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Abstract

High spin molecules (HSM) are molecules consisting of ions coupled by ferromagnetic

or antiferromagnetic interaction; these molecules crystallize in a lattice where neigh-

boring molecules are very well separated, yielding at low temperatures (temperatures

lower than the magnetic interaction between ions) molecules that behave like nonin-

teracting giant spins. When these molecules have a magneto-crystalline anisotropy

along the z axis, the energy of spin up and spin down states are equal. When the tem-

perature is high enough the spin of the molecules can flip from spin up state to spin

down sate thermally (over the anisotropy barrier), but when the temperature is much

lower than the anisotropy barrier, the only possible relaxation mechanism is through

tunneling. This behavior enables us to examine quantum effects on macroscopic

properties, and is referred to as quantum tunneling of the magnetization (QTM).

Tunneling between different spin states can only be induced by terms in the spin

Hamiltonian which do not commute with the spin in the z direction Sz. This term may

be dipolar interaction between neiboring molecules, hyperfine interaction between

nuclear spins and the electronic spin of the molecules, high order spin terms, tranverse

magnetic field on the molecular spins etc...

In this work we aim at pointing out the term dominating QTM in anisotropic

molecules by studying the spin dynamics in a family of simple isotropic high spin

1



ABSTRACT 2

molecules. These molecules are CrCu6 with spin S = 9/2, CrNi6 with spin S = 15/2,

and CrMn6 with spin S = 27/2.

We use DC-Susceptibility measurements to measure the magnetic properties of

these molecules, and we perform muon spin lattice relaxation measurements using

µSR and proton spin lattice relaxation measurements using NMR. We find that the

spin dynamics in these molecules is independent of the spin value, strongly indicating

that the spin dynamics at low temperatures is dominated by hyperfine interactions.
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Chapter 1

Preface

High spin molecules (HSM) are molecules consisting of ions coupled by ferromagnetic

or antiferromagnetic interaction; these molecules crystallize in a lattice where neigh-

boring molecules are very well separated. At temperatures lower than the magnetic

coupling J between ions inside the high spin molecule, the spins of the ions are locked

to each other, and the high spin molecules behave like noninteracting spins. The en-

ergy difference between the ground spin state and the next excited spin state is of the

order of J , therefore at low temperatures only the ground spin state S is populated.

This state is 2S + 1 times degenerate in first order approximation. However at even

lower temperatures the degeneracy can be removed by additional magneto-crystalline

anisotropic interactions such as the uniaxial term DS2
z , or rhombic term E(S2

x − S2
y)

etc. When the temperature is high enough transitions between different spin states

of the molecules are thermally activated, but when the temperature is much lower

than the energy difference between spin states, the transitions between them are only

possible through a quantum mechanical process.

5



CHAPTER 1. PREFACE 6

In the cases where these molecules have a magneto-crystalline anisotropy, the en-

ergy of spin up and spin down states are equal. When the temperature is high enough

the spin of the molecules can flip from spin up state to spin down sate thermally (over

the anisotropy barrier), but when the temperature is much lower than the anisotropy

barrier, the only possible relaxation mechanism is through tunneling. This behavior

enables us to examine quantum effects on macroscopic properties, and is referred to

as quantum tunneling of the magnetization (QTM).

The possibility of quantum tunneling of a large magnetic moment has been studied

in small magnetic clusters[7, 8, 9, 10], which are comprised of particles with various

magnetic sizes and properties. In contrast with most ensembles of small magnetic

clusters, a sample of high spin molecules consists of a large number of chemically

identical entities that are characterized by a unique set of parameters. This feature

allows precise characterization of the sample [7, 11] and rigorous comparison with

theory.

1950 1960 1970 1980 1990 2000 2010
103
104
105
106
107
108
109

1010
1011
1012
1013
1014
1015
1016
1017
1018
1019
1020

QTM

 

 Magnetic cores
 Disk file
 Magnetic bubble
 Thin fil
 Optical disk
 IBM

A
to

m
s 

pe
r b

it

year

Figure 1.1: The atomic weight of a typical memory element, as a function of time
[1, 2]

These nano-magnets could be applicable for the recording industry [2], as well as
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in information transmission and computing [12]. Figure 1.1 shows the way in which

magnetic computer memory elements have decreased exponentially in size over the

last 40 years [2]. At present computers, as well as magnetic tapes, use elements

which behave classically, and are stable over long periods of time. This stability

exists over decades because they are big, and the energy barrier between two states

of the element usually exceeds 100 kBT even at room temperature. The hypothesized

“quantum threshold”, below which tunneling is significant even at T = 0, is supposed

to consist of grains containing roughly 102 − 105 spins, depending on the material

involved.

In this chapter two of the most studied high spin molecules (Mn12 and Fe8) will

be introduced. These molecules show clear evidence for QTM (section 1.1). Then

we will introduce the high spin molecules that we are studying (section 1.2), their

chemical synthesis and magnetic properties.

1.1 Quantum Tunneling of the Magnetization in

Mn12 and Fe8

The Mn12 acetate compound, which is an example of HSM, whose formula

Mn12O12(CH3COO)16(H2O)4, has been the subject of much interest since it was syn-

thesized in 1980 [13]. This molecule contains four Mn4+ (S = 3
2
) ions in a central

tetrahedron surrounded by eight Mn3+ (S = 2) ions, as shown in the inset of Fig-

ure 1.2. Oxygen bridges allow super-exchange coupling among the Mn ions, and

magnetization measurements at low temperature indicate a total spin value of the

Mn clusters of S = 10 [14, 15, 16], suggesting a simple picture of four inner ions
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with their spins pointing in one direction and outer ions’ spins pointing in the op-

posite direction. These molecules crystallize into a tetragonal lattice in which the

distance between neighboring clusters is 7 Å, and the interaction between the clusters

is negligible. Another compound in which QTM was observed is Fe8, whose formula

[(tacn)6Fe8O2(OH)12]8+ [17]. Magnetic measurements show that Fe8 has a ground

spin state of S = 10 [4], which arises from competing antiferromagnetic interactions

between the eight S = 5
2

iron spins as shown in Figure 1.3.

