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Abstract

The superconducting stiffness psrelates between a vector potential A and
the current density J inside superconducting (SC) materials as described
by the London equation Jy = —psA. The coherence length £ is a measure
of how large can J, be. A new way of measuring the superconducting stiff-
ness and coherence length using a Stiffnessometer was developed [1] in our
group. The measurement is done by applying current in a thin and long
excitation coil that pierces a SC ring-shaped sample and creates a rotor-free
vector potential A inside the sample. According to London’s equation, SC
currents emerge leading to a magnetic moment, which is measured using
a superconducting quantum interference device (SQUID). The new method
does not suffer from demagnetization factors complications or the presence
of vortices. The method was applied to Las_,Sr,CuO4 (LSCO), a member
of the cuprates. The crystalline structure of LSCO is roughly tetragonal,
with two symmetric directions (a and b) parallel to the CuO, planes and
the ¢ direction perpendicular to the planes. Consequently, the stiffness is
anisotropic, and one might expect different response to a vector-potential A
parallel or perpendicular to the planes. Upon warming, the stiffness signal
diminishes and disappears at T,.. Stiffness measurements for two different
rings, one with the CuOs planes parallel to the ring (c-ring) and another
with the planes perpendicular to the ring (a-ring) were done for doping of

x =12.5% [2]. It seems as if the phase transition of the c-ring is taking place
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at a temperature 0.7 K higher than the a-ring.

It is not clear if this result is unique to x = 12.5% or a general property of
LSCO in all doping. If the transition temperature anisotropy is found only
in x = 12.5% and its vicinity, it means that the phenomena is related to
charge ordering found in this doping. If the T, anisotropy is found in other
doping, it must be a general property related to the two dimensional nature
of the CuO, planes.

In this work I will present stiffness measurements of LSCO a-rings and
c-rings with different doping and determine the dependence of this strange
anisotropy in 7, on doping. Additionally, by driving the current in the coil
until the linearity between A and J, breaks, the critical-current of the SC
can be measured in the absence of vortices and with no leads or out-of-
equilibrium conditions. This critical-current places an upper limit on . We
performed such a measurement using a NbTi SC coil and overdoped LSCO.
We found that & < 4nm. Future improvements in the experimental setup

will allow us to place a tighter bound on &.



Symbols and Abbreviations

Abbreviations

AF  Antiferromagnet

BC  Boundary Conditions

CP  Cupper-Pair

GFC Gauge Field Cooling

GL  Ginsburg Landau

HTSC High Temperature Super Conductors
ID Inner Diameter

JJE  Josephson Junction Effect
LSCO Lay_,Sr,CuOy

OD  Outer Diameter

OPD Optimally Doped

OVD Over Doped

PDE Partial Differential Equation
QCP Quantum Critical Point

SC  Superconductivity



SC

superconductor /superconducting

SQUID Superconducting Quantum Interference Device

TSFZ Traveling-Solvent-Floating-Zone

UND Under Doped

ZGFC Zero Gauge-Field Cooling

Symbols

A Vector Potential

A° Critical Vector Potential

B Total Magnetic Field

x Strontium doping level of Lay_,Sr,CuOy
c Speed of Light

e Electron Charge

H External Magnetic Field

H.  First Superconducting Critical Field
H., Second Superconducting Critical Field
I Current

J Current Density



TN

Ve

Critical current Density

Magnetic Moment

Electron Mass

Windind Density of the Excitation Coil

Azimuthal Direction

Magnetic Flux

Phase of the Complex Order Parameter

Flux Quanta

Complex Order Parameter

Resistivity

Superconducting Stiffness

Temperature

Critical Temperature

Néel Temperature

Critical Velocity

Coherence Length






1 Introduction

1.1 Motivation

The LSCO compound is one of the cuprates family and like all cuprates
is made up of copper oxide planes. Due to this layered structure, LSCO
is strongly an-isotropic. Different experiments were done and indeed found
strong an-isotropic behavior by measuring resistance with strong magnetic
fields perpendicular to the copper oxide planes [3], or measuring the Meissner
effect of thin single-crystal needles with the planes parallel to the needle’s
axis (a-needle) and needles with the planes perpendicular to the needle’s
axis (c-needle) [4]. But these results could be explained by a microscopic
phenomenon and not necessarily suggest a macroscopic phenomena of bulk
superconductivity. To verify this issue, another experiment was done using a
novel technique called Stiffnessometer, which can measure the superconduct-
ing stiffness of a bulk superconductor. The Stiffnessometer technique will
also be explained in this work in details. By measuring two samples of the
same single-crystal, but with different orientation of the copper oxide planes,
a different critical temperature (7,.) was observed. The most basic princi-
ple of this technique is using a long coil to create currents in a ring-shaped
sample and measuring the magnetic moment of the induced currents. The
results of this experiment are presented in Fig 1.1. The measured sample was
under doped LSCO z = 12.5% and the T, difference was 0.7 K. The main

purpose of the present work is to explore the hole-doping dependence of this
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Figure 1.1: Stiffness measurements of LSCOz = 12.5% a and c rings. Ex-
planation about the stiffnessometer can be found in Sec 2.

difference in T,. Another goal of this work was to measure the coherence

length & of LSCO at low temperatures (7' < T¢.).

1.2 Superconductivity

Superconductivity (SC) is a special phase characterized by many unique phe-
nomena such as zero resistance and perfect diamagnetizem (Meissner Effect).
Classical SC can be explained by the BCS-Theory (named for John Bardeen,
Leon Cooper, and John Robert Schrieffer), which considers attractive inter-
action between electrons through electron-phonon coupling. It is common to
think of the charge carriers of a SC as pairs of electrons called Cupper-Pairs

(CP) rather than individual electrons. The critical temperature T refers to

8



the temperature where the transition between the SC phase and the normal

phase happens.

