using a horizontally polarized (+X ) exci-
tation pulse. (g)–(i) The same as (g), (e), and (f), but using
a diagonally linearly polarized excitation pulse (+Y). The red
data points describe the measured data and the solid black line
describes the fitted model calculations (see Ref. [29]). From
the fitted model, we extract the spin, spin-plus-one-photon, and
spin-plus-two-photons polarization-projection measurements.

polarization-projection measurements, respectively:

[SX , SY, SZ] = [−0.73, 0.05, 0.06], (3)

[P(1)
Y SX , P(1)

Y SY, P(1)
Y SZ] = [0.01, 0.16,−0.59], (4)

[P(1)
Y P(2)

Y SX , P(1)
Y P(2)

Y SY, P(1)
Y P(2)

Y SZ]= [0.03,−0.49,−0.08],
(5)

where P(i)
j represents the polarization projection of the

ith photon in the string, onto the j polarization basis,
and Sj is the DE-spin polarization, projected onto the
j basis. The uncertainties in the projection measure-
ments are about 0.01, 0.02, and 0.04 for the spin, spin-
plus-one-photon, and spin-plus-two-photons polarization-
projection measurements [Eqs. (3), (4), and (5)], respec-
tively. The counting rates that we obtain are typically
about 105 single-photon events per detector per sec-
ond, 1000 two-photon, and ten three-photon correlation
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events per second, reflecting a total system detection
efficiency of about 1%. The numbers of polarization-
projected correlation events used for the analysis presented
here are typically 105, 7000, and 900 for consecutive one-,
two-, and three-photon events, respectively.

For a perfect initialization and application of the pro-
cess, we expect the deduced polarization-projection mea-
surements [Eqs. (3), (4), and (5)] to be [-1,0,0], [0,0,-1],
and [0,-1,0], respectively. Here, however, the DE spin is
initialized to the −X state with a polarization degree of
only 0.73, due to the limited efficiency of the depleting
pulse [37]. Moreover, each additional cycle of the proto-
col reduces the expected maximal Dcp by approximately
20%, as expected for the finite localizable entanglement of
the process map [28,44].

The measured correlations are used to infer directly the
spin-plus-one-photon two-qubit state, obtained by apply-
ing one cycle of the protocol, the spin-plus-two-photons
state, obtained by applying two cycles of the protocol,
and a full process tomography of the periodic cycle of the
cluster protocol.

To measure the spin-plus-one-photon density matrix
[displayed in Fig. 3(a)], we use a set of 12 DE-photon
Dcp(t) correlation measurements. Two of those measure-
ments are displayed in Figs. 2(e) and 2(h). The measured
density matrix has a fidelity of F = 0.77± 0.04 with the
maximally entangled Bell state. To measure the spin-
plus-two-photons three-qubit density matrix [displayed in

Fig. 3(b)], we use a set of 72 Dcp(t) DE-plus-two-photons
correlation measurements. Two of those measurements are
displayed in Figs. 2(f) and 2(i). The measured spin-plus-
two-photons density matrix has a fidelity of 0.68± 0.07
with the maximally entangled three-qubit state.

We produce the cluster state by repeatedly applying the
same process, as shown in the protocol of Fig. 1(d). As
a result, one can fully characterize the cluster state for
any number of qubits if the single-cycle process map is
known [28]. Ideally, the process map contains a CNOT and a
Hadamard gate. It maps the 2× 2 spin-qubit density matrix
into a 4× 4 density matrix representing the entangled spin-
photon state. The process map � can be fully described by
a 4× 16 positive and trace-preserving map with 64 real
matrix elements.

We use the convention �(ρ̂DE) = ∑
α,β,γ

�
γ

αβρDE
γ σ̂ασ̂β ,

where ρ̂DE =
∑
γ

ρDE
γ σ̂γ is the density matrix that describes

the input DE state and �(ρ̂DE) describes the DE-plus-one-
photon state after one application of the process to the input
DE state. The sums are taken over α, β, γ = O, X , Y, Z,
where σ̂0 is the identity matrix and σ̂X ,σ̂Y,σ̂Z are the corre-
sponding Pauli matrices. The 64 real parameters �

γ

αβ thus
fully specify �.