H (Tesla)

M
 (e

m
u)

H
 (T

es
la

)
Step Number

Figure 1.2: Magnetization of Mn12 as a function of magnetic field at six different
temperatures, as shown (field sweep rate of 67 mT/min). The inset shows the field

at which steps occur versus step number (with step 0 at zero field). The structure of
the Mn12 molecule is represented at the top. Only the Mn4+ (large shaded circles),
Mn3+ (large open circles), and oxygen (small circles) ions are shown (Taken from

[3]).

Experiments on the two compounds Mn12 [3, 18, 19, 20] and Fe8 [4, 21] show that

the main part of the effective spin Hamiltonian of these compounds is [18, 19, 21],

H = −DS2
z − gµBHzSz (1.1)

where D is the anisotropy constant, and the second term is the Zeeman energy. The

values of D are found to be 0.547(3) K for Mn12 and 0.27 K for Fe8. The eigenstates
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of the Hamiltonian are the states |m >, where Sz|m >= m|m > (seen in Figure 1.6).

A simple calculation shows that the field for which two states, |m > and |m + n >,

are degenerate is

Hn = − nD
gµB

(1.2)

Figure 1.3: View of the structure of Fe8: the large open circles represent iron atoms,
while full, hatched and empty small ones stand for O, N, and C respectively. The

spin structure of the S = 10 ground state is schematically represented by the arrows
(Taken from [4]).

Figure 1.2 shows the magnetization of Mn12 as a function of the magnetic field

for six different temperatures, with the magnetic field applied in the direction of the

orientation of an oriented powder sample of Mn12. Steps in the hysteresis loop can

be seen as the field is increased; as the temperature is lowered new steps (with higher

fields) appear, while steps with lower fields disappear. A linear fit (inset of Figure 1.2)

indicates that there are steps at equal intervals of approximately 0.46 T [3].

For Fe8 it was shown [4] that for temperatures lower than 400 mK the magne-

tization curve vs. the magnetic field exhibits a temperature independent hysteresis

(for a fixed ramping rate dH
dt

). Figure 1.4 shows two curves taken at 80 mK with two

different ramping rates exhibiting hysteresis and steps at well defined field values,
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similar to those seen in Mn12. The steps for both ramping rates occur at the same

field values, but the size of the step is different for different ramping rates.

Figure 1.4: M vs. B: curve taken at 1.3 K shows no hysteresis. Below 400 mK
curves are temperature independent, but depend on field ramp rate dB

dt
as shown.

dM
dB

is shown for 0.04 T/h; peaks correspond to faster relaxation, verified by DC
measurements (Taken from [4]).

When sweeping the magnetic field applied along the easy axis of a Mn12 of Fe8

sample, from high negative to positive fields, and at very low temperatures, one ob-

tains a considerable decrease in the relaxation time of the magnetization for certain

magnetic fields, corresponding to those in which the steps are observed in the hys-

teresis loop [5] (e.g. for Mn12 see Figure 1.5). This decrease is due to the fact that

at these fields equilibrium is reached faster. This behavior is attributed to quantum

tunneling of the magnetization (QTM) within a simple model [22] of a double well

with 10 spin up states corresponding to m = +10,+9, · · · ,+1 and 10 spin down states

corresponding to m = −10,−9, · · · ,−1 (see Figure 1.6). The enhancement of the

relaxation rate, as well as the steps in the hysteresis loop, can be understood within

this simple model (more details will be given in chapter 2).

At high enough temperatures the reversal of the spin direction is thermally acti-

vated (over the barrier), so thermal fluctuations can bring the spin from one side of
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Figure 1.5: Field dependence of the
relaxation time obtained from magnetic

relaxation measurements at different
temperatures in Mn12 (Taken from [5]).

m=10

m=9

m=8

m=7

m=6

m=5

m=4

m=0

m=−10

m=−9

m=−8

m=−7

m=−8

H

Spin Up Spin Down

Figure 1.6: Potential well of Mn12 and
Fe8 crystals at H = 2D

gµB
(solid line) and

at zero field (dashed line).

the double well to the other; while at low temperatures the reversal of the spin is due

to tunneling between spin states, which can occur only between two spin states (on

both sides of the double well) with the same energy level. If an external field is applied

in the positive ẑ direction, the states on the left side of the well (m > 0) are lowered,

and on the right side (m < 0) are raised, as shown in Figure 1.6, and the relaxation of

the magnetization is enhanced for fields that correspond to an amount of level shifting

that brings two levels on both sides of the double well to match. However the spin

Hamiltonian (1.1) commutes with Sz and hence cannot induce tunneling. Therefore

one would expect tunneling between states to occur as a consequence of an additional

part of interaction term, which is the issue dealt with in this work.

1.2 New Family of High Spin Molecules

In this work we study mainly a group of new HSM which allow for a variety of spin

values and couplings between ions inside the molecule, but with similar chemical
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structure.

1.2.1 Chemical Synthesis of the HSM

The chemical formula of the newly discovered family of nano-magnets we will study is

[BIII{(CN)-AII-L}n](An)m where AII could be VII , CrII , MnII , FeII , CoII , NiII , or

CuII . And BIII could be FeIII , MnIII , or CrIII , L is a ligand, and An is an anion which

balances the molecules’ charge [23]. In what follows we label the different compounds

only as BIIIAII
n . This family is suited for our study since a large variety of spin values,

atomic masses and nuclear spins could be produced. In addition one can introduce

interactions between the magnetic clusters, as a test case. Three compounds have

been successfully synthesized, CrMn6 with total spin value S = 27
2

[24, 25], CrNi6

with total spin value S = 15
2

[26, 25], and CrCu6 with total spin value S = 9
2
[25].

