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Abstract | Non-equilibrium topological phenomena can be induced in quantum many-body
systems using time-periodic fields (for example, by laser or microwave illumination). This Review
begins with the key principles underlying Floquet band engineering, wherein such fields are
used to change the topological properties of a system’s single-particle spectrum. In contrast

to equilibrium systems, non-trivial band structure topology in a driven many-body system does
not guarantee that robust topological behaviour will be observed. In particular, periodically
driven many-body systems tend to absorb energy from their driving fields and thereby tend to
heat up. We survey various strategies for overcoming this challenge of heating and for obtaining
new topological phenomena in this non-equilibrium setting. We describe how drive-induced
topological edge states can be probed in the regime of mesoscopic transport, and three routes
for observing topological phenomena beyond the mesoscopic regime: long-lived transient
dynamics and prethermalization, disorder-induced many-body localization, and engineered
couplings to external baths. We discuss the types of phenomena that can be explored in each

of the regimes covered, and their experimental realizations in solid-state, cold atomic, and

photonic systems.

Recently developed experimental tools for probing and
controlling quantum systems provide access to quan-
tum many-body dynamics on time and length scales,
and with levels of precision, that were nearly unimag-
inable just a few decades ago. In addition to enabling
deep new insights into the properties of quantum mate-
rials, these tools allow us to explore fundamentally new
regimes of quantum many-body dynamics. On a prac-
tical level, laser and microwave driving fields also open
the possibility of dynamically controlling and modifying
quantum material properties ‘on demand’.

As briefly outlined below, Floquet theory” provides
a powerful framework for analysing periodically driven
quantum systems; for this reason, the names ‘period-
ically driven systems’” and ‘Floquet systems’ are used
interchangeably. Of particular interest for this Review,
periodic driving provides means to manipulate the
dispersion and geometry of (Floquet)-Bloch bands in
atomic’ or electronic® systems with periodic lattice
potentials. Inspired by the recent discovery of topolog-
ical insulators (TIs)’, a series of early works developed
the notion of a ‘Floquet topological insulator’ (FTI): by
appropriately choosing the drive frequency, amplitude
and symmetry, periodic driving can be used to change

the topological features of a system’s Bloch bands®°.

Crucially, while a periodic drive may be used to
induce a topologically non-trivial Floquet band struc-
ture for electrons or cold atoms, this is not enough to
ensure that the system displays physical properties that
one might expect or hope to produce by analogy with
equilibrium TIs. The Floquet bands provide the stage on
which the system’s dynamics play out; the physical prop-
erties of the system are determined by the many-body
state that is obtained. In particular, realizing behaviour
akin to that of an equilibrium TI requires obtaining
a many-body state that resembles that of a conven-
tional band insulator (which is characterized by having
all bands either completely filled or empty). Finding the
conditions in which a periodically driven system can
host a stable stationary (or nearly stationary) state with
non-trivial topological characteristics is therefore one of
the central challenges in the field.

Importantly, in the absence of coupling to an exter-
nal environment, it is widely believed that a generic,
closed, periodically driven quantum system contain-
ing many interacting particles will absorb energy from
the driving field and increase its local entropy density,
tending towards a featureless state at long times in
which all local correlations are fully random (as in an
infinite-temperature state)''*. In such a state, no topological
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Key points

* Time-periodic fields provide a versatile platform for inducing non-equilibrium
topological phenomena in quantum systems.

* In contrast to equilibrium systems, non-trivial band structure topology does not
guarantee that robust topological behaviour will be observed in a many-body system.

e Various strategies can be employed to obtain novel topological phenomena in this
non-equilibrium many-body setting.

¢ Driving-induced topological edge states can be revealed through (non-quantized)

mesoscopic transport.

* Working in regimes where heating rates are strongly suppressed allows robust
topological behaviour to be observed in long-lived transients.

* Many-body localization due to strong disorder provides a mechanism for completely
eliminating heating in certain types of systems, allowing a sharp delineation of
intrinsic phases of many-body Floquet systems.

* Bath engineering provides a powerful means for ensuring that the topological
properties of a driven system coupled to its natural environment are reflected in

its steady state.

phenomena can persist. Therefore, to stabilize non-
trivial topological phenomena in Floquet systems, it is
necessary to develop strategies to avoid such heating.
Exceptions to the runaway heating scenario, for example,
based on localization in energy space'*™' or finite-size
effects'®, are also being explored.

A variety of approaches for stabilizing FTIs and
other Floquet phases such as Floquet time crystals
are being investigated, leveraging regimes of high-or
low-frequency driving, disorder-induced localization,
and/or bath engineering. In this Review, we outline the
main principles underlying these approaches, and some
of the key results obtained so far.

Over the past decade, work on Floquet systems
has developed in a number of interesting directions,
including Floquet engineering of magnetic and other
strongly correlated phases'”*, as well as the formula-
tion of topological classifications™~*! and notions of
symmetry-breaking®~** and symmetry-protected topo-
logical phases in non-equilibrium quantum many-body
systems™*%. These developments motivated investiga-
tions of fundamental questions in non-equilibrium quan-
tum dynamics, including the manifestations of ergodicity
and localization, and the dynamics of (pre)thermaliza-
tion in the unitary evolution of quantum many-body
systems, which naturally arise and can be addressed in
many-body Floquet systems*. Many of these directions
have been explored experimentally in cold atoms***°,
photonics* and solid-state systems**. In this Review,
we primarily focus on FTIs and their realization in
solid-state, cold atomic and photonic systems.

Our goal in this Review is to provide a pedagogical
introduction to key concepts underlying the forma-
tion and topological characterization of Floquet-Bloch
bands, and their physical manifestations. In illustrating
these principles, we further aim to give a broad over-
view of key results in the field. Many topics have been
approached in different ways by different groups; we
will not be able to cover all alternative points of view
on each topic, but will provide relevant references to
original sources and other reviews. Additional key tech-
nical details that we expect will be of particular interest
for those who wish to begin working in this field can

be found in “The Floquet engineer’s handbook™*’, which
serves as Supplementary information to this Review.
The document will be periodically updated with
additional content.

Floquet band structure engineering
We now briefly describe how time-periodic driving can
be used to modify the band structure of a quantum par-
ticle moving in a spatially periodic lattice potential. The
question of how such bands are populated, and a detailed
discussion of observables, are addressed in later sections.

The essentials of Floquet theory, including key defini-
tions used below, are summarized in BOX 1. To illustrate
the principles of Floquet band engineering we consider a
2D Dirac mode subjected to a uniform, circularly polar-
ized driving field. This model captures the dynamics for
crystal momenta in the vicinity of a gapped or gapless
Dirac point and provides a building block for describ-
ing Floquet engineering in 2D systems such as graphene
and transition metal dichalcogenides, as well as 3D TIs.
For any given system, the net topological effect of the
driving field is determined by its action throughout
the entire Brillouin zone, which may include several
such Dirac points.

For each value of the momentum k= (k,, k), the
evolution of the system is described by the Bloch
Hamiltonian

Hyp(k 1) = vk + eA(1)] - o+ éaz, (1)

where ¢ is time, v is the velocity of the Dirac electrons,
A is the vector potential, -e is the electron charge, o,
0, and o, are Pauli matrices describing either spin or
orbital pseudospin indices, with 6= (0, 0,), and A is
the energy gap at k=0. In the absence of driving, H,,
gives rise to dispersion relations E (k) and E (k) for
the conduction and valence bands, respectively, with the
pseudo-relativistic form E_ (k) =+ (Avk)” + (A/2)*-
In this expression, + and — correspond to the conduction
and valence bands, respectively, and k=1k .

For simplicity we consider a left-hand circularly
polarized driving field described by the vector potential
A(t)=A(coswt, sinwt), with driving amplitude A;and
driving frequency w. To endow the model with a finite
bandwidth, W, we impose a simple cut-off on k such that
|E(k)I < W/2. In practice, the form of the Hamiltonian
and its eigenstates at large values of k, which are impor-
tant for topological properties, must be found by
stitching together multiple Dirac valleys or through a
proper termination that respects the periodicity of the
Brillouin zone.