Figure 3(c) shows the results of the full tomographic
measurements of the process map. For acquiring these
measurements, we initialize the DE spin state to six dif-
ferent states from three orthogonal bases [40]. For each

(a) (b)
(c) (d)

Real Real

Imaginary Imaginary

Measured Ideal

FIG. 3. (a) The measured DE-plus-one-photon density matrix. (b) The measured DE-plus-two-photons density matrix. In (a) and
(b), the colored bars represent measured density-matrix elements, while the empty bars represent the ideal maximally entangled two-
and three-qubit states. The fidelity of the measured density matrix to the ideal one is F = 0.77± 0.04 in (a) and F = 0.68± 0.07
in (b). In both cases, the DE spin is initialized to the |−XDE〉 state with a measured fidelity of F = 0.86± 0.02 and then one or two
applications of the process. The process map �, which describes the evolution of the system in each cycle of the protocol, is given
by �(ρ̂DE) = ∑

α,β,γ
�

γ

αβρDE
γ σ̂ασ̂β , where ρ̂DE =

∑
γ

ρDE
γ σ̂γ is the density matrix that describes the input DE state and �(ρ̂DE) describes

the DE-plus-one-photon state after applying the process on the input DE qubit. Here, α, β, and γ run over O, X , Y, and Z, where σ̂0
is the identity matrix and σ̂X , σ̂Y, and σ̂Z are the corresponding Pauli matrices. The 64 real parameters �

γ

αβ thus fully specify �. (c)
The process map �

γ

αβ as measured by the quantum process tomography. The matrix elements of �
γ

αβ are presented such that the rows
correspond to the indices αβ of the DE-plus-one-photon output state and the columns correspond to the index γ of the input DE state.
(d) The process map �

γ

αβ , calculated assuming the ideal protocol (CNOT and Hadamard gates), as in Fig. 1(d).
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of those six states, we use two Dcp(t) single-photon mea-
surements like the measurements displayed in Figs. 2(d)
and 2(g) for tomography. We then apply one cycle of the
protocol for each initialization and measure the resulting
spin-plus-one-photon states by projecting the first photon
onto different orthogonal polarization bases [30] and cor-
relating it with the Dcp(t) of the second photon. For charac-
terizing each of those six spin-plus-one-photon states, we
use 12 Dcp(t) two-photon correlations measurements like
the ones presented in Figs. 2(e) and 2(h).

To obtain the physical process map that best fits our
measured results, we use a specifically developed edge-
sensitive twisted-gradient-descent minimization method
(see Appendix B). It is well known that the space of physi-
cal completely positive (CP) maps can be identified with
a conelike space where any unitary process sits on an
extremal ray of the cone. To find the best CP fit of �

therefore requires minimization of a known function F
(representing minus log likelihood) over this cone. Gradi-
ent descent tries to find the minimum of a function F(x) by
going roughly along the gradient lines of F . Our developed
approach uses an edge-sensitive twisted-gradient descent
in order to prevent our gradient-descent solution from
getting stuck in the boundary of the physically allowed
conelike region.

Figures 3(c) and 3(d) present the physical CP-process
map obtained using this method. We compare the acquired
physical process with the ideal unitary process of the clus-
ter protocol. The fidelity [28,45] between the measured and
ideal process is 0.825± 0.01. We note that the obtained
fidelity is marginally better than in the previous demon-
stration, 0.81± 0.1 [28]. The slightly better fidelity reflects
the fact that during the threefold shorter time between the
optical excitations, the DE maintains its spin coherence
better. The uncertainty in the measured fidelity is evaluated
by propagating the statistical uncertainties in the single-
photon counts (typically 105 counts) and the two-photon
correlation counts (typically 7000 events). We note that
the obtained uncertainty here is an order of magnitude bet-
ter than that in Ref. [28]. The improved accuracy reflects
the facts that (a) we use here more statistics and (b) that
in Ref. [28], some density-matrix elements are deduced
from experiments in which two cycles of the protocol are
applied. The latter leads to quadratic dependence on the
physical process, in contrast to the linear dependence when
only one cycle of the process is applied, as is the case here.