The coherence length ¢ is the shortest length scale of over which the phase
of the complex order parameter can vary. It is also common to think of £
as the size of the CP. When applying magnetic field to a SC, it will reject
it by creating super currents which screen the external magnetic field. If we
increase the external field, the super currents will also increase. Although the
field is expelled from the bulk, it penetrates along the edges with exponential

decay with some characteristic length known as the penetration depth .

The SC materials can be divided into two types depending on the ratio
of £ and A. Type-I SC have A < ¢ and type-II SC have A > ¢ . A type-I
SC will hold the magnetic field outside until we reach the critical field H..
Above H,. the material gives-up and transforms back to the normal state,
letting all the magnetic flux go through it. Type-II SC will stay field free
up to some critical field H.;, and above it is capable of letting some of the
magnetic flux get in as a vortex. The core of the vortex will be in the normal
state phase, but outside of the vortex the material will remain a SC. When
we increase the external field, more vortices will get inside until they cover
the entire material and all of it becomes normal at a second critical field H.
In 1986 a new family of SC materials was discovered — the Cuprates. Those
materials are defined by having a nearly tetragonal unit cell which form layers
of copper-oxygen planes (CuO,). This SC group will be discussed more in

Sec 1.5.



1.3 The London Equation and the Meissner Effect

The superconducting Stiffness p; is defined by a local relation between the
superconducting current density J, to the vector potential A and the gradi-
ent of ¢, the phase of the complex order parameter v = |1)|e*? . This relation
is:

Jo= (Ve - A). (1.1)

where ¢ is the speed of light and ¢ is the charge of the charge carriers. p;
is a diagonal tensor or even scalar. This equation is gauge invariant. When

Vi =0 as in our case, we get:
Js = —psA. (1.2)

If we use the rotor of Maxwell’s equation: V x V x B = %V x J
(where J is the sum of normal and super currents) and the definition of A:

B =V x A we get a partial differential equation for the magnetic field B:

4
V!B =""4B (1.3)
C

The solution (in one dimension) will be: B = Bye~. This exponential decay
of the magnetic field inside the bulk of a SC is called The Meissner Effect and
it gives us the relation between the SC stiffness and the penetration depth

A
c 1

Ps
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1.4 The Ginsburg-Landau Approach

Another way to look at the superconducting phenomena is from the Ginsburg-
Landau (GL) point of view (following [5]), denoting the complex SC quantum
state as 1 = [¢]e"? where [¢]? is the density and ¢ is the phase. The GL

functional of the free energy is:

s B 1 A e* s,  (VxA)?
_ B "v_ % W 1.
f=ho+algl + Sl + s 1GV - Sapp+ S22 1)
To minimizes the free energy, we differentiate by ¢* and it gives:
9 1 A e o
o+ Bl + o (Y~ AP =0 (16)
m* i c
and minimizing with respect to A leads to:
c
= A 1.
J 47TV x V x (1.7)
e*h . . 6*2 .
— LWV = ) - A
m*i m*c

e e .
WPV — —A) = e[,
m c

where v, and m* are the charge carrier’s velocity, and mass, €* is their charge,
and |1 |? is their density deep inside the bulk of the SC. We define f = 1 /1)y,
and ¢?> = —a/f > 0 which minimize the free energy deep in the SC bulk

where A =0 and Vi = 0. Then, if there are no magnetic fields and A = 0,

11



Eq 1.6 becomes (in one dimension):

B )
—_— — =0 1.8
2m*|a| dz? N (18)

and we can define the GL coherence length:

2 h?
= — 1.
When we use 57— (2V — £ A)% = n;\*;}IEw in Eq 1.6 we obtain:
[ = 5 (1 - m*vf) 21— (e (1.10)
Jo= eyt - T (1)
s = e, ool Vs .

One can see that Js as a function of v5 has maximum for a specific velocity.

Those are the critical current and the critical velocity:

_ g2 22l

J. = = 1/2 1.12
€ 003(3m*) ) ( )

2 |al 1/2
e = (= ) 1.13
ve=(50) (113

Therefore, if we measure the critical velocity v., we can also find £ using the

relation:

B h
- V3mru,

If we assume that m* = 2m, (m. being the mass of a free electron) and

§

(1.14)
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e* = 2e (e being the charge of a free electron) we can find from Eq 1.5 that:,

B = a2 A2, and so |1he|? = 22455, Then using Eq 1.12 we find:

mec? T 8me2)\?-

mec?

c = mvc (115)
In SI units we get:
2m,
St BMZ’Z/\ZUC (1.16)

1.5 The Cuprates Family

The cuprates are a family of High Temperature SC (HTSC) discovered in
1986. They are constructed from planes of copper oxide (CuOj) with rear-
earth metals and oxygen between them. Doping of holes or electrons can be
done by adding oxygen or by replacing some of the rear-earth atoms with
different atoms with less or more electrons in the valance shell. The LSCO
compound (Lag_,Sr,CuQy) is a simple member of this family. It can be hole-
doped by replacing some Lanthanum atoms with Strontium atoms (changing
x in the compound’s formula) and can be SC when z is roughly between
~ 5% and ~ 27 %. Its highest T, is about ~ 38 K and can be achieved when
it is Optimally Doped (OPD) =z ~ 15%. LSCO with smaller/bigger = is
called Under/Over doped (UND/OVD). The unit-cell of LSCO is tetragonal
and demonstrated in Fig 1.2.