For a system with two bands, as described in equa-
tion 1, band topology can be visualized geometri-
cally in terms of a unit vector fi(k) that relates the
band eigenstates ly/(k)) to points on the Bloch sphere:
1, (k) = (y(K)lo ly(k)), where o labels the Cartesian
directions x, y and z. In terms of fi(k), the integer-valued
Chern number C that characterizes the topology of a
given band simply corresponds to the net number of
times that fi(k) covers the Bloch sphere as k scans over the
entire Brillouin zone, C= i - d*k - (0 Aix 8kyﬁ).
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Box 1 | Floquet-Bloch theory basics

Time evolution in a periodically driven quantum system is governed by the Schrodinger
equation

iﬁ%lw(t)) =H(Oy(t)), H(t)=H(t+T), (3)

where |y(t)) is the state of the system at time t, and the time-dependent Hamiltonian
H(t) is periodic in time, with driving period T. The driving frequency is defined as w=27/T,
although higher harmonics may be involved. According to Floquet’s theorem?, the
Schrédinger equation 3 admits a complete set of orthogonal solutions of the form
|y(t)) = e‘ietlﬁ|®(t)), with|®(t)) = |D(t + T)). Here the quasienergy, ¢, plays a role analogous
to that of the energy of a Hamiltonian eigenstate in a non-driven system. Owing to the
periodicity of |®(t)), it is often useful to express|y(t)) in terms of a Fourier series:

|V/(t)> _ efist/fz, Z efimwt|¢(m)>. (4)

The Fourier sideband components {|¢(m))} encode the dressing of the system’s states
by the drive, where the integer m labels the different sideband components. Here, m
indicates sideband harmonics and w is the frequency of the probing field.

The Floquet spectrum (also known as the quasienergy spectrum) is determined by the
one-period evolution operator U(T) = Pe /]y dtHO \where P denotes time ordering
(also known as path ordering): U(T)|y(0)) = e'fsT/hltp(O)). For a particle moving in a
crystalline lattice potential, the Floquet spectrum is organized into bands, analogous to
those of a non-driven system*'7“.

In direct analogy with the emergence of a crystal momentum Brillouin zone for a
particle in a periodic potential, all independent solutions of the Schrédinger equation
may be indexed by quasienergy values that fall within a single Floquet-Brillouin zone,
&y < €< &, + hoo. (Note that e T/ — 7T /H g 4y integer n.) In this Review,
we take ¢, =0 ore,;, = — hw/2, depending on the context. The unique topological
phenomena that occur in Floquet systems, without analogues in equilibrium, owe their
existence to the periodicity of quasienergy.

For many cases, it is useful to relate the Floquet operator U(T) to the evolution of a
system with a static, effective Hamiltonian, H_: U(T) = e MefiT/" The stroboscopic
evolution described by U(T) is identical to that described by evolution with H_ for
time T. In this Review, we first present two simple cases where the effects of the driving
field can be considered perturbatively, allowing the properties of H, to be heuristically
inferred. These cases show that even a weak drive can be used to construct an effective
Hamiltonian with topological properties that differ from those of the system in the
absence of driving. Beyond the weak-driving regime, Floquet-Bloch systems may show
avariety of interesting properties, which are highlighted in this Review.

The integrand in this expression is the band’s Berry
curvature®. The goal of topological Floquet band engi-
neering is to dynamically manipulate the configura-
tions of A(k) in momentum space to induce transitions
where, for example, fi(k) exhibits a trivial configura-
tion for the non-driven system (C = 0), but is non-trivial
for the system’s Floquet bands in the presence of the
drive (C#0).

We now introduce two key paradigms for inducing
topological transitions through, first, off-resonant and,
second, resonant driving fields. For gapless systems such
as graphene, an off-resonant drive can be used to open
a gap and thereby induce non-trivial topology in the
system’s band structure®'. For a gapped system, such as
a band insulator or a semiconductor, a resonant drive
may be used to induce a band inversion'’*. In both
cases, as we now explain, the form of the drive and the
properties of the material’s original band structure deter-
mine the topology of the Floquet bands in the presence
of the drive.

We first consider the case of gap opening by an
off-resonant drive, using graphene as an example.
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In graphene, the band structure near zero energy is
characterized by two Dirac valleys centred at the K
and K’ points at opposite corners of the Brillouin zone.
In valley K, the band structure is described by H,, in
equation | with A=0; the Hamiltonian near K’ is sim-
ilar, with g, —» — ¢,. If the drive frequency, iiw, is large
compared with the single-particle bandwidth, W, such
that 7w >> W, the drive cannot resonantly couple states
in the valence and conduction bands for any value of
k in the Brillouin zone (FIG. 1a). In this case, the drive
lifts the degeneracies at the Dirac points where the
valence and conduction bands touch. At k=0, rela-
tive to the Dirac points in the K (+) and K’ () valleys,
the Hamiltonian takes the simple form of a pure rotat-
ing field: Hyp(k=0,t)=A, cos(wt)a,t A, sin(wt)a,.
Although the time average of H;(k=0, ¢) vanishes, the
fact that the Hamiltonian does not commute with itself at
different times leads to the emergence of a term propor-
tional to o, in the corresponding effective Hamiltonian®',
H,; (see BOX | for definition). This term opens up a gap,
Ay, at the Dirac points (FIG. 1a). For further insight into
this mechanism of gap opening through an off-resonant
drive, see Supplementary information®.

Importantly, the signs of the g, terms induced by the
circularly polarized field are opposite in the two valleys.
Due to the opposite signs, the induced Berry curvatures
add together to yield Floquet bands with non-vanishing
Chern numbers®”', C = £ 1. The approximate magnitude
of the induced gap can be inferred from second-order
perturbation theory: through virtual absorption and
emission of a photon from the driving field, a splitting
of magnitude Ay = 2(71V€|E0|)2/(ha))3 is induced, where
|E | =1A,|/ wis the electric field amplitude of the drive*".

For a trivial band insulator or semiconductor, in
which the bands are separated by an energy gap A, chang-
ing band topology requires inducing a band inversion.
Such a band inversion can be created in the Floquet spec-
trum (see BOX 1 for definition) by using a resonant drive
with a frequency larger than the bandgap and smaller
than the bandwidth'®, W, such that A < iw < W. In this
regime, the drive resonantly couples states on the k-space
‘resonance ring, E (k) — E, (k) = fiw. The effect of the res-
onant drive is most easily visualized by transforming to
arotating frame: [y (1)) = R(®)|y (1)), with R(t) = e 7',
where P_is a projector onto the (unperturbed) negative
energy band of H, in equation | with A=0. In the
rotating frame, the lower band is shifted up in energy
by Aiw (FIC. 1b). The driving field (which obtains a d.c.
component in the rotating frame) induces a Rabi-like
splitting between the two bands, opening a Floquet gap
proportional to |El/w all the way around the resonance
ring. Within the rotating-wave approximation, remain-
ing oscillating terms in the rotating frame are discarded;
these residual terms are responsible for multiphoton res-
onances, which are discussed later. For momenta within
the resonance ring defined above, the spectrum obtained
from the rotating-wave approximation closely matches
that of H_; defined in BOX 1.