1.2.2 Magnetic Properties of HSM

The cores of the compounds are presented in Figure 1.7. The chemical formulae of

these compounds are [Cr{(CN)Cu(tren)}6](ClO4)21, [Cr{(CN)Ni(tetren)}6 ](ClO4)9

and [Cr{(CN)Mn(tetren)}6](ClO4)9, which we refer to as CrCu6, CrNi6 and CrMn6

respectively. In these molecules a Cr(III) ion with S = 3/2 is coupled to six Cu (S =

1/2), Ni (S = 1) or Mn (S = 5/2) ions ferromagnetically (or anti-ferromagnetically in

the case of CrMn6) with a cyanide bridge, producing at low temperatures molecules

with high spin ground state S. The coordination sphere of Cr and Cu/Ni/Mn can be

described as a slightly distorted octahedral.

The high value S of these molecules is demonstrated in Figure 1.8, which shows the

agreement between the field dependence of the magnetization of the three compounds
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(a) (b) (c)

Figure 1.7: The (a) CrCu6, (b) CrNi6 and (c) CrMn6 molecules cores.

CrCu6, CrNi6 and CrMn6, with the corresponding Brillouin functions of spin 9/2, 15/2

and 27/2. The measurements were taken at T = 2 K, and demonstrate that at this

temperature the molecule behaves like one giant magnetic moment.
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Figure 1.8: The magnetization vs. the magnetic field H, at temperature T = 2 K
for the three compunds. The fits (solid lines) are the corresponding Brillouin

function described in the text.

Figure 1.9 shows the normalized static susceptibility at field 100 G multiplied

by the temperature as a function of temperature for the three compounds. The
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susceptibility was fitted to the expected susceptibility from the Hamiltonian

H =
∑

i

JCr−iSCrSi −DS2
z − gµBHzSz (1.3)

where the sum is taken over the 6 Cu, Ni and Mn ions, and Sz = SCr +
∑
i Si is the

z component of the total spin of the molecule, J is the coupling between spin inside

the molecule, D represents the anisotropy, and Hz is the field in z direction. The fits

give the values JCr−Cu ≈ 77 K, JCr−Ni ≈ 24K K and JCr−Mn ≈ −11 K [23, 26, 25].

The values of D were D ≈ 0 for all three molecules. Details of the fits will be given

in section 5.2.

10 100
1

10

CrCu
6

CrNi
6

CrMn
6

 

 

χ χχχT
 [

a.
u.

]

T [K]

Figure 1.9: The normalized static susceptibility multiplied by the temperature for
the compounds CrCu6, CrNi6 and CrMn6.



Chapter 2

Theory of QTM

The Hamiltonian 1.1 commutes with the spin in the z direction, Sz, and therefore

cannot induce tunneling. In this chapter I will present the different possibilities for

additional terms to the Hamiltonian, which do not commute with Sz and induce spin

tunneling in the anisotropic high spin molecules Mn12 and Fe8.

2.1 Higher Order Spin Terms and Crystal Field

Effect

One of the possibilities for the additional term which induces tunneling is the addition

of a higher order spin term, depending on the symmetry of the lattice. In the case

of Mn12, the lowest order term allowed by the tetragonal symmetry of the lattice is

[27, 28, 29, 30]

Ht = BS4
z − C

(
S4

+ + S4
−
)

(2.1)

15
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where B = −1.1×10−3 K and C = 2.9×10−5 K. Similarly, for Fe8, the D2 symmetry

suggests that the small correction spin term is [4, 31]

Ht = E
(
S2
x − S2

y

)
(2.2)

where E = 0.046 K.

In 1986 a WKB formalism was presented by Van Hemmen et al. [32] to describe

the quantum dynamics, including tunneling, of a single spin with large spin quantum

number, and zero external magnetic field.

Consider the Hamiltonian

H = −DSlz −
gµB

2

N∑

n=1

hn
(
Sn+ + Sn−

)
(2.3)

with l an even integer, D and hn positive constants. In the case of a strong anisotropy

Dσl � gµB
N∑

n=1

hnσ
n (2.4)

where σ = h̄S is the length of the classical spin, and for low energies E ≈ −Dσ l, the

WKB approximation gives a tunneling rate [33]

τ−1 = τ−1
0

(
gµBhNσ

N

2|E|

) 2S
N

(2.5)

where,

τ−1
0 =

lDσl−1

2π
(2.6)

Eq. (2.5) shows that the tunneling rate is universal, i.e. τ−1 depends on the

anisotropy termH0 = −DSlz only through the attempt frequency τ−1
0 , and is governed

by the highest degree N of the transverse term [32].

For the Hamiltonian (2.3) with l = 2 at zero field, the tunneling rate between the

two lowest spin states, within the WKB approximation, is

τ−1 =
DSh̄

π

(
gµBhN (Sh̄)N−2

2D

) 2S
N

(2.7)
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One should note that the spin Hamiltonian (1.1) with the term (2.1) (or (2.2))

cannot justify all the steps observed in the hysteresis loop in Mn12 (or Fe8), as it

couples only states differing by ∆m = ±4× n (or ∆m = ±2× n), with an integer n.

More importantly the tunneling rate due to the term (2.1) or (2.2) is proportional to

SS, which strongly depends on the value of the spin S.

2.2 Transverse Field Term

The appearance of the steps in Mn12 and Fe8 hysteresis loops, for ∆m = ±1 ×

n, n being an integer number [34], indicates that the high order spin terms in the

Hamiltonian (2.1) for Mn12 and (2.2) for Fe8, do not fully explain the tunneling

behavior in these clusters; therefore an additional term is needed to explain the

observed possible transitions. Several authors have proposed a transverse field term

[5, 31, 34]

Hl = −gµBHxSx = −g
2
µB(S+ + S−) (2.8)

The tunneling rate as a results of (1.1) in addition to (2.8) has been calculated

[35, 36] in longitudinal field Hz = Hn (equation (1.2)) at T = 0. The tunneling

splitting of each level m is given by [37]

∆En
m =

2D

[(2m− n− 1)!]2

(
(S +m− n)!(S +m)!

(S −m)!(S −m+ n)!

) 1
2 (gµBHx

2D

)2m−n
. (2.9)

The relation between ∆En
m and the tunneling rate τ is given by [33, 37]

∆Em = πh̄τ−1 (2.10)

and hence the tunneling rate at zero field, between the states ±m, is

τ−1 =
∆Em
πh̄

=
2D

π[(2m− 1)!]2h̄

(S +m)!