In general, the cuprates phase diagram is very rich, with many different

regimes such as: SC, Antiferromagnet (AF), Fermi Liquid, Strange Metal
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and the Pseudogap regime. This work will concentrate on the SC phase. In
Fig 1.3 one can see a typical phase diagram of cuprates as a function of doping
p. For LSCO p = x. When z = 0, the material is antiferromagnet with Néel
temperature T of about ~ 300 K and it drops down when increasing = and
vanish at z = 2 %. Although the long range order of the AF disappears, short
range spin order remains up to x = 12% (inside the SC regime). Above T,
in the OPD and UND regime, LSCO behaves as strange metal having linear
dependence of the resistivity with temperature (p oc T' instead of p o< T? as
normal metal) and when = > 27 % LSCO behaves as Fermi liquid. = = 19 %
is called the quantum critical point (QCP). At this point the pseudogap line
ends, and the border line between the strange metal phase and the Fermi
liquid phase begins [6]. As we shall see, the QCP will be significant in our

study.

1.6 Crystal Making

All the samples we used were single crystals of LSCO, which were grown in
our lab using the traveling solvent floating zone furnace (TSFZ) technique.
At first, all compounds are dehydrated, weighted and mixed together in a
process that includes four cycles of mixing and baking. After the four cycles,
the powder’s homogeneity is checked by x-ray powder diffraction. Then, the
powder is inserted into a rubber tube and pressed at 55000 PSI. Out of
the rubber tube come rods of condensed powder. The rods are sintered at

1050 ¢® for 24 hours to form a feed and seed for the TSFZ. The feed rod is

14
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Figure 1.2: LSCO Unit Cell [7].

about 100 — 150 mm long and is hanged inside a quartz tube. The seed rod
is set below the hanged rod. The TSFZ is based on four 300 w lamps and
ellipsoid mirrors, which focus the light to the same spot in the gap between
the feed and the seed. The power of the lamps is increased until the bottom
of the feed and top of the seep are melted to a liquid solvent. The feed and
seed are then connected. During this process the feed and seed are rotated
in different direction so that the solvent will be homogenize in terms of heat
and mixture. The lamps and mirrors are set on a stage that can move up
melting more of the feed while the solvent solidify on top of the seed. The
feed is also connected to a moving shaft. The quartz tube is sealed and filled
with gas with a certain pressure that can be adjust . The operator controls

many parameters: the power of the lamps, the moving speed of the mirror

15
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Figure 1.3: Cuprates Phase Diagram of hole doping p and temperature [8].

shaft as well as the feed shaft, rotation speed, the type of gas in the tube
and its pressure. The lamp’s power is usually high in the beginning of the
crystal growth for the first melting of the feed and is slowly reduced until
small crystals start to form. This process is done in stages and the end result
will depend on the whole process and not only on the end parameters. When
the growth program and all the parameters are right, the solvent will solidify
as a single crystal. More information on crystal growing can be found in an
article by S.M. Koohpayeh et al [9]. A photo of the feed and seed rods, the
lamps and mirrors, and the quartz tube is presented in Fig 1.4b. Schematic
of the feed and seed rods, the lamps and mirrors, and the quartz tube is

presented in Fig 1.4a.
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Figure 1.4: Traveling solvent floating zone furnace. (a) Schematic of the feed
and seed rods, the lamps and mirrors, and the quartz tube. (b) Photo of the
feed and seed rods, the lamps and mirrors, and the quartz tube.
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2 Stiffnessometer Principle of Operation

In this section, we explain the principle of operation of the new device, which
we name Stiffnessometer, aimed at measuring stiffness. The ideal Stiffnes-
someter is made of an infinitely long excitation-coil piercing a ring-shaped
sample. When we apply current I through the infinitely long excitation-coil,
we can generate a magnetic field inside this coil without a field outside. Nev-
ertheless, there is vector potential A = “OT"I@ where n is the winding density
and r is the distance from the coil’s symmetry axis. If we cool the sample
below T, without any magnetic field or current in the excitation coil, there
will be no vector potential A = 0. We call this cooling process Zero-Gauge-
Field-Cooling (ZGFC). When we cool the sample and it becomes a SC, it
will choose the phase ¢ to be such that minimize the free energy. Therefore,
when we follow the ZGFC protocol, the vector potential is zero A = 0 and
V¢ = 0 then we get London’s equation- Eq 1.2, changing ¢ is energetically
costly for the SC, so when we turn on the current in the coil and A # 0,
we get J, = —psA, meaning that the vector potential A generates super
currents J; inside the ring. Those super currents going around in a loop
create a magnetic moment m which can be measured using a pickup-loop
connected to a SQUID. The London equation shows linear relation between
J, and A. Since A is proportional to the current in the excitation coil I,
and J is proportional to the sample’s magnetic moment m, we get a linear

relation between the applied current and the measured signal. When this

19



linearity breaks, we know that something had changed in the system and we
are out of the linear regime.

There are two types of measurements we can do: we can stay at a constant
temperature and increase the current [; this type of measurement determines
the critical vector potential A° hence J. and £. Alternatively, we can change
the temperature while the current is in the linear regime and constant; this
type of measurement provides the stiffness. We will explain both options
in sections 2.6 and 2.5. Section 2.1 will present the experimental setup and
section 2.3 will deal with the fact that our coil is finite.

This new novel technique is used to determine ps and J. or £ without
any leads or magnetic field. Another advantage of this technique is that it
demands a global phase coherence. Therefore, phase transitions are much
sharper compared to other techniques such as transport measurement or

magnetization measurement of the Meissner Effect.

2.1 Experimental Setup

The coil we used for stiffness measurements near T, is 60 mm long and its
external diameter is 0.8 mm. It is made of copper wire and has two layers
and 1214 winding in total. For the critical current measurements in low
temperatures, we used a different coil. The coil was also 60 mm long, but
its external diameter was 0.98 mm and had four layers and 2400 winding in
total. It was made of NbTi SC wire, allowing us to reach a current of more

than 10 Amp. The coil goes through the hole of the ring-shaped sample and

20



LSCO Ring

1lmm inner hole diameter
3mm outer diameter
1mm height.