Importantly, the characters of the states near k=0
(which may be either valence-band-like or conduction-
band-like) in the reconfigured upper and lower bands
described above are swapped compared with those of
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Fig. 1| Floquet band engineering for gapless and gapped systems. a | Off-resonant
driving for a gapless system, with iw > W, where hw is the driving frequency and Wis
the bandwidth. The energy dispersion £ is plotted as a function of momentum k= (k, k).
Circularly polarized light induces a gap in a 2D Dirac dispersion via an off-resonant
process involving the absorption and re-emission of a drive photon. The induced gap is
proportional to the intensity of the driving electric field, |[E,|*. The induced Berry curvature
is concentrated near the band extrema. For graphene, the K and K’ valleys exhibit Berry
curvatures with identical signs (determined by the handedness of the drive), leading to
Chern numbers of +1 of the Floquet bands in the absence of resonances. b | Resonant
driving for a gapped system, with A < iw < W, where A is the energy gap in the absence
of the drive. Consider a spin—orbit coupled direct bandgap semiconductor subjected

to circularly polarized light. In a rotating frame, the drive opens a gap along the contour
of resonant transitions between the valence and conduction bands. The bands obtained
in the rotating-wave approximation exhibit a band inversion. ¢ | For a two-band system,
the Chern number is equal to the winding number of the pseudospin (k) of the Floquet
bands around the polar axis of the Bloch sphere as the momentum k traverses the reso-
nance contour. When the pseudospin winding of the original bands and the polarization
of the driving field (right-hand polarized, RHP, or left-hand polarized, LHP) have the same
chirality, (k) acquires a winding of £2. When the chiralities are opposite, the winding
(and hence Chern number) vanishes.

the non-driven system (FIC. 1b). However, to determine
whether a topological band inversion has occurred, it is
necessary to check the behaviour of i(k) over the entire
Brillouin zone. For a topological transition to occur, the
Floquet bandgap must close somewhere in the Brillouin
zone as the driving frequency is swept from values
hw < A, where there is no single-photon resonance, to
hw> A, where the characters of the bands near k=0
are swapped. A gap closing occurs for the Dirac model
(equation 1) if the matrix element coupling the two bands
in the rotating frame vanishes at k=0. For a gapped
graphene or transition metal dichalcogenide-like sys-
tem with two valleys as described above, with A>0 and
a left-hand circularly polarized drive, a non-vanishing
coupling persists at k=0 in valley K; thus the two bands
always repel and the gap never closes. In valley K’,

however, the coupling vanishes at k=0, thus allowing
a gap closing and true band inversion to occur®. By
explicit calculation one can check that in this case the
phase of the coupling winds twice (that is, through 4m) as
k goes around the resonance ring; as a result, the Chern
numbers of the Floquet bands differ by +2 from those
of the non-driven system'’. Similar considerations apply
for A <0 or for a right-hand polarized drive (FIG.10).

Many aspects of Floquet engineering of topolog-
ical bands have been studied both theoretically and
experimentally. Graphene irradiated with mid-infrared
circularly polarized light exhibits both the resonant
and off-resonant gap-opening mechanisms described
above®°. At lower frequencies, multiphoton reso-
nances between the valence and conduction bands affect
both the magnitudes of and the numbers of edge states
traversing the Floquet gaps at quasienergies e=0 and
e=hw/2 (REFS**). Strong drive amplitudes may lead to
new topological transitions, which are not captured by
the perturbative arguments discussed here**. Further
works have described new driving mechanisms, such as
driving through the phonons of honeycomb lattices®’,
as well as topological Floquet engineering in 1D%~** and
3D%-%, A variety of approaches for inducing topolog-
ical states have been explored in photonics*, acoustics®”
and cold atoms in optical lattices™*>7*"",

Topology of Floquet bands

In simple cases, such as in the limit of high-frequency
driving, the effective Hamiltonian approach fully cap-
tures the topological features of Floquet-Bloch bands.
In these cases, the existence of topological edge states at
sample boundaries may be inferred by computing the
standard non-driven system invariants for the Floquet
bands™”’. However, there are many important cases
where this approach fails. From a conceptual point of
view, these cases reveal the possibilities for realizing
qualitatively new types of topological phenomena in
periodically driven systems.

The main reason why an effective Hamiltonian may
fail to capture the topological features of a Floquet-Bloch
system is that the spectrum of a Hamiltonian is defined
on the entire real line, whereas a Floquet spectrum is
defined on a compact (periodic) Floquet-Brillouin zone.
Owing to the periodicity of quasienergy in a Floquet sys-
tem, there is no top or bottom of the spectrum and a
continuous band of quasienergies may wind around the
Floquet-Brillouin zone an integer number of times as any
crystal momentum component traverses the Brillouin
zone (FIG. 2a); no such notion of winding exists for energy,
which is defined on an open domain.

The physical importance of quasienergy winding is
transparently manifested for 1D systems. In 1983, David
Thouless showed that the charge pumped through a
gapped 1D system subjected to a cyclic, adiabatic modula-
tion of parameters is quantized in units of the fundamental
charge, per driving cycle™. The quantization is of a topo-
logical nature and is insensitive to the details of the driving
cycle, provided that the gap remains open (and thereby
that adiabaticity is preserved) throughout the cycle.

In thelanguage of Floquet bands, Thouless’ quantized adi-
abatic charge pump described above, often simply referred
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to as the Thouless pump, precisely corresponds to the case
where the quasienergies exhibit a non-trivial winding as
the crystal momentum k runs from —n/a to n/a, where
a is the lattice constant of the system (FIG. 2b). The quan-
tization of pumped charge follows from the fact that the
average group velocity of a Floquet band, 7, is proportional
to the quasienergy winding number of the band, WW:

5o Face o,
5 2nh dk

where T is the driving period (BOX 1). Thus, for a fully
filled band, the average particle displacement over one
period, Ax= 17gT, is equal to the integer WV times the
lattice constant, a. In each cycle, W units of charge are
pumped through the system’.

The notion of quasienergy winding suggests a natural
form for a topological invariant of the Floquet operator

Uy, T) = Pe- @M J, dt otk

a Non-driven Driven

&

REVIEWS

where P denotes time ordering (also referred to as
path ordering) and H (k) is the time-periodic Bloch
Hamiltonian of the 1D system”:

1}_1
127'[

dk Tr[U,p(k, T)'i0, Uy p(k, T)].

The invariant v, is a special case of the GNVW index,
defined for a generic local unitary time step operator
in a 1D system”. Physically, v, counts the net winding
number of all of the Floquet bands of U, ,(k,T); accord-
ing to the arguments above, it captures the net flow of
particles generated by the time evolution of a system in
which all fermionic modes are filled. Interestingly, the
3D generalization of this winding number” is linked to
magneto-electric pumping’®”’.

Although there are local unitary operators for which
the GNVW index can take non-zero values, these
indices must vanish for any unitary evolution arising
from time evolution under a finite, local Hamiltonian

b hw

Quasienergy

N
~
Q‘F"\/‘

NFy

(2]
S F
~|E

Quasienergy
Quasienergy

Quasienergy

_hw _hw
2 k, 2

k T2 k,

Tuning parameter (driving period)

Fig. 2 | Topological features of Floquet bands without analogues in non-driven systems. a | In a non-driven system, the
energy spectrum E(k) is real-valued. The sketch on the left shows energy, E, as a function of the electronic crystal momentum,

k, for a one-dimensional system. As shown on the right, with periodic driving, the quasienergy spectrum &(k) is periodic and
thus Floquet bands may exhibit a topological quasienergy winding as k traverses the Brillouin zone,—t/a < k < Tt/a. Here, a is
the lattice constant of the system. b | Floquet band description of Thouless’ quantized adiabatic charge pump. Quantized
pumping arises from a fully filled chiral Floquet band with non-trivial winding. Such bands with non-trivial winding are
obtained in the adiabatic limit, where hybridization between counterpropagating Floquet modes vanishes. ¢ | Floquet
zone-edge topological transition in a 2D system that in the absence of driving hosts bands with Chern numbersC=+ 1.

When the driving-field photon energy, fiw, is larger than the bandwidth, W, the drive has only a small quantitative effect on
the band structure (left). As the driving period is increased, thus lowering fiw, the top and bottom of the spectrum meet at the
Floguet zone edge when fiw = W, where W is the bandwidth (middle). When the driving period is increased further, a gap may
open at the Floquet zone boundary, resulting in Floquet bands with C = 0 (right). Despite the fact that the Chern numbers of
all bands vanish, topologically protected anomalous chiral edge states propagate along system boundaries.
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(in strictly 1D), see Supplementary information®. For the
Thouless pump, this implies that the quasienergy spec-
trum must host bands with winding numbers of oppo-
site sign, which necessarily cross (FIG. 2b). Generically,
these crossings are avoided owing to hybridization,
yielding bands with trivial winding (V= 0). However,
these hybridization gaps close exponentially in 1/w as
w — 0, allowing chiral bands (with W # 0) to emerge in
the adiabatic limit.