(S −m)!

(
gµBHx

2D

)2m

(2.11)
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The Hamiltonian (1.1) in addition to (2.8) exhibits a crossover from the thermally

activated regime to quantum tunneling regime [38, 39] that can be either first order

(for gµBHx <
SD
2

) or second order (for SD
2
< gµBHx < 2SD) [39]; which means sharp

or smooth, depending on the strength of the transverse field Hx and the shape of the

energy barrier (higher order corrections to DS2).

Also here the spin dependence of tunneling rate due to the term (2.8) depends

strongly on the spin value S.

2.3 Spin-Phonon Interaction

Tunneling induced by Spin-Phonon interaction was presented [27, 40] as an explana-

tion for magnetic relaxation in Mn12.

Consider an experiment in which the system is prepared in the spin state | − S >

(where Sz| − S >= −S| − S >) in an external negative magnetic field parallel to

ẑ. At time t = 0 the field is reversed, and the system undergoes a transition to a

different spin state |m > (where Sz|m >= m|m >). According to [27] this transition

is possible if a phonon of wave vector q is created, with an energy allowing for energy

conservation

Em + h̄ωq = E−S (2.12)

where

Em ≈ −Dm2 − 2µBHzm (2.13)

If we consider small external magnetic fields satisfying 2µBHz < D, for which equation

(2.12) can be satisfied only for m = S, we obtain [27] the tunneling rate

τ−1 =
12

π2h̄4c5ρ
| < S|V | − S > |2(HzS)3 (2.14)
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taking an isotropic dispersion law, ωq = cq; V is the spin-phonon interaction, and ρ

is the specific mass.

Experimental results for the tunneling time τ as a function of the external field

Hz in Mn12 show that τ increases with decreasing Hz for Hz > 0.2 T in qualitative

agreement with (2.14), but at Hz ' 0.2 T, τ has a maximum and it decreases for

smaller fields, as can be seen in Figure 1.5.

The argument above predicts a magnetization relaxation rate τ−1 ∝ S3, ignoring

hyperfine and dipolar fields; however even if these fields were taken into account it

would not change the prediction of a minimum in τ−1 around Hz = 0, while exper-

imentally it was observed in Mn12 and Fe8 that the relaxation rate has a maximum

at Hz = 0 [41]. Hence spin-phonon interaction cannot fully explain the tunneling

behavior, though it may influence it.

2.4 Dynamic Nuclear Spin and Dipolar Interac-

tion

Another attempt to explain the observed tunneling behavior is obtained by including

dynamic hyperfine and dipolar fields. In the low temperature limit the ion spins in

the high spin molecule are locked together, and the molecule behaves like one giant

spin; however, due to dipolar fields the spin up and spin down states of the molecules

are initially with different energies, and one needs the rapidly fluctuating hyperfine

field to initially bring the spin up and spin down states to matching energies. The

gradual adjustment of the dipolar fields across the sample, caused by tunneling relax-

ation, brings a steady supply of molecules further into resonance, allowing continuous

relaxation.
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This process is particularly important in Fe8 where hyperfine couplings are weak

compared to Mn12. These arguments lead to a square root behavior of the magneti-

zation at short times [41]

M(t) ∝
√
t

τ
(2.15)

where τ depends on the nuclear T2, the tunneling matrix element ∆0 between the

two lowest levels and the initial distribution of internal fields in the sample (which

depends strongly on the shape of the sample), according to

τ−1 ∝ ∆2
0T2|ES − E−S|

ED
(2.16)

where ED is total dipolar coupling from nearest neighbor molecules. The dipolar

coupling is proportional to S2 while |ES − E−S| ∝ S, therefore the value of τ is

expected to be proportional to S.

Recent experiments show a clear evidence for the effect of nuclear and dipolar

fields on tunneling in Fe8 [42], and a non-exponential relaxation of the magnetization

was observed in both powder [4] and single crystal [42, 43] samples, as expected

theoretically [41].

2.5 Landau-Zenner Tunneling

In the previous sections I presented the environmental influence of the molecular spin

and its effect on the spin tunneling in these molecules. The Landau-Zenner model

[44] can be applied to the experiments of swept external magnetic field, in which steps

are observed in the hysteresis loop. In this model the off diagonal elements in the

Hamiltonian, such as the interactions presented in the previous sections, introduce a

gap (tunnel splitting) ∆0 at the level crossing. The tunneling probability P in this
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model is given by the Landau-Zenner formula [44, 45, 46]

P = 1− exp

[
− π∆0

4h̄gµBS(dH/dT )

]
(2.17)

where dH/dt is the field sweeping rate, g ' 2, µB the Bohr magneton.

This model reveals an extreme sensitivity of the tunnel probability to the ∆0 and

on the sweep rate, and can be used to measure the value of the tunnel splitting ∆0

[47].

2.6 Summary

In this section I will summarize the results of the tunneling rates from the previous

sections. In this work we are mostly interested in the dependence of the tunneling

rate (or transition rate) between different spin states on the spin S of the HSM.

Interaction Spin dependence of the tunneling rate τ−1

High order spin terms S2 or higher
Spin-phonon S3

Static transverse field higher than S2

Dynamic hyperfine and dipolar 1/S

Table 2.1: The spin dependence of the tunneling rate for the different possible
interactions presented in this chapter.

This work deals mainly with a group of isotropic HSM, which were presented in

Section (1.2). Though no spin tunneling is observed in these molecules due to the

absence of the anisotropic term DS2
z , other interactions allowed by the symmetry of

the molecules do exist, and can induce quantum transitions between different spin

states of the molecule at very low temperatures.
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This group includes three similar molecules with different spin values, therefore

the spin dependence of the transition rates between the spin states, summarized in Ta-

ble 2.1, will be an important indicator of the interaction dominating these transitions,

and may shed some light on the dominant interaction which induces the tunneling in

anisotropic HSM.



Chapter 3

Experimental Methods

3.1 DC Susceptibility Measurement

The magnetic measurements were performed using a Quantum Design’s magnetic

property measurement system (MPMS). This instrument uses a Superconducting

QUantum Interface Device (SQUID), which is the most sensitive device available for

measuring magnetic fields. In this section I present the principles of operation of the

MPMS following Ref. [48].