Inner-coil

Superconducting
ring

Gradiometer

External coil
—

(b)

Figure 2.1: (a) Ring-shaped sample and a 60 mm long copper coil. (b)
Mlustration of the long coil with the ring on it, the Gradiometer and the
External Coil.

the ring is in its center. The pickup loop is actually a Gradiometer combined
of 8 loops and it is static, while the coil and the rings are going up and
down through it. A seconds external coil, is used to cancel external magnetic
fields stronger than 0.001 Oe. The gradiometer is connected to a SQUID
that measures the magnetic flux of both the ring and the coil and because
of the gradiometer’s geometry the output signal of the SQUID has a unique
shape. Explanation on the gradiometer’s signal will be given in App A.1l
and explanation on the gradiometer’s signal will be given in Sec 2.2. In
Fig 2.1a, one can see the ring-shaped sample and the 60 mm long copper
coil. Figure 2.1b shows the long excitation coil with the ring on it, the

gradiometer and the external coil.
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During the measurements, the ring is fixed at the center of the coil and
together they move along the z direction (the x-axis in the graph), in and out
of the gradiometer which is fixed at z = 0. When they move, the magnetic
flux through the gradiometer is changing, the SQUID measures the change
and we see it as output voltage. Figure 2.2 presents such measurements of a
LSCO ring above and below T,.. By measuring the coil without the ring or
by measuring above T,, we are able to get the coil’s signal. By subtracting
the coil’s signal from the combined signal, we get the ring’s signal. The
difference between the maximum and the minimum of the ring’s signal is
called AV,;,, and the difference between the maximum and the minimum
of the coil’s signal is called AV,,;. The measurable parameters AV,;,, and
AV, are proportional to the magnetic flux generated by the ring and coil

respectively.

2.2 SQUID Magnetometer

Based on the Josephson junction effect (JJE), the superconducting quantum
interference device (SQUID) is commonly used to detect magnetic moment.
We used a S600 SQUID SUSCEPTOMETER of CRYOGENIC LTD. The
SQUID’s output is in voltage and proportional to the magnetic flux through
the gradiometer. The output voltage of our device can be translated to units

of magnetic moment with resolution of 1- 1072 Am?.
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Stiffness Signal fo LSCO x=15% c-ring I=1.0(mA)
b

@ low temperature ring and coil signal
03 @ high temperature coil's signal
2T - ring's signal

(mV)

-03 L 1 " 1 L 1 " 1 1 1 L 1 1 1
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Figure 2.2: Stiffness measurements of OPD LSCO ring with current of
1.0 (mAmp). During the measurements, the ring and coil are moving along
the z direction (the x-axis in the graph), in and out of the gradiometer which
is fixed at z = 0. When they move, the magnetic flux through the gradiome-
ter is changing, the SQUID measures the change and we get the output
voltage (y-axis in the graph). The measurements below T, are in purple and
show the combined signal of the ring (the sample) and the coil. The measure-
ments above 7 are in red and show only the coil’s signal because the ring is
no longer superconducting. By subtracting the coil signal from the combined
signal we get the ring’s signal, shown in green. The difference between the
maximum and the minimum of the ring’s signal is called AV,;,, and the dif-
ference between the maximum and the minimum of the coil’s signal is called

Achoil .

23



2.3 Verification

To check this new technique, instead of following the regular ZGFC protocol,
we tried a different protocol. We started by turning on the current in the
coil when the sample was above T, and only then cooling the sample below
T. (unlike the usual processes of cooling before turning on the current in the
coil). We call this process Gauge-Field-Cooling (GFC). Below T, the sample
is superconducting and should react to any magnetic field, but the only signal
we measured after GFC was the coil’s signal. When we turned off the current
in the coil and measured again, the coil signal vanished, but we got the ring’s
signal which was identical to to ring’s signal we got after subtracting the coil’s
signal from the combined signal in the regular ZGFC process. Those results
strongly support our assumption that the difference between our long coil
and an infinite-coil is minor and legitimize our technique.

To explain those results, we need to look back at Eq 1.1. When we follow
the GFC protocol, A # 0 when cooling, and the SC will choose V¢ # 0
so that J, will be as small as possible (V¢ is constrained because for any
closed loop of radios r, Vi must be equal to: %gﬁ where [ is an integer) to
minimize the free energy. And when the current is turned off, A = 0 but ¢
again doesn’t change, and we get J, = p}%Vgp # 0.

Figure 2.3 shows the results of the GFC experiment. We also checked
whether the GFC protocol will give different results when we change the
temperature, but no difference was found in comparison with the ZGFC

protocol, as can be seen in the inset of Fig 2.3. The GFC protocol was used
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Comparing Gauge Field Cooling and Zero Gauge Field Cooling with LSCO x=22% a-ring

The current in the coil is 10.0 (mAmp)
5

e ZGFC: ring + coil (Raw Data)

@ GFC: ring only £ \ 1
4 o GFC: ring only (Raw Data) - : 1 1
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Figure 2.3: Raw signal of Gauge-Field-Cooling (GFC), and Zero-Gauge-
Field-Cooling (ZGFC) measurements after subtracting the coil’s signal. The
inset shows stiffness measurements of the two protocols. Both in the raw
signal and the stiffness measurements, the two different protocols give the
same results.

only for this verification, and ZGFC was used for all the measurements in

this work.