In addition to opening the possibility for quasienergy
winding of individual Floquet bands, the periodicity of
quasienergy also provides new channels through which
topological transitions can occur. In a non-driven sys-
tem, a topological transition occurs through the closing
and reopening of the bandgap as a parameter (such as
quantum well width”) is tuned through a critical value.
In a driven system, there is an additional gap at the
Floquet-Brillouin zone edge (¢ = £ hw/2), which allows
the closing and reopening of a degeneracy between the
bottom of the lowest Floquet band and the top of
the highest band, for a given choice of Floquet zone.
Through the closing and reopening of the quasienergy
gap at the Floquet-Brillouin zone edge, novel topolog-
ical phases without analogues in equilibrium systems
can be realized in periodically driven systems. The top-
ological properties of such systems cannot be captured
by the topological invariants (such as Chern numbers)
that characterize equilibrium, non-driven systems; they
are therefore referred to as anomalous Floquet phases.

A topological transition leading to an anomalous
Floquet phase is illustrated in FIC. 2c. In the absence of
driving, the system hosts topologically non-trivial bands
with Chern numbers +1 (left panel). With driving, the
Chern numbers of both of the resulting Floquet bands
become trivial, C=0 (right panel). Crucially, despite
finding trivial topological indices for the Floquet bands
of U(T), the system remains topologically non-trivial. To
see this, consider the fate of the topological edge states
that existed in the gap of the system before the driving
was introduced. Throughout the sequence of driving fre-
quencies considered in FIG. 2¢, the original gap (between
the bottom of the conduction band and the top of the
valence band) never closes; therefore, the transition to
the configuration with C=0 cannot cause the original
edge states to disappear. From general arguments about
spectral flow; the net chiralities of edge states above and
below a given band must be equal to the Chern number
of the band”*. Thus, we conclude that the system must
host chiral edge states in both of its gaps, near e=0 and
&= *hw/2, despite having trivial Chern indices. In such
cases, the non-trivial topology of the Floquet system is
encoded not in the bulk Floquet spectrum itself, but
rather in the micromotion that occurs within the driv-
ing period*~*"*'. Topological edge states that appear in
systems with trivial Floquet operators are referred to as
anomalous edge states.

As the example above shows, the Chern numbers
of Floquet bands do not provide sufficient topological
information to predict the absolute numbers of chiral
edge states that appear within each gap. This is true both
for anomalous phases with vanishing Chern numbers,
described above, and for systems with non-vanishing

Chern numbers. In particular, this subtlety arises when
single-photon or multiphoton resonances are involved.
The extension of the topological characterization of
Floquet systems to include symmetries is discussed
in BOX 2.

Experimentally, the unique aspects of topology
in Floquet systems, which do not have analogues in
non-driven, equilibrium systems, have been investi-
gated for optical, cold atomic and solid-state systems.
In the optical domain, 1D discrete-time quantum walks
with chiral symmetry provided the first demonstration
of anomalous ‘0" and ‘7’ edge states®. Waveguide arrays
with periodic modulations along the propagation axis®,
and microwave resonator arrays* have also been used
to demonstrate the emergence of anomalous topolog-
ical Floquet edge modes in 1D* and 2D***%_ In cold
atoms, 1D Thouless pumps realizing non-trivial qua-
sienergy winding were recently realized in fermionic*
and bosonic* systems. Realizations of 2D anomalous
phases (FIG. 2¢) have been proposed for cold atoms”’.
One-dimensional systems with ‘0" and ‘n/T” Majorana
modes have also been proposed to be realized for
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systems of cold atoms® and Josephson junctions®.

Many-body dynamics in Floquet systems

The discussion so far has focused on single-particle
Floquet-Bloch bands in the presence of a drive. Whether
the Floquet bands provide a useful starting point for
describing the dynamics of the system depends on the
extent to which the physical properties of the system are
simply described within this basis. The remainder of this
Review is devoted to characterizing the physical proper-
ties and observables of periodically driven many-body
systems, and the conditions under which driving allows
new topological phenomena to be observed via transport
or spectral measurements.

Mesoscopic transport in Floquet systems. We now dis-
cuss signatures of drive-induced topological Floquet
edge states in mesoscopic transport. The mesoscopic
setup consists of a driven electronic system that is con-
nected to two or more leads. The driving field acts only
on the system and does not directly affect the leads.
The electrons within each lead, A, are assumed to be
described by a Fermi-Dirac distribution with a well-
defined chemical potential and temperature. We focus
on the regime where the transit time for an electron
through the system is short compared with the times-
cales associated with electron-electron scattering and
inelastic scattering due to coupling to phonons or other
environmental degrees of freedom. Under these con-
ditions, the electronic state within the system is fully
controlled by the distributions in the reservoirs, and the
system’s two-terminal or multi-terminal conductance is
given by the Floquet-Landauer formula.

The Floquet-Landauer approach has been used
to study transport through a variety of topological
driven systems’"***"**%, For a non-driven system, the
Landauer formula relates current to the Fermi dis-
tributions of the leads and to the energy-dependent
transmission probability (for the case of two-terminal
transport), 7(E), where £ is the energy of the incoming
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(or outgoing) states. In a driven system, electrons may
coherently absorb or emit energy in multiples of the
driving field quantum 4w as they pass through the
system. As a result, the transmission probabilities
Tgi(&') and Tgl){(é') between the left (L) and right (R)
leads depend on the incident energy £ and an additional
integer-valued index, j, that counts the net number of
photons absorbed during the electron’s transit through
the system. The difference between energies of the
incoming and outgoing states is equal to jw. In terms of
the Floquet transmission probabilities, the two-terminal
current (from the left lead to the right lead) is given by:

1==% [ dETITRES O -TRELE) )
j

where £,© and fr(&)are the Fermi-Dirac distributions
in the left and right leads, respectively, and & is Planck’s
constant.

The transmission probabilities 7° gi(é’) and 7 (le){(é')
can be expressed in terms of the Floquet Green’s func-
tion of the open, driven system (including the effects
of its coupling to the leads)”. Through this connection,
transport through the driven system can be related to its
quasienergy spectrum; in particular, this formalism and
its generalization for multi-terminal transport provide
the basis for describing the transport signatures of Flo-
quet gap opening and the appearance of topological
Floquet edge modes™***"*=7,

The two-terminal transport signatures of drive-
induced topological gap opening in graphene®’' are
more subtle than one may anticipate based on analogies
to equilibrium topological materials”. In the case of a

Box 2 | Symmetries and topology in Floquet systems

As in non-driven systems, the time-reversal, particle-hole and chiral symmetries'’®

that distinguish topological classes can also be implemented in Floquet
systems?®#920.20388L99.176-180 A natural way to ensure that the Floquet operator U(T) obeys
one or more of these symmetries is to impose certain conditions on the evolution
operator over all intermediate times 0 <t < T, where t is time and T is the driving period.
For example, particle-hole symmetry can be ensured by requiring that the
instantaneous Hamiltonian (and hence the evolution operator U(t) for all0 < t < T) itself
possesses particle-hole symmetry”*“ This condition is automatically satisfied for the
mean-field (Bogoliubov-de Gennes)*** evolution describing any superconducting
system. Time-reversal and chiral symmetries can be implemented by enforcing time
non-local symmetries on the evolution?#-***’¢: U(t) = SU(t, — r)U*(t*)S'l, wheret,
denotes a special point in the driving cycle, and chiral (time-reversal) symmetry is
ensured by taking S to be a unitary (antiunitary) operator. With the Altland-Zirnbauer
symmetry classes implemented in this way for the driven case, the same classes allow
for topologically non-trivial bands with and without driving”?°. Importantly, however,
driven systems support a richer set of possibilities within each non-trivial symmetry
class, owing to the possibility of different micromotion phases that may host anomalous
edge states’*! (see main text). Moreover, new types of non-symmorphic spacetime
symmetries (combining time translations with spatial symmetry operations) may also
protect topological features of Floquet-Bloch bands**=%*.