3.1.1 The SQUID

Due to the high sensitivity of the SQUID it should not be used to detect the mag-

netic field directly from the sample. Instead, the sample moves through a system of

superconducting detection coils which are connected to the SQUID with supercon-

ducting wires, allowing the current from the detection coils to inductively couple to

the SQUID sensor. When properly configured, the SQUID electronics produces an

output voltage which is strictly proportional to the current flowing in the SQUID

23
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input coil. Hence, the thin film SQUID device essentially functions as an extremely

sensitive current-to-voltage converter.

������������ Sample

Magnetic
Field H

Superconducting
Wire

Figure 3.1: The second-order gradiometer superconducting detection coils

A measurement is performed in the MPMS by moving the sample through the

superconducting detection coils (see Figure 3.1), which are located outside the sample

chamber and at the center of the magnet (see Figure 3.2). As the sample moves

through the coils, the magnetic moment of the sample induces an electric current in

the detection coils. Because the detection coils, the connecting wires, and the SQUID

input coil form a closed superconducting loop, any change of magnetic flux in the

detection coils produces a change in the persistent current in the detection circuit,

which is proportional to the change in magnetic flux. Since the SQUID functions

as a highly linear current-to-voltage converter, the variations in the current in the

detection coils produce corresponding variations in the SQUID output voltage which

are proportional to the magnetic moment of the sample. In a fully calibrated system,

measurements of the voltage variations from the SQUID detector as a sample is moved

through the detection coils provide a highly accurate measurement of the sample’s

magnetic moment. The system can be accurately calibrated using a small piece of

material having a known mass and magnetic susceptibility.
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Figure 3.2: The configuration of the MPMS and location of the detection coil. The
coil sits outside of the sample space within the liquid helium bath (taken from [48]).

3.1.2 The Superconducting Shield

Because of the SQUID’s extreme sensitivity to fluctuations in the magnetic fields, the

sensor itself must be shielded both from fluctuations in the ambient magnetic field of

the laboratory and from the large magnetic fields produced by the superconducting

magnet. The required magnetic shielding is provided by the superconducting shield

which provides a volume of low magnetic field in which the SQUID and its coupling

transformers are located. Proper operation of the SQUID does not necessarily require

that the magnetic field inside the shield be extremely small, but it does require that

any field inside the shield be extremely stable. Consequently, the superconducting

shield serves two purposes in the MPMS:
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1. To shield the SQUID detector from the magnetic field generated by the super-

conducting magnet.

2. To trap and stabilize the ambient laboratory magnetic field present when the

SQUID and the superconducting shield are first cooled to liquid helium tem-

perature.

The requirement for the superconducting shield can be more readily appreciated

when one considers the sensitivity of the SQUID detector. The magnetic flux pro-

duced in the SQUID by a typical small sample is of the order of 0.001 of a flux

quantum, where the flux quantum is 2.07 × 10−7 G-cm2. For comparison, the mag-

netic flux through a 1 cm2 area in the earth’s magnetic field corresponds to about 2

million flux quanta.

3.1.3 The Superconducting Detection Coil

The detection coil is a single piece of superconducting wire wound in a set of three coils

configured as a second-order (second-derivative) gradiometer. In this configuration,

shown in Figure 3.1, the upper coil is a single turn wound clockwise, the center coil

comprises two turns wound counter-clockwise, and the bottom coil is a single turn

wound clockwise. When installed in the MPMS, the coils are positioned at the center

of the superconducting magnet outside the sample chamber such that the magnetic

field from the sample couples inductively to the coils as the sample is moved through

them. The gradiometer configuration is used to reduce noise in the detection circuit

caused by fluctuations in the large magnetic field of the superconducting magnet.

The gradiometer coil set also minimizes background drifts in the SQUID detection

system caused by relaxation in the magnetic field of the superconducting magnet. If
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the magnetic field is relaxing uniformly, then ideally the flux change in the two-turn

center coil will be exactly canceled by the flux change in the single-turn top and

bottom coils. On the other hand, the magnetic moment of a sample can still be

measured by moving the sample through the detection coils because the counter-

wound coil set measures the local changes in magnetic flux density produced by the

dipole field of the sample. In this application a second-order gradiometer (with three

coils) will provide more noise immunity than a first-order gradiometer (with two coils),

but less than a third-order gradiometer (which would employ four coils).

It is important to note that small differences in the area of the counter-wound

coils will produce an imbalance between the different coils, causing the detection

coil system to be somewhat sensitive to the magnetic field from the superconducting

magnet. In practice, it is never possible to get the coils exactly balanced against

the large fields produced by the magnet, so changes in the magnetic field will always

produce some current in the detection coil circuit. Over long periods of time and

many measurements, large persistent currents could build up in the detection coil,

producing noise in the system when these large currents flow in the SQUID input

coil. The MPMS system prevents this from occurring by heating a small section of

the detection coil circuit whenever the magnetic field is being changed.

3.1.4 The Measurement Procedure

The sample is mounted in a sample holder that is attached to the end of a rigid sample

rod. The top of the sample transport rod is attached to a stepper-motor-controlled

platform which is used to drive the sample through the detection coil in a series of

discrete steps. It is possible to use discrete steps because the detection coil, SQUID

input coil, and connecting wires form a complete superconducting loop. A change in
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the sample’s position causes a change in the flux within the detection coil, thereby

changing the current in the superconducting circuit. Since the loop is entirely super-

conducting, the current does not decay as it would in a normal conductor. During a

measurement the sample is stopped at a number of positions over the specified scan

length, and at each stop, several readings of the SQUID voltage are collected and

averaged. The complete scans can be repeated a number of times and the signals

averaged to improve the signal to noise ratio.

V
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ge

 [
V

]

Scan [cm]

Figure 3.3: The output of the SQUID as a magnetic dipole is moved through the
second-order gradiometer pickup coil. The vertical scale corresponds to the output

voltage and the horizontal scale is sample’s position (taken from [48]).