IV. DISCUSSION

We characterize the robustness of the entanglement in
the 1D cluster state using the notion of localizable entan-
glement (LE) [47]. The LE is the negativity [46] between
two qubits in the cluster after all the other qubits are pro-
jected onto a suitable polarization basis. The LE decays

exponentially with the distance between the qubits [28,44]:

N (d) = Nnn exp (−(d − 1)/ζLE) , (6)

where Nnn is the negativity between nearest-neighbor
qubits, d is the distance between the qubits, and ζLE is
the characteristic decay length of the LE. In Fig. 4, we
plot using pink circles the LE in the state of a spin plus
N photons, obtained from the measured process map, as a
function of the distance between two qubits in the string.
As expected, the LE in the 1D cluster state decays expo-
nentially with the distance between the two qubits [44].
Figure 4 shows that the entanglement in the cluster per-
sists up to six photons. This presents an improvement over
Ref. [28], resulting from the reduction in the DE spin
decoherence between the optical pulses.

The negativity between two nearest-neighbor and next-
nearest-neighbor qubits can be directly obtained from our
quantum state tomography. The entanglement between the
DE and the photon emitted after one cycle of the proto-
col is obtained from the density matrix of the DE plus
one photon in Fig. 3(a), which has a negativity of N =
0.27± 0.03. This negativity is marked as a purple data
point in Fig. 4. Similarly, the spin-plus-two-photons three-
qubit state resulting from application of two cycles of the
protocol is represented by the three-qubit density matrix,
displayed in Fig. 3(b). The negativity of the density matrix
of the two external qubits, after projecting the central qubit

FIG. 4. The localizable entanglement (LE, pink circles) in the
generated state versus the distance between two qubits in the
string. The pink circles correspond to the LE between qubits
m and m+ d in the state of DE plus N photons obtained using
the measured process map. The dashed lines represent the best
fit to an exponential decay law N (d) = Nnn exp (−(d − 1)/ζLE),
where Nnn is the negativity [46] between nearest-neighbor qubits,
d is the distance between the qubits, and ζLE is the characteris-
tic decay length of the LE. The light-blue shaded area represents
one standard deviation of the uncertainty in the measurements
determining the process map. The purple and yellow data points
represent the directly measured LE of the DE and the first emitted
photon in a two- and a three-qubit string, respectively, acquired
from the complete tomographic measurements of those states
presented in Figs. 3(c) and 3(d).
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onto the X polarization basis, is N = 0.18± 0.05, marked
by the yellow point in Fig. 4.

We note here that the generation of the cluster state is
deterministic, namely, every laser pulse results in an entan-
gled photon emission, at a rate of over 1 GHz. Since the
light-harvesting efficiency of our system is currently only
about 1%, we detect sequentially three and four photons
at rates of a few hundred and just a few Hz, respectively.
Feasible improvement of the collection efficiency to about
50%, for example [48–50], will result in the possible detec-
tion of 20 sequentially emitted photons at a rate of a few
hundred Hz. In addition, by using the heavy hole instead of
the DE as an entangler, while optimizing its precession rate
by an externally applied magnetic field we have recently
succeeded in generating indistinguishable photons in a
cluster state while increasing the localizable entanglement
exponential characteristic decay length to ten photons [51].

In summary, we demonstrate a gigahertz-rate determin-
istic generation of entangled photons in a cluster state,
which is 3 times faster than previously demonstrated.
We develop a method for spin-multiphoton quantum state
tomography and for characterizing the periodic process
map that generates the photonic cluster state. Using this
method, we show that the enhanced cluster generation rate
also improves the robustness of the entanglement in the
generated multiphoton state. The measured process map
has a fidelity of 0.83 to the ideal one and the entanglement
in the cluster state persists up to six consecutive qubits. Our
studies combined with further feasible optimizations of the
device may lead to implementations of quantum communi-
cation and efficient distribution of quantum entanglement
between remote nodes.
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APPENDIX A: THE PROCESS LIKELIHOOD
FUNCTION

The basic (single-cycle) process taking the QD spin into
a spin plus an emitted photon is described by a process map
� taking a one-qubit state into a two-qubit state. Expand-
ing these quantum states in terms of Pauli matrices allows
us to write the map as

ρ =
∑

rμσμ �→ �(ρ) =
∑

rμφ
μ
νλσ

ν ⊗ σλ.

Here, φ
μ
νλ with μνλ ∈ {0, x, y, z} are 64 real coefficients

that define the process map �.

The trace-preserving condition Tr�(ρ) = Trρ∀ρ fixes
4 out of the 64 coefficients φ

μ
νλ, namely, it requires that

φ
μ

00 = 1/2δμ0. We wish to estimate the other 60 parameters
by finding the best fit to the experimental data.