2.4 Stiffnessometer Theory

Before we find the stiffness or the critical current, we need to deal with the
fact that J; is not equally distributed inside the ring and it might reach its
critical value in one place before another. Also, the relevant vector potential

in Eq 1.2 A is the total vector potential with contribution from the vector
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potential produced by the coil A.,; and the vector potential generated by

the ring A,;,,. Now equation 1.2 looks different:

1

Js:_AsAo = T T 19
PsAtot A2

(Acoit + Aving)- (2.1)

By using Maxwell’s equation: J = %V xV x A= _;710V2A (using the
coulomb gauge), we get a partial differential equation (PDE for A,

1
VZAm'ng = p(Acoil + Am'ng)~ (22)

The magnetic flux of the coil through a single pickup loop is: ®..;; = f B.
da= gﬁ A - dl = 2mugnl and we can write 2.2 as: VQAng = %(%@ +
A,ing) where ¢ is the azimuthal direction. We switch to unit-less parameters

by defining:
T/RPL—W’, Armg/Acm'l(RpL)%A, )\/TPL—>)\, Z/RPL—>Z (23)

Using cylindrical coordinates and the symmetry of the system (A = A(r, 2)@)

we get a unit-less PDE:

O?PA  O9*A 10A A 1 1
+-———-===(A4+-) (2.4)

0922 " or2 " ror r2 )\ r

where A is a unit-less vector potential in the azimuthal direction (). r

and A in this equation are also unit-less. We solved this PDE numerically
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with the following boundary conditions (BC): A(r =0,2) = A(r — 00,2) =
A(r,z — +o0) = 0, and taking A to infinity outside of the ring. We used
FreeFem + + and also confirmed the solution with Comsol 5.3a (calculated

by Nir Gavish).

2.5 Stiffness Measurements

To measure the stiffness, we look at the ratio between the ring’s vector poten-
tial and the coil’s vector potential at the pickup-loop. Those vector potentials
are proportional to the magnetic flux through the pickup-loop created by the
ring or coil and so we can find a relation between the SQUID’s signal and
the vector potential. The ring’s signal will be AV,;,, and the coil signal will
be AV,,;. Both are explained in section 2.1 and presented in Fig 2.2. Since
we use a ring-shaped sample and a gradiometer, there is a geometrical fac-
tor we call “G” that defines the relation between the calculation done for a
single pickup loop and the results of measuring with the gradiometer. G can
be found experimentally (calibration) by comparing between the saturation
value of the numerical calculation for A — 0 (presented in Fig 2.4) and the

measured saturation at low temperatures, where A is very small. The rela-

Avring _ Aring (rpl)

tion is: =
AVeoit Acoil (rpl)

. Another way to determine G is by a calculation
shown in App A.1. The proportionality constant between the output voltage
and the vector potential is irrelevant, because we look at the ratios.

Solving the PDE 2.4 for many different \’s, we can plot the ratio be-

tween the vector potentials of the coil and the ring at r = r, as func-
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tion of A as shown in Fig 2.4. We convert the measured AV,;,,/AV.qi to
Aying(Tp1) [Acoit(rpr) using G, and obtain A or the stiffness p, from the graph.
But since for very small A, or very large A, the numerical solution saturates,
small changes in AV,;,,/AV,,; leads to big changes in A. So our method is
good only for 0.1 < A < 3mm. At low temperatures, \ is too small for our
technique, but close to T., A gets bigger and we can measure it where no

other technique can.

Numerical Solution of the PDE for (1,3,1) Ring for different A's

0.00 1

-0.02 .

-0.04 | g

-0.06 .

-0.08 .

Aring(rpl)/Acoil(rpl)

-0.10 -

ol P
| | | l d | /| |
10" 100 10! 102 100 10 10°  10° 107 10°
2
(T,/N)

Figure 2.4: Numerical solution of the PDE Eq 2.4 for different \'s. r, =
13mm is the radius of the pickup loop. This numerical solution depends on
the ring’s measures (ID = 1.0 mm, OD = 3.0 mm, H = 1.0 mm).
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zZ/T,
Full Vector Potential for (1,3,1) Ring and 4-Lears Coil with Current of 10 (Amp) [ A

0.08

Inside the
Ring

0.07 |
0.06 |
0.05 |
= 004 |

Figure 2.5: (a) The total vector potential as function of r at z = 0 presented
in green. the ring’s and the coil’s vector potential are presented as well
in red and blue. The inset shows a closer look at the inner edge of the
ring. (b) The numerical solution of the unite less PDE Eq 2.4 with BC
A(r = 0,z) = A(r — 00,2) = A(r,z — £o0) = 0, in the r — z plan.
The ring’s dimensions are: ID — 1.0 mm, OD — 3.0 mm and height — 1.0 mm.
A = 300nm. The colors represent the intensity of the unite less ring’s vector
potential.

2.6 Critical Vector-Potential Measurements

Staying stable at the same temperature, we can increase the current through
the coil until the linear behavior between the current and the signal breaks.
When this happens, the linearity between A and J, breaks and we know
we have reached the critical vector potential A which can be interpreted as
critical velocity v., critical current J,. or coherence length &, of the sample.
Figure 2.5b shows the numerical solution of Eq 2.4 in the r — 2z plan.
In reality, the ring’s dimensions are: Inner Diameter (ID) 1.0mm, Outer
Diameter (OD) 3.0mm, and height 1.0mm. The penetration depth was

taken to be A = 300nm (A is chosen from low energy psr measurements of
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LSCO at low temperatures [2]). When measuring the critical current at low
temperatures, we must take A\ from outer source because at low temperatures
our stiffnessometer is not accurate enough. The colors represent the intensity
of the unit-less ring’s vector potential. In Figure 2.5a we see the total vector
potential inside the ring where A.,; = Mo%@ and Aying = A - Aci(Rp)@
where A comes from the numerical solution and A..;;(R,) is the coil’s vector
potential at the radios of the pickup-loop. The inset of Fig 2.5a shows A;;
near the inner radius of the ring where it is the most intense. It should be
pointed out, that the coil we actually use is finite and the relation A.,; =
poln A
"

¢ is an approximation. We will deal with this finite-coil-issue in section

2.3.

To calculate the critical velocity, we can look at the right part of Eq 1.7

and get:

v, = M. (2.5)

m*c

where AS,(R;,) is the critical Ay in the inner radius of the ring. This is

called the PDE solution method. From Eq 1.14 £ = \/ErZ*v we find ¢ and
also from Eq 1.15 J. = g”ﬂ*%;vc we find J.. But, there is a problem with this

technique. Due to the exponential behavior of the total vector potential at
inner radius of the ring (as can be seen in the inset of Fig 2.5a), small errors

in R;, leads to big errors in £. So we must think of something else.