Prominent examples of anomalous Floquet phases in the presence of symmetries have
been discussed for 1D systems®*#%/7:1¥515_ These systems host new types of topological
bound states at sample edges, with protected quasienergy values of 0 and/or fiw/2.
When both 0 and T modes are present simultaneously, the spectrum exhibits a
protected quasienergy splitting of iw/2 that gives rise to robust oscillations with
precisely twice the driving period (see main text for the connection to Floquet time
crystals). In the superconducting case, these n-Majorana modes may yield new routes
to braiding non-Abelian particles in a strictly 1D system'®’.
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low-frequency driving field, with Ziw much less than the
bandwidth, the graphene band structure must be folded
down several times to fit within a single quasienergy
Brillouin zone. Therefore, in addition to the Floquet
gap opened at the original Dirac point of the non-driven
system, a hierarchy of increasingly small gaps and associ-
ated edge states, resulting from even-order multiphoton
resonances, appear near zero quasienergy’”'”’. Transport
through the edge states appearing at zero quasienergy
yields a non-zero conductance in the large-system size
limit. However, in contrast to equilibrium quantum Hall
systems, this conductance is not quantized™.

The reason why chiral Floquet edge modes may not
give rise to quantized transport is related to the way that
the Floquet edge states couple to the electronic states
of the leads’**°. In particular, the spectral weight of a
Floquet state with quasienergy ¢ is spread across many
sideband components ¢™) (see equation 4 in BOX 1),
with energies e + mhw. This spread of energies leads to
a complicated relationship between the chemical poten-
tials of the source and drain leads and the populations of
the Floquet edge states. The resulting populations do not
respect the conditions that yield quantized transport in
equilibrium quantum Hall systems.

The time-averaged spectral function (see
Supplementary information® for definition and detailed
discussion) provides a helpful way of visualizing the
spectral weights of the Floquet states and how they cou-
ple to incoming and outgoing states at specific energies
in the non-driven leads. We illustrate the time-averaged
spectral function for graphene under circularly polar-
ized light in FIG. 3a. The Floquet edge states in the gap
opened at the Dirac points are built primarily from states
near zero energy and can efficiently couple to states in
the lead near £ = 0. However, some of the spectral weight
of these Floquet edge states is shifted to sidebands near
energies niw, for integer n#0 (FIG. 3b). The spectral
weights of these sidebands are controlled by the ratio of
the drive amplitude to the photon energy.

Sidebands corresponding to n # 0 primarily couple to
states of the leads whose energies are far from the chem-
ical potential (set near £=0 to probe transport through
the drive-induced topological edge states). Therefore, a
small increase (or decrease) of the lead chemical poten-
tial around £ =0 does not simply populate (or empty) the
states of the edge mode over the corresponding range of
quasienergies. As a result, the current flowing in the edge
mode due to a voltage bias between the leads is different
from what it would be in equilibrium, where the chem-
ical potential of the lead is directly mapped onto the
edge state; the corresponding differential conductance
deviates from the quantized value of 2e*/h per mode”’,
where e denotes the electronic charge. Similar consid-
erations apply to edge states in the driving-induced gap
appearing at the Floquet zone edge, ¢ = +iw/2, and to
higher-order edge states that form in mini-gaps in the
quasienergy spectrum due to multiphoton resonances.
Such states carry substantial spectral weight at energies
far from the chemical potentials of the leads and there-
fore give non-universal contributions to the differential
conductance. Thus, in general, there is no simple relation
between differential conductance at a given value of lead
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Fig. 3 | Edge state transport in Floquet topological insulators. a | Time-averaged
spectral function of a graphene strip driven by circularly polarized light, as a function

of the crystal momentum component k; parallel to the strip. The blue-shaded region marks
the Floquet—Brillouin zone. The time-averaged spectral function helps to visualize the
frequency content of the Floquet states, which governs their coupling to external leads.
Here, a is the lattice constant of graphene. b | Tunnelling between a Fermi reservoir and
edge states|y ) and |y, ) at two values of k; in the gap around energy =0 (dark and light
red dots in part a). The dominant Fourier components of |y ) and |y,) are centred near the
chemical potential, 4, which is set to £ = 0. The filled and empty states of the lead near
&= 0 predominantly fill empty) the Floquet states|y ) and |y, ) at negative (positive)
quasienergies. However, the harmonic components ¢!} and |¢(+1 ynearE= +hw

(see equation 4) open channels for electrons to tunnelinto (out of) the nominally empty
(filled) states, as indicated by the small dotted arrows. These additional photon-assisted
tunnelling processes spoil the ideal filling of the Floquet edge modes and the perfect
quantization of edge transport. ¢ | Edge states in the gap around £ = + iw/2 (dark and
light blue dots in part a) are composed of roughly equal superpositions of the valence
and conduction bands of the non-driven system. When the chemical potential of the
lead is centred in the gap at £ = hw/2, all states in the edge mode experience substantial
coupling to filled states of the lead owing to their large valence-band components. As a
result, these chiral Floquet edge modes do not mediate precisely quantized transport®*°.

chemical potential and the number of chiral edge states
in a corresponding quasienergy gap”*.

In some cases, new types of quantized transport
phenomena beyond zero-bias conductance have been
found for driven systems. For example, the appearance
of Floquet-Majorana edge modes® at the end of a peri-
odically driven 1D superconductor does not give rise
to a quantized differential conductance at zero bias, as
it does in the equilibrium case'’>'”*. Rather, for a sys-
tem with a Floquet-Majorana mode at quasienergy
e=0 or a Floquet m-Majorana mode at e =/w/2, the

differential conductance o(y) summed over the discrete
set of lead chemical potentials (or back gate potentials)
u =e+nhw, for all integers n, yields the quantized
value” 2e%/h. Perfect quantization of the conductance
mediated by the Floquet edge states of a 2D FTI is also
recovered through an analogous sum rule’®”.

As discussed above, the presence of chiral Floquet
edge modes around the perimeter of a 2D system does
not guarantee a quantized Hall conductance at low bias.
However, the anomalous 2D phase depicted in FIG. 2¢
offers a new possibility of quantized current at large
source—drain bias. Specifically, in the presence of disor-
der, the anomalous 2D system’s Floquet bands (all with
Chern number zero) become fully localized, while the
system’s chiral edge modes persist'”. In a non-driven
system, delocalized states are needed to provide a spec-
tral termination for chiral edge modes. In a Floquet
system, however, a chiral edge state can wind around
the quasienergy Brillouin zone and terminate on itself,
analogous to the 1D winding bands in FIG. 2a,b. At large
source—drain bias, one of the chiral Floquet modes of
this anomalous Floquet-Anderson insulator (AFAI)
may become completely filled, whereas the mode prop-
agating in the opposite direction is completely empty.
In this situation, the system hosts a quantized cur-
rent”!'**, for analogous reasons to those described for
the Thouless pump. In contrast to the situation of a truly
1D system (FIC. 2b), the counterpropagating chiral edge
modes of a 2D AFAI are spatially separated and there-
fore exhibit exponentially small quasienergy splittings in
the sample width, even at finite driving frequency. This
property allows the 2D AFAI with a fully localized bulk,
to carry a quantized current, even in the non-adiabatic
driving regime’”'**. Beyond transport current, signa-
tures of light-induced chiral edge states may also appear
in magnetization measurements'>'*. For the 2D AFAI,
the magnetization density is quantized, providing means
to measure the topological invariant that characterizes
the phase using a bulk probe'®.