In an experiment where the initial spin is �s and the emit-
ted photon is projected onto the state of spin [52] �p , we
would ideally expect the measured rate R of the photon
emission and the final spin �S to satisfy φνλμsμpλ = R Sν .
Here, s, p , and S are four vectors, the zeroth component
of which equals 1, and their spatial components are �s,
�p , and �S. Repeating such measurements for six different
spin polarizations �s and six different photon polarizations
�p gives 6× 6× 4 = 144 equations for the 60 unknown
components of �.

A straightforward approach to determining � is then
to use a least-squares method, minimizing the expression
F0 =

∑
p ,s,ν

1
�2

psν

[
φνλμsμpλ − R Sν

]2. Here, F0 is essen-

tially a Gaussian (or χ2) approximation of the log-
likelihood and �psν are the error estimates of the cor-
responding measurement. A slightly more sophisticated
approach would recall that the appearance of each of the
six initial polarizations �s in 24 different sums can poten-
tially make the errors correlated. One way to take this
into consideration is to use a more complicated square
sum constructed using a nondiagonal covariance matrix.
A completely equivalent method consists of defining new
variables �s′ representing the actually measured initial
polarization of the DE [29] and using the new sum of the
square-error function F̃0 = F̃0(φ, s′) defined by [53]

F̃0(φ, s′) =
∑

p ,s,ν

1
�2

psν

[
φνλμs′μpλ − R Sν

]2

+
∑

s

3∑

i=1

(
s′i − si

�si

)2

.

Minimization of this expression with respect to s′ yields
a standard square sum F0(φ) corresponding to the correct
nondiagonal covariance matrix. We look for a minimum of
F̃0(φ, s′) with respect to both the process map φ and the
initialization polarizations s′.

APPENDIX B: COMPLETELY POSITIVE
CONDITION AND TWISTED-GRADIENT

DESCENT

It is well known that to be physically acceptable, a pro-
cess map � must be CP. A process map is CP if and only
if the associated Choi matrix, which may be defined (up to
unimportant normalization factor) by

C� =
∑

φ
μ
νλ σμ ⊗ σ ν ⊗ σλ, (B1)
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is positive (semidefinite), C� ≥ 0. The bar over σμ denotes
complex conjugation and we make no distinction here
between lower and upper indices. In general, the Choi
matrix C� is a (complex) Hermitian 8× 8 matrix that may
be used as an alternative description of �.

Simple-minded naive minimization of F0 leads to a
process map that is not CP and hence not physically accept-
able. To understand why this happens, recall that our
process is very close to an idealized process that is unitary.
Any unitary process is an extreme point of the cone of CP
maps and has a rank-1 Choi matrix. In other words, for a
unitary process, seven out of the eight eigenvalues of the
Choi matrix vanish. Our �, being close to unitary, there-
fore has seven very small Choi matrix eigenvalues. It is
thus not surprising that very small experimental errors can
lead us to estimate some of these eigenvalues as negative,
in contradiction with the CP condition. (Had our � been
equal to the ideal unitary map, a small random error in each
eigenvalue would lead to a non-CP map with probability
127/128 = 0.992.) In other words, the encountered diffi-
culty is actually a good sign, indicating that our process
has quite low decoherence.

The finding of the best CP fit of � therefore requires
minimization of a known function F (representing minus
log likelihood) over the subset of CP maps [54,55], which,
as explained above, may be identified (through the Choi
representation) with the cone of positive matrices. This is
closely related to the extensively studied field of convex
optimization. We choose, however, to devise a method of
our own (explained below), which is a variant of the well-
known gradient descent and perfectly fits our needs.

Gradient descent tries to find the minimum of a func-
tion F(x) by going roughly along gradient lines of F . It
corresponds to a (numerically discretized) solution to the
equation d/dtxi = −gij ∂j F(x). The (inverse) metric ten-
sor gij is often taken to be the standard Euclidean metric
δij . Such a choice is not mandatory and, in fact, one may
choose any (positive) metric. We suggest using a smarter
choice of the metric in order to prevent our gradient-
descent solution from getting stuck in the boundary of the
physically allowed region.