The approximated method is based on the fact that when looking at the

inset of Fig 2.5a it is clear that the vector potential and so the currents,
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exist only on the inner radius of the ring. We can think of another much
simpler way to calculate J.. It is done by thinking about the super currents
density of the ring as if they run inside a cylinder surrounding the inner
coil and canceling its magnetic field. Imagine Ampere’s loop as a square
with one limp of length [ along the z-axis in the center of the ring and the
coil where the ring’s field and the coil’s field cancels each other and another
limp of length [ inside the ring (and out side of the coil) were the magnetic
field is also zero. The two other limps will be perpendicular to the z-axis.
Now, we can use Ampere’s law: 95 B - dl = polenciosea- The left side will be
¢ B = - (Beoit — Bring) = 0 and the right side piolenciosed = Hol (N coit — Lring)-
We will take the current density to be J,(r) = J.e~""")/* and then Ling =

Sy () - dr = JA(1 = e (own)Y) & J A Thus

Jo=nl./\.
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3 Results

3.1 Stiffness Measurements Results

Figure 2.5a presents stiffness measurements of a and ¢ rings of LSCO = =
17 % as function of the temperature for different currents. All other data
sets are given in appendix A.2. As can be seen, the a-ring transition start
at different temperature, but ends at the same temperature for all currents.
The c-ring start and finish the transition at the same temperatures for all
currents. It is clear that the two rings have two different critical temper-
atures although they are made from the same single crystal. This critical
temperature difference is what we call AT,, and T, is define as the temper-
ature where the stiffness is zero (this point is the same for all currents of
both rings). We repeat these measurements for different crystals of different
doping to examine the variations of AT, with doping. We also did critical
current measurements for each ring as close as we could to T, which can be
seen in the inset of Fig 2.5a. Those measurements were done at fixed tem-
peratures, marked with black arrows pointing on the transition at the main
graph. The critical current from those measurements is about 1.0 mAmp.
It was a difficult measurement to preform, because close to 7., any small
instability of the temperature could have influenced the measurements.

In Fig 2.5b one can see magnetization measurements of the two rings.
Each ring was measured in two different orientations, one time “standing”

with the symmetry axis of the ring perpendicular to the magnetic field (the
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magnetic field is parallel with the rings plane) and one time “laying”, with
the symmetry axis of the ring parallel to the magnetic field (the magnetic

field is perpendicular with the rings plane).

When a ring is standing, the field doesn’t go through the hole, and both
rings have similar phase transition in this position. But, the standing a-ring
mid-transition is at a slightly higher temperature. This happens because
when the a-ring is standing the copper-oxide planes are perpendicular to
the magnetic field and for the standing c-ring the copper-oxide planes are
now parallel with the magnetic field. When a ring is laying, the magnetic
field goes through the hole and the measured moment corresponds to both
the change of flux through the hole and the expulsion of the field from the
SC bulk (due to the Meissner effect). The expulsion from the bulk can be
microscopic or macroscopic phenomena, but the reaction to the change of flux
through the hole must be macroscopic. We suspect that this is the reason
why the laying a-ring transition has two parts. But, we don’t see any sign of
such behavior with the laying c-ring. This two-parts transition was observed
in the magnetization measurements of all laying a-rings, but in none of the
c-rings. It is possible that vertices can move easily between the CuQO, planes
and because the laying a-ring have weak parts where vortices can move in or
out from the hole of the ring without crossing the planes, we see the two-part

transition.

The mid-transition of the laying c-ring is closer in temperature to the

standing a-ring’s mid-transition because, in both of those cases the copper-
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Figure 3.1: Stiffness measurements of a and ¢ rings of LSCO z = 17% as
function of the temperature for different currents. The full marks belong
to the c-ring and the hollow marks belong to the a-ring. The x-axis is the
temperature in K, and the y-axis is the normalized AV,;,, which equals to
AVying/AVioi. The inset shows critical-current measurements at the tran-
sition temperature for both rings with the c-ring’s measurements in purple
and the a-ring’s in blue. The critical measurements were done at fixed tem-
peratures close to 7., and marked with black arrows on the main graph.

oxide planes are perpendicular with the magnetic field. In the stiffnessometer,
we only see the macroscopic phenomena and the difference in 7T, are much
more clear. This magnetization measurement also assures us that the T,
difference we see in the stiffness measurements are not the artifact of some

en-homogeneous doping of the single crystal we used to cut our rings from.
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3.2 Critical Current Measurements Results

In Fig 3.3 one can see two sets of measurements of two different rings made
from the same crystal of LSCO with doping of 22 % which is in the OVD
regime. Both measurements were done with the same SC excitation coil with
4 winding layers (2400 windings in total) at 1.7K well below the T, of the
samples. The rings parameters were: ID-1.0mm, OD-3.0mm and height-
1.0mm. One sample is a c-ring (current flow in the CuO; planes) and the
other sample is an a-ring (current flow in and between the CuO; planes).
The a-ring breaks from linearity at about 6 Amp while the c-ring’s signal

stays linear all the way up to 10 Amp.
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Figure 3.3: Critical-Current measurements of a and ¢ rings from the same
OVD LSCO single crystal = 22%. The temperature during the measure-
ment was 1.7 K and the coil was a superconducting coil with four layers of
winding (2400 windings in total). The y-axis is AV,;,,and the x-axis is the
current in the coil.
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4 Data Analysis and Discussion

The two main results of this thesis are: I) ¢ measurements of LSCO SC at
T — 0. II) The construction of a phase diagram of the critical temperature
difference between in-plane and out-of plane stiffness as function of hole

doping z.