Transient dynamics and prethermalization. Early experi-
ments on FTIs in solid-state systems have focused on
short-time dynamics through pump-probe measure-
ments***!”. By focusing on short times, the formation
of Floquet-Bloch states can be probed separately from
the question of the system’s fate at long times. The open-
ing of a topological Floquet gap on the surface of a 3D TI
was demonstrated in Bi,Se, using time-resolved angular-
resolved photoemission spectroscopy”. The temporal
emergence of Floquet bands in such pump-probe set-
tings, as manifested in the time-resolved angular-resolved
photoemission spectroscopy signal, has also been stud-
ied theoretically®'*'", These theoretical works provide
helpful insight for interpreting experimental data and
illuminate the role of electron—electron interactions in the
gap-opening process. More recently, the photoinduced
Hall effect has been observed in graphene subjected to
circularly polarized light>! using a newly developed
high-speed time-resolved transport setup*. In cold atom
systems, transient dynamics have been used to directly
probe band topology through anomalous transport'''*?,
quench dynamics'*"'"* and heating rates''s.
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Although closed, interacting Floquet systems generi-
cally heat towards featureless high-entropy density states
at long times, the question of when this heating sets in
is of crucial importance. Under appropriate conditions
to be discussed below, the timescale over which runa-
way heating occurs may become extremely long*'7'22,
In such cases, on short to intermediate timescales, the
system may attain a (nearly) time-periodic quasisteady
state that hosts topological phenomena arising from the
underlying Floquet band structure.

One important regime where heating rates can be
suppressed is the limit where the drive frequency is
large compared with the relevant energy scales in the
system (FIC. 4a). In this regime, the driving-field photon
energy is much larger than the energy change in any
single scattering event in the system. Energy absorption
from the drive requires high-order processes involving
many-particle rearrangements, known as many-body
resonances'”, and is therefore heavily suppressed.

In an idealized setting in which the system has a
finite single-particle bandwidth, such as in a lattice with
a finite number of orbitals per unit cell, the heating rate
may become exponentially suppressed as a function of
the drive frequency'**. However, in any real physical sys-
tem, the kinetic energy is not bounded from above and
higher bands will inevitably be present. The idealized
high-frequency limit is therefore never truly realized:
the photon energy Aiw (or its integer multiples) neces-
sarily directly connects low-lying bands of interest with
higher-energy states. The lifetime of the quasisteady
state is therefore also limited by interband transitions —
when particles are excited across the gap — to these
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Fig. 4 | Heating via energy absorption from the drive. a| When the drive frequency,

w, is large compared with the single-particle bandwidth, W, and the energy scale of local
interactions, U, absorption of one driving-field photon of energy hiw requires a high-order
rearrangement of particles in the system. For weak interactions,U < W, the order of the
process is controlled by the ratio iw/W, which appears as a power in the corresponding
transition rate. Therefore, the absorption rate is exponentially suppressed in w for
hw>>W,U.b | Energy absorption in a system composed of low-energy and high-energy
bands, separated by a gap A that is much larger than the bandwidth of the low-lying
bands, W. For W, hiw, U < A, transitions across the single-particle gap A can only be
excited through processes involving high-order multiphoton absorption and/or
rearrangements within the system. The minimal order of the excitation process, n, is
governed by the ratio A/ max {Aiw, W, U}; for W, U < hiw this implies that the rate for
exciting the high-energy degrees of freedom is exponentially suppressed in 1/w.

A combination of effects explained in parts a and b may be utilized in systems with a
clear separation of scales, W, U <« A. For such a system, the lifetime of the prethermal
state can thus be optimized by working in the regime W, U < hiw < A, where both the
high- and low-frequency conditions are simultaneously satisfied. For cold atoms, such

a situation may be arranged, for example, by working with a very deep optical lattice.
Heating rates for cold atoms in Floquet-Bloch bands of optical lattices have recently
been experimentally characterized??!!112:126.173,
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high-energy states. At high driving frequencies, the rates
of these interband transitions are expected to be at least
suppressed as a power law'*>'* in 1/w, ensuring that a
useful high-frequency regime does exist. This regime is
commonly exploited in experiments on cold atoms in
optical lattices.

When the high-lying bands are separated from a
set of low-lying bands by a large single-particle energy
gap A, the rates of interband transition (with particles
excited across the gap) may be exponentially suppressed
for low driving frequencies, fiw/A <« 1. (Note that this
low-frequency driving regime does not imply adiaba-
ticity, since even in the presence of a large gap in the
single-particle spectrum the system need not have a
many-body gap.) In this regime, many photons must
be absorbed (or many particles rearranged within the
low-energy sector) for one excitation in the high-energy
subspace to be created (FIG. 4b). The minimal order in
perturbation theory at which a real transition can occur
is thus determined by the ratio of the energy gap, 4, to
the energy change associated with a single scattering
event. This latter scale is governed by the local inter-
action energy scale, U, the single-particle bandwidth
of the low-lying bands, W, and the driving-field pho-
ton energy, iw. Thus, we may expect an exponential
suppression of the rate of excitations across the gap A
to the high-energy subspace, with a power controlled
by the ratio’?' A/max{W, hw, U}.

During a time window in which scattering pro-
cesses involving energy absorption from the drive are
absent, one may find a rotating frame in which the sys-
tem evolves according to a static Hamiltonian®'7-'20:1%7,
This Hamiltonian is often referred to as the prethermal
Hamiltonian, and we denote it here by H,, . In this rotat-
ing frame, an ergodic system may thus prethermalize to
an equilibrium-like state with respect to H,, . Crucially,
the prethermal effective Hamiltonian is not simply the
time-averaged system Hamiltonian: H, may exhibit
important qualitative differences from the Hamiltonian
of the non-driven system (such as the appearance of a
term that opens a gap in graphene). Precisely determin-
ing the prethermal effective Hamiltonian for specific
systems is a complex theoretical challenge'?*'*%-%,

Ensuring a long lifetime for the quasisteady state is
important for the realization of FTTs in the presence of
interactions, in particular for realizing strongly corre-
lated topological phases of matter in Floquet systems.
A number of proposals have been made in this direction,
including the realization of a fractional Chern insula-
tor"”! phase in strongly driven graphene-like systems'’,
as well as interesting magnetic phases in optically driven
Mott insulators'*>'*. In such settings, the ramp-up of
the drive should furthermore be optimized to achieve
prethermal states with suitably low energy density™.

A qualitatively different quasisteady regime occurs for
fiw<W,U and W, U < A. The conditions iw, W, U< A
ensure that interband transitions are suppressed.
However, the system may still rapidly absorb energy and
heat up within the low and high energy sectors. After an
initial relaxation time, the system reaches a restricted
infinite-temperature-like quasisteady state, which is
characterized by the maximal local entropy density
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subject to the constraint of fixed particle number in
each sector. Remarkably, such states may display robust,
topological behaviour resulting from the uniform occu-
pation of modes in each Floquet band, which follows
from entropy-density maximization. Non-universal
features of the system’s Floquet spectrum are washed
out as observables are averaged over the high-entropy
distribution, leaving the global, topological properties
on display. For example, in a 1D system with winding
quasienergy bands (as in FIC. 2b), the uniform occupa-
tion distribution implies that each Floquet band carries
a universal current I =pW/T, where p and W are the
particle density and quasienergy winding number of
the band, and T is the driving period;'?' this value of the
current is insensitive to all features of the dispersion,
other than the winding number, W.

Floquet many-body localization. In well-isolated sys-
tems such as cold atoms, the phenomenon of many-
body localization (MBL)"**'* in strongly disordered
systems may completely eliminate the system’s tendency
to absorb energy from the drive, allowing non-trivial sta-
tionary states to persist even in the long-time limit. From
a conceptual point of view, the possibility of stabilizing
long-time steady states of closed, periodically driven,
many-body systems enables the sharp delineation of
intrinsic phases in Floquet systems*. Importantly, MBL
is compatible with a variety of symmetry-breaking and
topological orders™~*>'"". Interestingly, FTTs that exhibit
protected edge states at quasienergy 7 w/2 are closely
connected to Floquet MBL phases, known as Floquet
time crystals, that break the discrete time-translation
symmetry of the system down to an integer multiple of
the driving period***"*!-1#,

For FT1s in two dimensions and above, the necessity
of being compatible with MBL severely restricts the pos-
sibilities for finding stable intrinsic FTT phases in closed
systems. In equilibrium, systems with non-trivial topo-
logical indices (such as Chern numbers) necessarily host
delocalized states at certain energies. These delocalized
states are fundamentally connected with the chiral or
helical modes that appear at system boundaries, and can-
not be destroyed by disorder without inducing a topo-
logical transition into a trivial phase. The presence of
delocalized states, even at high energy, generically dest-
abilizes MBL at all energy densities'*. This leads to the
conclusion that FTIs in 2D and 3D, whose Floquet bands
carry non-trivial topological indices, are intrinsically
unstable in the absence of a bath. However, this argu-
ment does not rule out the stability of anomalous Floquet
phases~*»!#145_ These phases feature topologically pro-
tected edge modes coexisting with trivial Floquet bands,
and therefore need not host delocalized bulk states'*.
Importantly, the non-trivial, intraperiod micromotion
that characterizes these phases is consistent with MBL'*.