It is easiest to understand our approach by considering
minimization over a simple region such as {(x, y) ∈ R

2 |
x, y ≥ 0}. In this case, our approach to the minimization
of F(x, y) would correspond to using iteration steps with
(�x, �y) ∝ (x∂xF , y∂yF). Assuming that both derivatives
of F are O(1), one sees that if our approximate estimate
(x, y) of the minimizer is very close to one of the bound-
aries, e.g., if it has x � 1 and y = O(1), then the next step
(�x, �y) would adapt to this fact by being almost paral-
lel to the y axis. One can then go a long, approximately
O(1), distance along this direction without crossing the
boundary. This is in contrast to hitting the boundary after a
distance O(x)� 1, as would result from using the standard
metric gij = δij .

Since the CP condition is easier to formulate in terms
of Choi matrices, let us consider the (square sum) function
that we want to minimize as a function F(A) over the (real
vector space) of Hermitian matrices [56]. The standard
Euclidean gradient of F may be identified with the matrix
∇F , the elements of which are (∇F)ij = ∂F/∂aji. (This
relation may be a bit confusing, since the elements aij of
A are complex.) An equivalent and possibly more rigorous
definition starts by expressing A as A =∑

aα�α , where
aα ∈ R and {�α} are some basis for the space of Hermitian
matrices, which is orthonormal in the sense Tr(�α�β) =
Nδαβ with some normalization N . Note that our A, being a
process Choi matrix, is already given to us in such a form
by Eq. (B1). One can then write ∇F =∑

�α∂αF .
The gradient that we use corresponds to a nonflat Riema-

nian metric and may be expressed as ∇̃F = √A(∇F)
√

A
(where ∇F is as above). We therefore look for a minimum
of F over the set of positive (semidefinite) matrices by
using a gradient-descent step of the form

A �→ A+�A, �A = −q
√

A(∇F)
√

A.

Here, q > 0 is a scalar chosen so that F(A+�A) is min-
imal under the constraint A+�A ≥ 0. Note that if ∇F =
O(1), then the positivity constraint allows q to remain
O(1) even if A is very close to the boundary of the
cone of positive matrices. All our process-map estimations
are obtained using this minimization scheme, which we
implement using MATHEMATICATM.

Although the basic method described above works rea-
sonably well, we find that some extra improvement [57]
is gained if after each step we push A slightly away from
the boundary of the allowed region by updating it as
A→ (1− ε)A+ 1/2εI with ε � 1. (We suspect that the
need for this step might be related to the finite precision
of the numerical calculations.) We increase or decrease
ε dynamically during the computation, depending on the
performance of the previous iteration step. In practice, ε

ranges between 10−4 and 10−10 and scales roughly as 2–3
times the minimal eigenvalue of A.

The modified gradient-descent method described here
is quite general and can be applied to any F(A).
In practice, our F(A) is of the form F(A) = F0(A)+∑3

μ=0 λμTr(A(σμ ⊗ I ⊗ I)), where F0(A) is the square
sum described in Appendix A and the second term consists
of four Lagrange multipliers required to enforce the nor-
malization condition [58] φ

μ

00 = 1/2δμ0. The values of the
multipliers λμ at each iteration step are easily determined
numerically by requiring that �A = −q

√
A(∇F)

√
A does

not break the normalization condition. This amounts to
demanding the partial trace Tr2,3(

√
A(∇F)

√
A) to vanish,

which is just a linear set of equations for λμ.
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APPENDIX C: COMPARISON BETWEEN
TWISTED AND

PROJECTED-GRADIENT-DESCENT METHODS

We compare our process-map reconstruction method to
an existing method [31,32]. We run our twisted-gradient-
descent algorithm and a projected gradient algorithm on
the same data, corresponding to a simulation of random
processes.

We choose (many) random unitary maps and add a small
amount of noise to obtain a (nonunitary) process map
� with low impurity (about 5%). Then, we simulate the
results of the experiment corresponding to this and calcu-
late an estimation for the process map (from the simulation
data) using four different cases:

(1) We use our twisted-gradient descent to look for the
minimum of χ2 ∼∑

(pi − fi)2/fi. Here, fi is a measured
frequency of a certain simulation, while pi is calculated
from the fitting method.

(2) We use our twisted-gradient descent to look
for a maximum of the log-likelihood function L ∼
−∑

(fiLog(pi/fi)). (According to the central-limit theorem,
L ∼ χ2. However, the equality is not exact for finite data.)

(3) We use the projected gradient descent to mini-
mize χ2.

(4) We use the projected gradient descent to maximize
the log-likelihood.