4.1 Penetration Depth )

When stiffness measurements are done for c-ring we can translate them to
the out-of-plane penetration depth A, following the steps explained in 2.5.
From measurements of the a-ring, we can only extract an effective penetration
depth A.fs because the PDE is for azimuthal-symmetric system unlike the
a-ring. Figure 4.1 show A\, and A.sf for x = 17% LSCO. The red arrows

mark the temperature where critical current measurements were done.

4.2 Stiffness Behavior near 7T,

Figure 4.2 presents A™2 (proportional to fgs) as function of temperature for
four different doping. The red lines are guide-to-the-eye, marking the trend
of the stiffness. At z = 12.5%, the lines diverge when the temperature is
increased, at © = 15% they look like they are perpendicular and for x =
17% the lines converge. At 20% the lines also converge with increasing
temperature but not as fast as the 17%. This dome like behavior of the

stiffness trend with doping is noticeable also with 7. and AT, (but the T,
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Figure 4.1: Penetration depth A\, (full marks) and effective penetration
depth Acf fective (hollow marks) for LSCO x = 17 % as function of temperature
calculated from stiffness measurements with different currents in the coil
(different colors), and a numerical solution of the PDE. The red arrows mark
the temperature at which the critical current measurements where done.

maximum is at 15 % and not 17 %). If we extrapolate the red lines (linearly)
to see at what temperature they meet for each doping, we see that at 15 %,
the lines meet only above 45 K (above the highest possible T, for LSCO), at
17% they meet at «~ 38 K and at 20 % at «~ 33K, and the x = 12.5% aren’t

going to meet at all.
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Figure 4.2: Logarithmic plot of A= as function of temperature for a and
¢ rings of LSCO 17 % calculated from stiffness measurements with different
currents in the coil (different colors), and a numerical solution of the PDE.
Full marks are used for the c-ring and hollow marks for the a-ring. The red
lines are guide-to-the-eye marking the trend of the stiffness.

4.3 LSCO Phase Diagram of AT, and Doping

Figure 4.3 shows the critical temperature of both a and c-rings and AT, for
LSCO of different doping. As can be seen, AT, is always positive except for
the 11 %. In the far OVD and far UND regimes AT, goes up, but between

11 % and 20 % a dome-like structure is formed.

Our findings from stiffness measurements of a-type and c-type LSCO rings
shows a clear an-isotropic behavior. The fact that the c-ring have higher
T, than the a-ring of the same doping for all doping except for the z =

11 %, matches our assumption that SC is stronger within the copper-oxide
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Figure 4.3: LSCO phase diagram. Red spheres mark AT, (the left y-axis)
as function of Sr doping (the x-axis). Blue and purple marks belong to 7.
(the right y-axis) of a and c rings respectively also as function of Sr doping
(the x-axis).

planes. The magnetic moment measurements denies doping in-homogeneity
as the cause for AT.. The critical current measurements near the transition
indicate how far our stiffness analysis is valid with certainty. The the fact that
when we increase the current, the transition ends at the same temperature
indicates a lack of current dependence of the critical temperature. The dome
like behavior of AT, was an interesting discovery and the sharp decrease
around the critical doping x = 19 % rise questions about the relation between

anisotropy and the quantum critical point.
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4.4 Coherence Length

The different behavior in Fig 3.3 between the two samples imply that super-
conductivity is much “stronger” in-plane than out-of-plane. The a-ring is not
rotationaly symmetric, so our assumptions and the solution of the PDE 2.4 is
not valid in this case and we cannot extract v. or the between-plane coherence
length . from this measurement (yet). The c-ring is rotationaly symmetric
and although we did not reach the break point, we now know it must be
above 10 Amp. So, the critical velocity must be bigger than the velocity at
10 Amp and the in-plane coherence length &,;, must be smaller than we would
calculate for this velocity. We can set a lower limit on the critical velocity
and an upper limit on the coherence length. For OVD LSCO x = 22 % at
1.7K and taking A to be 300nm (X is chosen based on low energy pusr mea-
surements of LSCO at low temperatures [2]) and using the PDE solution
method, we see that v, is bigger than 8.35 - 10° m/s and &, is smaller than
4nm. J. will be bigger than 2.8 - 10" Amp/cm?.

Using the approximated method for I.,; = 10 Amp, n = 400cm™~! and
A =3-10"%cm, we get: J. > 1.3-10® Amp/cm?. Then, by using Eq 1.16 and
Eq 1.14 we see that v, > 3.88-10*m/s and ¢ < 0.86nm. This ¢ is on the
order of one unit cell (~ 3.78 A). The results of the approximated method
are different by factor of 5 from the PDE solution method.

We can compere our results with Fermi velocity calculated from the dis-
persion relation of the nodal-direction: vy ~ % ~ 3-10°m/s (taken

from [10]). Our lower limits on the critical velocity are much smaller than
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Fermi velocity.

Let’s compere our results to the BCS prediction for the depairing-velocity
and SC gap energy of A ~ 10meV (from measurements of OVD LSCO
z = 21% by [11] using STM). v5°9 = % ~ 1.8 - 10°m/s where k; is the
Fermi wave vector and in our case, ky = T ~ 8.3-10°m™"'. This vf“" is
smaller than our lower limit of both methods.