Steady states in open Floquet systems. When a driven
many-body system is coupled to an environment or
external bath(s), it will tend to a steady state where energy
and entropy production (heating) due to the drive are
balanced by an outflow of these quantities to external
baths. This scenario is particularly relevant in the solid

state, where electrons are inevitably coupled to envi-
ronmental degrees of freedom including electromag-
netic radiation, phononic modes of the host crystal and
possibly external leads that act as particle reservoirs.

In equilibrium, the steady state of an open system
takes the universal form of a Gibbs state, fully deter-
mined by the temperature and chemical potential of the
bath to which it is coupled. Under special conditions,
a Floquet system may attain an analogous Floquet-
Gibbs steady state, defined by the density matrix
Prg= e PHer | Tr[ePHer), where H., is defined in BOX 1,
and 1/f is the temperature of the bath'*""*?. Generically,
however, such a universal statement cannot be made.
Rather, the steady states of Floquet systems are typically
sensitive to details of the bath as well as the form of the
system-bath coupling. While this added complexity
makes non-equilibrium systems challenging to study
theoretically, it also opens opportunities for controlling
steady states through reservoir engineering (see below).

Physically, for the induced geometric or topological
features of a system’s Floquet bands to be reflected in its
linear response to applied probe fields, the steady state,
Piteady Should take a simple form in terms of populations
of the single-particle Floquet states. Suppose for example
that a weak probing electric field §E(Q) is applied to the
system with probe frequency Q. For Q < w, the Floquet-
Kubo formula®*'** can be used to obtain the effec-
tive a.c. conductivity g,5(¢2) appearing in Ohm’s law,
0],(2)= 5aﬁ(Q)6EI;(_Q), where §J(Q2) is the change in the

current density at frequency  due to the probe™:
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where a and f3 index the Cartesian directions x, y and z,
Pyeady(t) s the time-periodic steady-state density matrix
of the system at time ¢’ and K') is the time-averaged
diamagnetic contribution (for a full derivation see
Supplementary information*’).

The expression for the conductivity above reduces
to a particularly simple form in the special case where
Pteaty ObeYs WicK’s theorem'** and the corresponding
single-particle density matrix is diagonal in the Floquet
basis. Here we refer to steady states obeying these condi-
tions as diagonal, but note that generic Floquet systems
do not obey such strict conditions'***'*". For diagonal
steady states, the expression for g, takes an analogous
form to that obtained for weakly interacting electrons
in equilibrium, with energies replaced by quasienergies,
and the equilibrium Fermi-Dirac distribution replaced
by the non-equilibrium populations of the Floquet
states”. In particular, when the steady state takes on
a band-insulator-like form in terms of Floquet band
populations, then, as in equilibrium, the Floquet-Kubo
formula implies that the bulk Hall conductivity 5, , is
quantized while 5, vanishes®'**. Transport in Floquet
systems can also be treated within a Floquet-Boltzmann
approach'*', giving similar conclusions.
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Given this complicated situation, under what con-
ditions may we hope to stabilize TI-like behaviour in
a Floquet system? For illustration, here we consider a
resonantly driven 2D single-valley direct bandgap sem-
iconductor, with dispersion at low energies described
by the 2D Dirac model of equation 1. Similar reason-
ing may be applied to gapless (graphene-like) systems,
when the drive resonantly couples states away from the
Dirac points.

As discussed above, one of the key aims in Floquet
band engineering is to use above-bandgap radiation to
drive a topological transition by inducing an effective
band inversion in the Floquet spectrum (FIG. 1b). In that
discussion, we used the rotating-wave approximation
to describe the band inversion caused by the first-order
resonance between the valence and conduction bands,
E.(k) - E, (k) = hw. However, for generic drive frequen-
cies, higher-order resonances E_(k) — E, (k) = nfiw with
n>1 may occur in the Brillouin zone, leading to multi-
ple foldings of the Floquet bands into the quasienergy
Brillouin zone. Although the lower Floquet band exhib-
its the desired structure in the vicinity of the first reso-
nance, at larger momenta, such as in the vicinity of the
two-photon resonance and beyond, it contains states
arising from high up in the original conduction band
(FIC. 5a, right panel). The Floquet-Gibbs insulator state
would then host a finite density of electrons and holes at
very high energies. This situation is highly unstable, and
therefore the Floquet-Gibbs insulator state cannot be
obtained under realistic physical conditions. As we show
below, a steady state obtained under realistic conditions
can nonetheless exhibit TI-like behaviour.

From a physical point of view, in the regime in which
the drive amplitude is small compared with Aw, one
may expect states deep in the valence band to remain
occupied in the presence of the drive (with only weak
modifications due to off-resonant hybridization with
the conduction band). In this case, the steady state is
expected to take the form of the generalized Floquet
insulator state depicted schematically in the right
panel of FIC. 5a. For small momenta up to the vicinity
of the second (two-photon) resonance, the populations
correspond to a filled Floquet band, whereas at larger
momenta, the electronic populations follow perturba-
tively modified valence-band-like states, rather than the
folded Floquet bands.

In the generalized Floquet insulator state, the
single-particle density matrix for momenta within and
in the vicinity of the single-photon resonance ring,
E (k) - E, (k) = hw, is diagonal in the Floquet basis and
features populations only in the lower Floquet band. In
particular, the form of the single-particle density matrix is
maintained at the resonance ring itself, where the original
valence and conduction bands are strongly hybridized.
This property is essential for observing topological
phenomena in FTTs, as the drive-induced Berry curvature
is strongly localized in the vicinity of the resonance ring.
Achieving this condition requires a driving amplitude
large enough that the induced Floquet gap exceeds the
scattering rates in the steady state; this condition ensures
that the separation between Floquet bands exceeds the
quasiparticle lifetime broadening in the steady state.
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Owing to the drive-induced band inversion, the gener-
alized Floquet insulator state hosts a population inversion
with respect to the original bands for momenta within
the resonance ring. Experimentally, substantial popu-
lation inversions (referred to in the literature as electron—
hole plasmas) can be maintained even for a weak drive
for which the Floquet gap cannot be resolved'*'~'*’, and
have been exploited in semiconductor lasers'**-.

We now discuss the conditions under which a gener-
alized Floquet insulator state can be approximately main-
tained. These conditions are revealed by examining the
population kinetics of electrons in an FTI connected to
(zero temperature) heat baths consisting of acoustic pho-
nons and the electromagnetic environment'¥"'*” (FIG. 5b).
Higher-order resonances are expected to play a minor
role for relatively weak driving. Therefore, for simplicity,
we consider a parameter regime where only a single res-
onance is supported in the system'*® (FIC. 5a, left panel).
In this situation, the generalized Floquet insulator state
and the Floquet-Gibbs insulator state coincide. The
details of the distribution near higher-order resonances
and the corresponding implications for the system’s
response remain important directions for investigation.