In these simulations, we ignore state-preparation-and-
measurement (SPAM) errors that exist in the actual exper-
iment. We typically use 1000 counts per measurement and

(a)

(c)

(b)

(d)

FIG. 5. A comparison between the twisted (red lines) and
projected (blue lines) gradient-descent methods using χ2 (solid
lines) and the log-likelihood (dashed lines) cost function: (a),(b)
the cost function; (c),(d) the infidelity (1− F , where F is the
fidelity) between the calculated and known processes. We aver-
age the cost and the infidelities over many random processes with
inflicted impurities of about 5%. The nth number in (a)–(d) is the
value attained after n iteration steps.

process purities of about 95%. We note that ensembles of
different purities may lead to different results.

Figure 5 presents a comparison between the four cases.
For each case, we calculate the cost function after each
iteration and since we know the true �, we also calculate
the infidelity (1− F , where F is the fidelity) between �

and its estimates, indicating the success of the method.
It seems that the cost function of our twisted-gradient-
descent method converges a little faster than the projected
gradient method, both for the χ2 and the log-likelihood
cost functions. The infidelity converges to the same value
(within the uncertainties) in all cases, as one expects. How-
ever, the convergence is faster in the twisted gradient than
in the projected method. It also appears that the differ-
ence in the convergence speed is more pronounced for the
log-likelihood than for the χ2.

To summarize the comparison, it looks as though the
twisted-gradient method has a small edge over the pro-
jected method, with the log-likelihood cost function having
a small advantage over χ2.
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Imamoğlu, Generation of heralded entanglement between
distant hole spins, Nat. Phys. 12, 218 (2015).

[28] I. Schwartz, D. Cogan, E. R. Schmidgall, Y. Don, L. Gantz,
O. Kenneth, N. H. Lindner, and D. Gershoni, Deterministic
generation of a cluster state of entangled photons, Science
354, 434 (2016).

[29] D. Cogan, G. Peniakov, Z.-E. Su, and D. Gershoni, Com-
plete state tomography of a quantum dot spin qubit, Phys.
Rev. B 101, 035424 (2020).

[30] D. F. V. James, P. G. Kwiat, W. J. Munro, and A. G. White,
Measurement of qubits, Phys. Rev. A 64, 052312 (2001).

[31] D. S. Gonçalves, M. A. Gomes-Ruggiero, and C. Lavor,
A projected gradient method for optimization over density
matrices, Optim. Methods Softw. 31, 328 (2015).

[32] E. Bolduc, G. C. Knee, E. M. Gauger, and J. Leach,
Projected gradient descent algorithms for quantum state
tomography, npj Quantum Inf. 3, 44 (2017).

[33] E. S. Tiunov, V. V. Tiunova (Vyborova), A. E. Ulanov,
A. I. Lvovsky, and A. K. Fedorov, Experimental quantum
homodyne tomography via machine learning, Optica 7, 448
(2020).

[34] D. Cogan, O. Kenneth, N. H. Lindner, G. Peniakov, C.
Hopfmann, D. Dalacu, P. J. Poole, P. Hawrylak, and D. Ger-
shoni, Depolarization of Electronic Spin Qubits Confined
in Semiconductor Quantum Dots, Phys. Rev. X 8, 041050
(2018).

[35] D. Loss and D. P. DiVincenzo, Quantum computation with
quantum dots, Phys. Rev. A 57, 120 (1998).

[36] D. P. DiVincenzo, The physical implementation of quantum
computation, Fortschritte der Physik 48, 771 (2000).

[37] E. R. Schmidgall, I. Schwartz, D. Cogan, L. Gantz, T. Hein-
del, S. Reitzenstein, and D. Gershoni, All-optical depletion
of dark excitons from a semiconductor quantum dot, Appl.
Phys. Lett. 106, 193101 (2015).

[38] E. Poem, Y. Kodriano, C. Tradonsky, N. H. Lindner, B.
D. Gerardot, P. M. Petroff, and D. Gershoni, Accessing the
dark exciton with light, Nat. Phys. 6, 993 (2010).

[39] I. Schwartz, E. R. Schmidgall, L. Gantz, D. Cogan, E.
Bordo, Y. Don, M. Zielinski, and D. Gershoni, Deter-
ministic Writing and Control of the Dark Exciton Spin
Using Single Short Optical Pulses, Phys. Rev. X 5, 011009
(2015).

[40] I. Schwartz, D. Cogan, E. R. Schmidgall, L. Gantz, Y. Don,
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