The currents induced in the detection coil are ideally those associated with the

movement of a point-source magnetic dipole through a second-order gradiometer de-

tection coil. The spatial (position) dependence of the ideal signal is shown in Fig-

ure 3.3 [48]. To observe this signal the sample should be much smaller than the

detection coil and the sample must be uniformly magnetized.

The accurate determination of the magnetic moment of the sample from the

SQUID output signal is made using computer fits. The linear regression method
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makes a fit of the theoretical signal of a dipole moving through a second-order gra-

diometer to the actual SQUID output signal using a linear regression algorithm. This

method requires the sample to remain well centered. When the sample is measured

over a wide temperature range, the sample will change position due to changes in the

length of its transport rod. Using software commands, the sample can be centered

automatically.

3.1.5 Magnetic Units of Measure

The MPMS reports values of magnetic moment in e.m.u. which is equal to G×cm3.

We get the magnetization ~M by dividing the value of magnetic moment ~m by the

volume V of the sample. The MPMS is calibrated with a sample of known magnetic

moment in units of e.m.u., and all other signals are compared to the calibrated sample

to get their magnetic moment in the same units. Another quantity frequently used

in magnetism is the magnetic susceptibility, which is given by χ = M/H, where H is

the external magnetic field.

As an example we consider the Hamiltonian for paramagnetic moment in cgs units

H = −~m · ~B. (3.1)

Therefore the magnetic moment ~m is in units of erg/Gauss. The average spin value

follows the relation

~MV = NgµB
〈
~S
〉

(3.2)

where N is the number of magnetic moments in the sample, from which
〈
~S
〉

is

calculated by dividing the magnetic moment in e.m.u. units by gµBN .
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3.2 The Muon Spin Relaxation (µSR) Technique

The µSR technique allows one to study the magnetic properties of materials, through

direct measurement of the time dependence of a positive muon (µ+) polarization P (t).

The evolution of the polarization depends on the magnetic field experienced by the

positive muon, and provides information on the magnetic environment in the vicinity

of the muon. With this technique one can detect static magnetic field as small as a

fraction of a Gauss and as large as several Tesla, and it is sensitive to magnetic fields

fluctuating on a time scale of 10−3 − 10−11 sec.

3.2.1 Experimental Setup

The polarized muons are produced from pion decay (with pion lifetime τπ = 26 nsec)

according to

π+ → µ+ + νµ

Since only left-handed neutrinos exist, and because pions have zero spin, muons pro-

duced by pions at rest (pπ = 0) have their spin ~sµ anti-parallel to their momentum

~pµ (See Figure 3.4). These muons are guided into the sample by a set of dipole mag-

Figure 3.4: Schematic illustration for a positive pion decay into a muon and a
neutrino (Taken from [6]).

nets; and come to rest in the sample within 10−10 sec, then each muon decays into a

positron and two neutrinos:

µ+ → e+ + νe + ν̄µ
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mostly with a positron energetic enough to travel a substantial distance before anni-

hilating, to reach the positron detectors.

The distribution of the decayed positrons is not spherically symmetric, but rather

depends on the polarization of the muon, the positron is preferably emitted in the

direction of the muon polarization as shown in Figure 3.5. In this figure the length

Figure 3.5: Angular distribution of positrons from muon decay (Taken from [6]).

of the arrow represents relative probability of positron emittance in the direction of

the arrow. From the change in the angular distribution, as a function of time, of the

emitted positrons, one can reconstruct the polarization of the muon as a function of

time. When needed, we can also apply a variable external magnetic field, HL along

the initial polarization direction ẑ, or HT transverse to ẑ.

3.2.2 The Longitudinal Field Configuration

The Longitudinal Field (LF) (also Zero Field (ZF)) experimental configuration (Fig-

ure 3.6(a)) is used to measure the rate in which the muon loses its polarization in

the sample as a function of the magnetic field (HL) applied along the direction of the

initial muon polarization. This setup is based on the fact that at t = 0 positrons are
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emitted into the forward (F) counter (full polarization) while at t −→∞ the polariza-

tion vanishes, and the positron counts in the forward (F) and backward (B) counters

are equal. The positron counters are placed as shown in Figure 3.6(a). The forward

counter has a small hole in it to allow the incoming muons to reach the sample.
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Figure 3.6: (a) Longitudinal (and Zero) field setup. (b) and (c) are Transverse field
setups.

3.2.3 The Transverse Field Configuration

The transverse field (TF) experimental configuration (Figure 3.6(b) and (c)) is used

to measure both the frequency of the muon precession and the rate in which it loses

its polarization as a function of the magnetic field (HT ), applied perpendicular to the

muons initial spin direction. There are two ways to achieve this configuration:
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1. The counters are set up in a similar way to the LF configuration, but the field

is applied in a direction perpendicular to the beam, as shown in Figure 3.6(b).

2. The muon spin is rotated by separators and the field is applied parallel to the

beam. In this configuration the counters are placed above (U) and below (D)

(or left and right sides) of the sample as shown in Figure 3.6(c).

3.2.4 Data Analysis

When the muons come to rest with their polarization along the beam direction ẑ,

each muon spin evolves in the local field until the µ+ decays at a time t after its

arrival. The decay is asymmetric and the positron is emitted preferably along the

muon spin direction. Two positron counters placed in the forward and backward

directions with respect to ẑ are used to obtain positron decay time histograms, which

typically contain more than 106 events. The number of detected positrons in the

backward and forward counters are, correspondingly,

NB(t) = NB
0

[
BB + e

− t
τµ (1 + A0Pz(t))

]

NF (t) = NF
0

[
BF + e

− t
τµ (1− A0Pz(t))

]
(3.3)

where BB (BF ) is the time independent background in the backward (forward)

counter, NB
0 (NF

0 ) is the counting rate in the backward (forward) counter, Pz(t) is the

muon polarization in the z direction as a function of time and A0 is the asymmetry.