As emphasized in the sections above, a crucial aspect
of Floquet systems is that the quasienergy is defined only
modulo multiples of the driving-field photon energy, 7iw.
Beyond the usual kinematic constraints on scattering
processes of non-driven systems, the periodicity of
quasienergy allows for scattering processes (known as
Floquet-Umklapp scattering processes) in which the
total initial quasienergy of the particles and bath modes
differs from the total quasienergy of the outgoing par-
ticles and bath modes by an integer multiple of Ziw. In
particular, these quantum Floquet heating processes'”’
spontaneously scatter electrons from the lower to the
upper Floquet band at zero bath temperature, a process
that would be impossible in the bands of a non-driven
system in thermal equilibrium. The impact of these pro-
cesses on the steady state of the system is therefore sub-
stantial, leading to important deviations from the ideal
Floquet insulator distribution described above.

Note that by shifting the choice of Floquet-Brillouin
zone (by changing the value of ¢, , see BOX 1), the order-
ing of bands can be interchanged; the definition of what
is called a Floquet-Umklapp process thus also depends
on the choice of Floquet-Brillouin zone. This is only a
matter of terminology: as long as all physical scattering
processes are considered, the physical results do not
depend on the choice of Floquet-Brillouin zone.

In the hypothetical absence of Floquet-Umklapp
processes, all allowed scattering processes are akin to
those of an equilibrium system and the steady state
must therefore be of Floquet-Gibbs form'”". Importantly,
although some Floquet-Umklapp processes involve
photon-assisted scattering that may be suppressed for
weak driving, others are simply spontaneous processes
that appear inverted owing to the folding of energies into
the quasienergy Brillouin zone and cannot be neglected.
For example, an electron near k=0 in the original con-
duction band can recombine with a nearby hole in the
original valence band via the spontaneous emission
of a photon. Due to the Floquet band inversion, this
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Fig. 5 | Steady states of Floquet topological insulators coupled to external baths. a| For 2/iw > W, where hw is the
driving frequency and W is the bandwidth (left), there are no two-photon (or higher-order) resonances, and the Floquet
bands (solid lines) exhibit at most a single band inversion compared with the original bands (bold dotted lines).

For2hw < W (right), the characters of the Floquet bands switch multiple times between valence-band-like (blue) and
conduction-band-like (red). In the generalized Floquet insulator state, the bottom of the original valence band remains
full and the top of the original conduction band remains empty, as indicated by the filled circles. b | Scattering processes
stabilizing a Floquet insulator state with remnant electron and hole excitations (filled and empty circles, respectively).
Excitations from the lower to the upper bulk Floquet band are produced by radiative recombination (blue wavy arrows),
as well as Floquet-Umklapp phonon scattering and electron—electron collisions. Relaxation to the lower Floquet band is

mediated predominantly by electron-phonon scattering (red wavy arrows). ¢ | Reservoir engineering can suppress unwanted
Floquet-Umklapp electron—-phonon and electron—photon scattering by suppressing the corresponding densities of states

(DOS) at relevant transition energies. As illustrated, the bath DOS is suppressed at the transition energy corresponding to

the radiative recombination process indicated by the wavy arrow. The label m refers to the Floquet side band harmonics in the

expansion of the Floquet states, see BOX 1.d | Coupling Floquet topological insulators to external electronic leads through
energy filters suppresses photon-assisted tunnelling. In the absence of the filter, the population of a Floquet state with

quasienergy ¢ is influenced by the populations of electrons in the reservoir at several energies € + nfiw, where n takes integer

values, through the sideband components {|¢[")}, which can be both below and above the Fermi levelin the lead. With an
appropriate filter of bandwidth less than /iw, only one sideband component effectively participates and the population of a

Floquet state is determined by electronic states in the lead at a single energy. As drawn, the Floquet states|y ) and |u/+), with

sideband components {|¢")}, will be filled and empty, respectively. Panel c adapted from REF** CC BY 3.0.
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process corresponds to the scattering of an electron
from the lower Floquet band to the upper one (FIG. 5b).
Such Floquet-Umklapp processes add excited electrons
in the upper Floquet band and holes in the lower one.
Once such excitations are created, they quickly relax
to the local extrema of the Floquet bands by emitting
acoustic phonons. Although acoustic phonons typically
do not scatter electrons between the conduction and
valence bands, the strong drive-induced hybridization
of the bands near the resonances allows electrons to trav-
erse the Floquet gap to recombine with holes in the lower
Floquet band via further acoustic phonon emission.

When the timescale for Floquet-Umklapp scattering
is much longer than the timescale for phonon-assisted
cooling, the steady state resembles the generalized
Floquet insulator state. However, due to Floquet-
Umbklapp scattering, the steady state exhibits small addi-
tional pockets of electron and hole excitations in the
upper and lower Floquet bands, respectively. Deviations
from the Floquet insulator state lead to deviations of the
period-averaged d.c. Hall conductivity 5, (2 = 0) from a
quantized value in units of e?/h (REFS'*'¢%172),

By engineering the environment of an FTI, devia-
tions from the desired steady state can be minimized.
Floquet-Umklapp scattering involving photon or
phonon emission can be inhibited by suppressing the
densities of states of these bosonic modes at appropri-
ate energies'*®'* (FIG. 5¢). For example, a cavity can be
used to suppress the density of states of the electromag-
netic environment at the frequencies corresponding to
electron-hole recombination near k=0.

The need for reservoir engineering is even more
pronounced when electronic reservoirs are connected
to the system. For conventional metallic contacts with a
wide bandwidth, electrons (holes) in the contact with
energies well below (above) the Fermi level may tunnel
into the upper (lower) Floquet bands via absorption of
integer multiples of /iw from the drive. These processes
lead to a proliferation of excitations with respect to the
ideal Floquet insulator'®'®*'°, An energy-selective filter
placed between the contact and the FTT suppresses the
tunnelling density of states outside a narrow window
defined by the filter (FIC. 5d). Such a filter not only sup-
presses unwanted tunnelling events but also depletes the
number of excitations and helps to establish and control
a sharp Fermi level in the FTT’s edge states'®*'*%,

The considerations outlined here provide a frame-
work for identifying promising setups for realizing
steady-state FTTs in solid-state systems. The next impor-
tant steps on the horizon are to find specific candidate
materials and compatible implementations of the bath
engineering schemes discussed above. Theoretically,

REVIEWS

the role of higher-order resonances and their impact on
transport coefficients also remain to be elucidated.

Outlook

Floquet engineering provides a versatile set of tools for
controlling topological properties of quantum matter.
Experiments in solid-state, optical and cold atomic sys-
tems have demonstrated many of the basic features of top-
ological Floquet band engineering at the single-particle
level. Important ingredients for Floquet engineering
of many-body systems, including Floquet MBL'** and
drive-tunable exchange interactions”, have been exper-
imentally demonstrated with cold atoms. These encour-
aging early works highlight the promise of Floquet
engineering, and point to a number of important open
theoretical and experimental challenges.

One of the key hallmarks of topological behaviour
in equilibrium electronic systems, and an important
motivation in Floquet engineering, is the appearance of
robustly quantized observables, such as transport coeffi-
cients. On a theoretical level, it is therefore important to
investigate the degree of robustness and quantization
that can be achieved for observables in non-equilibrium
topological matter. In the context of the transient regime,
an important question is how to optimize the preparation
of desired quasisteady (prethermal) states. To achieve
this goal through the design of appropriate driving
protocols, efficient methods for computing the prether-
mal Hamiltonian H,, are needed. New approaches for
obtaining long prethermal time windows, in particular,
accounting for the presence of coupling to external baths,
may open new possibilities for Floquet engineering.
The transient and MBL regimes may host intriguing
new strongly correlated anomalous phases that remain
to be discovered. Identifying promising new candidate
materials and setups where reservoir engineering can be
achieved, and devising new strategies for obtaining sta-
ble topological phases in the steady states of interacting
systems are also crucial for further progress in the field.
Furthermore, the roles of multiple resonances in deter-
mining steady-state properties are important questions
to be addressed. Experimentally, stabilizing topological
steady or prethermal states and observing robust quan-
tization of observables in many-body systems remain
open challenges and prominent goals in the field. Going
beyond the realm of FTIs, we anticipate that Floquet
engineering of stable strongly correlated and topologi-
cally ordered phases of matter will play an important role
in future progress in contemporary condensed-matter
physics and quantum information.
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