Although the technique is not (yet) perfect, we get good results of the
same order of magnitude from both options and the main principle of the
Stiffnessometer works. The early break from linearity of the a-ring compared
with the c-ring is exactly what we expected and shows the potential of this
method. A more conventional way of measuring & is by measuring the second
critical field H. and use the relation £ = \/m. For £ = 2nm, one

needs to reach fields of about 100 T. We intend to reach the same results at

equilibrium and with less effort.
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5 Concluding Remarks

In this work we presented the Stiffnessometer and the way it can be used
to measure the stiffness near T, and extract A, or measuring the critical
vector potential and extract the critical velocity and . The critical current
measurements of the OVD LSCO z = 22% showed an-isotropic behavior
when the a-ring broke from the linear dependence at 6 Amp, while the c-ring
stayed linear up to 10 Amp. We proposed two ways to extract the critical
velocity and £. Both gave results of the same order of magnitude and by
comparing to Fermi velocity our critical velocity limits were more than order
of magnitude smaller. The BCS depairing velocity calculated for A ~ 10 meV
was smaller than the lower limit of both methods. In the future we intend to
increase the total vector potential and improve our data analyses to manage
precise ¢ measurements at low temperatures for all doping.

The stiffness measurements near T, revealed a dome-like behavior of AT,
starting at x = 11 % near the 1/8 doping and ended at = = 20 % close to the
quantum critical point. The maximum AT, is 29K at o = 17% near the
OPD. Those findings rises questions abut possible relations between this an-
isotropic dependence of AT, to other phenomena such as the opening of the

pseudogap or the phase transition between strange metal and Fermi liquid.
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A Appendix

A.1 Gradiometer

The SQUID signal is proportional to the total magnetic flux that goes through
the gradiometer which is the sum of the flux through each one of the eight
pickup loops of the gradiometer. Those loops are arranged so that four loops
are in the center of the gradiometer with the same orientation, and the other
four loops are split into two pairs. One pair is set 7mm above the center of
the gradiometer and the other pair is 7mm below. The four external loops
(the two pairs) have different orientation then the four loops in the center.
The total flux will be: @y = —2®(z — 7) + 4P(2) — 2®(z + 7), where 2
is the location of the sample relative to the center of the gradiometer (the
flux ® depends on the distance between the sample and the loop). In some
way ®;,; reminds a second derivative of the total magnetic flux in the center
of the gradiometer. When measuring the ring, the magnetic flux depends
on the vector potential of the ring which depends on its distance from the
loop’s center (z) as: Aping(2) = 2mmryy/(r + %)%, where m is the ring’s

magnetic moment. The ratio between vector potential on a gradiometer

gfadiometeT(z)
and vector potential on a single pickup loop at z = 0 is: W‘W =

ring -
727“31 +4r§l 727";1

- +. The difference between the maximum
2 (=122

3
(2 +(E+7))2 (1 +2?)
g?_"adiometer
and minimum of this function is: prk+o°p(z:0)

gradiometer

cess for our finite 60 mm long coil we get Wm = 0.47. The Voltage

= 1.7. Doing the same pro-

ring

coil

output is proportional to the sum of the flux through all eight pickup loops:
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Voutput(z) = K- Zall—pl fB(Z — Zpl) -da = K - Zall—pl fA(Z — Zpl) -dl = K -
2mry Agradiometer (., 2) where K is some constant (Vouput = K+ ®pickup—1oop)-

AV pickup— loop(z 0)
We expect that: 374 = 3. 62”""— We can compere this result to

pL(Jc up loop(
cozl

the experimental way of getting G explained in Sec 2.5. The saturation value

of AA“//”W for low temperatures in Fig. 3.1 for the c-ring of LSCO 17 % is about

pickup—loop

0.37 and for big A we get % = —0.105 from the numerical solution

coil

of the PDE for the ring we measured (ID = 1.0 mm,OD = 2.48 mm,hight =
1.0mm) . The experimental G we get is: 0.37/0.105 = 3.52 not so far from
our calculation of G. For the calculation of A we used the experimental G

which is different for each ring depending on its geometry.

A.2 Stiffness Measurements for Different Doping

We did several stiffness measurements of a and c rings of different doping from
9% to 22 %. In all those measurements, we cooled the system to 5 K with A =
0 (ZGFC protocol), turned on the current in the excitation coil and measured
the magnetization at different temperatures. All those measurements are

presented in the following figures: (Fig A.1, and Fig A.2).
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NNVNT NPY T2 INDT MNYPH MTTH DD DY MIRHIND NN
VMIPN NNVITNVLN P2 YISNN DR NPYNN LSCO MY NYTN NN
1Y ,a"NYav NAY NTTHIV DPOVAIPN NNVINAVY ¢~ NYIV NaY NTTIIV
AT, DNNP AN NPYYAIPN MMOVINVN P2 YIOND .Y MR M
W0 AT, NAY) DINN N2ADND NTTHY MNYN MDND MINT 9D MY 2D 1IN
P2 .a”NYA0 SV 10 NOTY THN cTNYAL DY MVIPN MMVINVN ,(PDIN
NN NNMNND MMD IR 20% S MK NNID 11 % D¥ MON NI
MNVINNVLN P2 NP2 DNTHN YINN .MPRD NN MOND AT, DY N*D
MDND DN 179,17 % DY MR NN Ny Dapnm K4.3 100 nyvApn
NP N29Pa MOYY NONNN NPON Lz = 15%) LSCO YV nOnwaiNn
NTIPY N2IP2 NTIM (1/8 MN) 12.5% YV MPN NI VAP MOIMP
mons AT, 5% ® NMNMNN .19% SY MPN NNI2 NINKR DPVAIP POMP
Pa WP DY WaANND 191D NPVLAIPN NYLNPN MTPIN N0 MINI
S5¥ NMING P2 72YNN NI MINK MYMN PAD NIIYNN OW NPOIIOIININD
NMPNAY N (strange metal) NANN™NINND DY MNID (Fermi liquid) 21975
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MPY OV NYNNYN £ NPVLIIMNMPN TIR DY PDY ODND D) NI
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Js = PTIND NIRNYN 295 DY PN TN T, NIOMTHYN ORD M9 A
NNANNY 0NN MHAN NDID* POY DTND TTN 1N NPVIINIPN TIN .45, A
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MOIANND PYON) TNPD TOVMOLNN MYNNNI TITAD I IMN 0NN
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