To extract the polarization function we subtract the constant background (NB
0 BB

and NF
0 BF ), to obtain

B(t) = NB(t)−NB
0 BB

F (t) = NF (t)−NF
0 BF (3.4)
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We define the experimental “raw” asymmetry as:

Ar(t) =
B(t)− F (t)

B(t) + F (t)

=
(1− α) + (1 + α)A0Pz(t)

(1 + α) + (1− α)A0Pz(t)
(3.5)

where α is the ratio of the raw count rates
NF

0

NB
0

, and reflects the ratio of effective

solid angles of the detectors. α can be calculated by applying a magnetic field which

is transverse to the initial muon polarization, and finding the α value that gives

oscillations centered around zero.

Finally, from equation (3.5) one can extract the corrected asymmetry which is

proportional to the polarization in the z direction

A(t) = A0Pz(t) =
(α− 1) + (α+ 1)Ar(t)

(α+ 1) + (α− 1)Ar(t)
=
αB(t)− F (t)

αB(t) + F (t)
. (3.6)

The polarization in the perpendicular direction to ẑ can be calculated from two

positron counters placed up and down relative to the sample

A⊥(t) = A⊥0P⊥(t) =
α⊥D(t)− U(t)

α⊥D(t) + U(t)
(3.7)

where U(t) and D(t) are the counts in the up and down counters after subtracting

the background. α⊥ is the ratio between the raw count rate in the up detector to

that in the down detector,
NU

0

ND
0

.

The asymmetry is fitted to the expected function from theoretical or phenomeno-

logical considerations, and the physical properties are extracted from the fitting pa-

rameters.

The arrangement of the positron counters and external field direction, longitudinal

or transverse, is chosen depending on the information that we want to extract from

the experiment.
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3.2.5 Muon Spin Rotation

The fully polarized muon, after entering the sample, comes to rest in a magnetic

environment. Since the mechanism which stops the muon is much stronger than any

magnetic interaction, the muon maintains its polarization while loosing its kinetic

energy. However, at the stopping site the muon spin starts to evolve in the local

field ~B. When all the muons experience a unique magnetic field in their site, the

polarization along the ẑ direction Gz(t) is given by

Gz(t) = Re
{

cos2 θ + sin2 θeiω(t−t0)
}

(3.8)

where θ is the angle between the initial muon spin and the local field direction (see

Figure 3.7), ω = γµB is the Larmor frequency of the muon (γµ = 85.162 MHz/kG),

and t0 is the arrival time of the muon. When taking the powder average of Eq. (3.8)

we get

Gz(t) =
1

3
+

2

3
cos(ωt) (3.9)

where we took t0 = 0.

P(0)
P(t)

B

y

x

z

ϕ

θ

Figure 3.7: The ẑ component of the muon polarization in the presence of a constant
field ~B.

In real systems, however, the local field experienced by different muons is rarely

unique. It can vary from site to site as a result of nuclear moments, impurities, or

non-homogeneous freezing of the ionic moments. It could also vary in time, at a given
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site, due to dynamic fluctuations. In these cases the oscillation amplitude (2/3) and

the average polarization (1/3) decay.

The decay or relaxation of the 2/3 component results from both dynamical fluc-

tuations and spatial inhomogeneities. If we ignore momentarily the dynamical fluctu-

ations, and assume that the frequency of oscillations, instead of being unique, follows

the distribution ρ(ω−ω0), where ω0 is the mean value of the Larmor frequency, then

Gz(t) =
1

3
+

2

3

∫
dωρ(ω − ω0) cos(ωt). (3.10)

It is easy to see that if ρ is Gaussian/Lorentzian the 2/3 component relaxes with a

Gaussian/exponential line shape. Dynamical fluctuations could only add additional

sources of relaxation. However, without the help of echo techniques (as in NMR) it

is hard to distinguish between the two sources of relaxation of the 2/3 component.

On the other hand the spatial inhomogeneity of the field cannot cause relaxation

of the 1/3 component since in the powder there are always 1/3 of the muons with their

polarization pointing along the local field. These muons have a constant polarization

unless the field changes with time. As a result, the relaxation of the 1/3 component

could occur only from dynamical fluctuations of the local field.

3.2.6 Traditional Theory of Muon Spin Relaxation

The 100% polarization of the muons in the sample is not the equilibrium ratio of spin

up to spin down and the muon gradually depolarizes in order to reach the equilibrium

ratio. The time dependence of this depolarization is derived in this section using

the strong collision model. In this model we assume that the field experienced by

the muon changes discontinuously at times t1 < · · · < tn < t(= tn+1) with some

average frequency ν. Between these field changes the polarization evolves as if the field
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were static. We demonstrate the application of this model to two field distributions

Gaussian and Lorentzian. The Gaussian distribution is given by

ρG( ~B) =

(
γµ√
2π∆2

)3

exp


−γ

2
µ[ ~B − ~B0]2

2∆2


 (3.11)

where ~B0 is some average field which is either applied externally or caused by the

magnetic moments in the sample, and ∆/γµ is the root mean square (RMS) of the

field distribution. The Lorentzian distribution is given by

ρL( ~B) =
(
γµ
π

)3 ∏

i=x,y,z

[
a

a2 + γ2
µ(Bi −B0

i )
2

]
(3.12)

where B0
i is the i-th component of some average field ~B0, and a/γµ represents the

width of the field distribution.

The static relaxation function g0(t) is obtained by convoluting Gz(t) from Eq. (3.8)

with the field distribution ρ( ~B). For example, if ~B0 = 0 we obtain in the case of

Gaussian distribution

gG0 (t) =
∫
d3BρG( ~B)Gz(t) =

1

3
+

2

3
(1−∆2t2) exp

(
−∆2t2

2

)
. (3.13)

This relaxation is known as the static Gaussian Kubo-Toyabe [49]. This function has

a 2/3 component showing a damped oscillation around B, with time scale 1/∆, and a

persisting 1/3 polarization which is referred to as recovery. The RMS ∆ of magnetic

fields can be estimated from the rate of the damped oscillation.

In the case of Lorentzian distribution we obtain

gL0 (t) =
∫
d3BρL( ~B)Gz(t) =

1

3
+

2

3
(1− at) exp(−at). (3.14)

This relaxation is known as the static Lorentzian Kubo-Toyabe [50, 51]. This function

has a shallow “dip” of the damped oscillation compared to the Gaussian Kubo-Toyabe
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(3.13), corresponding to a faster damping due to a wider range of fields B, with a

time scale 1/a, and then a recovery of 1/3 of the polarization follows.

Application of a longitudinal field HL parallel to ẑ helps aligning the local field

along the z axis. The LF relaxation function for a Gaussian local field becomes [52]

gGz (t,HL) = 1−
(

2∆2

ω2
L

) [
1− e−∆2t2/2 cos(ωLt)

]
+

(
2∆4

ω3
L

) ∫ t

0
e−∆2t2/2 sin(ωLτ)dτ

(3.15)

where ωL = γµHL. When ∆/ωL is small, i.e. when the external field HL is much

higher than the internal field, the polarization approaches 1. This effect is called

decoupling.

The LF relaxation function for a Lorentzian local field follows [53, 54]

gLz (t,HL) = 1− a

ωL
j1(ωLt)e

−at −
(
a

ωL

)2 [
j0(ωLt)e

−at − 1
]

−
[
1 +

(
a

ωL

)2
]
a
∫ t

0
j0(ωLτ)e−aτdτ (3.16)

where j0 and j1 denote spherical Bessel functions. When a/ωL is small, i.e. when HL

is much higher than a, the polarization approaches 1, similar to the LF relaxation

function for a Gaussian local field.

If we now take the field changes into account, then the polarization at a measured

time t contains contributions from muons that experience no field changes at all,

those that experience one change, two changes and so on. The probability that the

field stays unchanged during the time ti+1− ti is given by κ(ti+1− ti). For Markovian

processes we have

κ(t) = e−νt. (3.17)

It should be pointed out that this type of dynamical process (Markovian) leads to an

exponential decay of the time-dependent field-field correlation function
〈
~B(t) · ~B(0)

〉
.
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The average polarization is obtained by taking the sum over all possible number

of changes, weighted by their probability. Since the probability density for n changes

between [t1, t1 + dt1], · · · , [tn, tn + dtn] is

n∏

i=1

exp [−ν(ti − ti−1)] νdti = νne−νt
n∏

i=1

dti

we get

Pz(t) = e−νt
[
g0(t) + ν

∫ t

0
dt1g1(t1, t) + ν2

∫ t

0
dt2

∫ t2

0
dt1g2(t1, t2, t) + · · ·

]
(3.18)

where gn(t1, · · · , tn, t) is the polarization function given that the muon experiences

field changes at t1, · · · , tn. If we now assume that the fields at different time inter-

vals are uncorrelated, and that during each time interval the polarization propagates

according to the static function g0(t) we have

gn(t1, · · · , tn, t) =
n+1∏

i=1

g0(ti − ti−1). (3.19)

Eq. (3.18) can be further simplified. However, in most cases we end up using numerical

techniques at some point in order to obtain Pz(t). Therefore we will not further

simplify this equation here.

We refer to the polarization function which is obtained by applying the strong

collision model to the static Kubo-Toyabe as the dynamical Kubo-Toyabe (DKT).

The advantage of the DKT is that it is very practical for data analysis since it is not

limited to a specific range of parameters. In real systems, where the dominant source

of relaxation often varies with temperature between the dynamic and the static, the

ability to account for the muon spin relaxation with a theory which treats both sources

on the same footing, is very useful.
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3.3 The Nuclear Magnetic Resonance (NMR) Tech-

nique

NMR and µSR are very similar techniques in their principle of operation. µSR has the

advantage of being universal (independent of the studied sample). Its disadvantage

is that the local probes (muons) are located in an unknown position. NMR has

the advantage that the local probes (nuclei) are well located in the structure of the

compound. However not all samples contain the same nuclei.

3.3.1 Experimental Setup

In an NMR experiment the sample is placed inside a coil (see Figure 3.8), and im-

mersed in a static external magnetic field ~H = H0ẑ. This field polarizes the nuclear

spins along the z axis. In addition to this field we apply a transverse magnetic field

H1 along the x axis, which is produced by running an alternating current in the

coil L (see Figure 3.8), with frequency equal to the Larmor frequency, ωL = γNH0,

where γN is the gyromagnetic ratio of the studied nuclear spin. To do so we tune the

resonance frequency of the circuit (Figure 3.8) by changing the capacitance of both

capacitors C and C ′. We keep the impedance of the power supply (50 Ω) matched

to the impedance of the rest of the circuit, in order to get maximum power from the

power supply into the circuit. To ensure these two conditions, one must have

C + C ′ =
1

ω2
LL

(3.20)

50

R
=
(

1 +
C

C ′

)2

(3.21)

where R is assumed to be small.
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To understand the effect of H1 on the nuclear spins, it is convenient to define a

rotating frame of reference which rotates about the z axis at the Larmor frequency,

ωL. We distinguish this rotating coordinate system from the laboratory system by

primes on the x and y axes, x′y′.

The advantage of looking at the problem from a rotating reference frame is its

simplicity; e.g. a nuclear magnetization vector rotating at the Larmor frequency in

the laboratory frame appears stationary in a frame of reference rotating about the z

axis.

H

H1

0

~C’

C

Sample L R

Figure 3.8: Resonance circuit for the NMR probe.

When the alternating current through the coil is turned on and off, it creates

a pulsed H1 magnetic field along the x′ axis, this field can be seen as the sum of

two components, one rotating clockwise and the other counterclockwise. It can be

shown that only the component which is stationary in the rotating reference frame is

important, and is taken into account. The spins respond to this pulse in such a way

in order to cause the net nuclear magnetization vector to rotate about the direction

of the applied H1 field. The rotation angle depends on the length of time the field is

on, τ , and its magnitude H1

θ = γNτH1 (3.22)

where τ is assumed to be much smaller than T1 and T2 (see below).

A π
2

pulse is one which rotates the nuclear magnetization vector clockwise by π/2
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radians about the x′ axis, down to the y′ axis; while in the laboratory frame, the

equilibrium nuclear magnetization spirals down around the z axis to the xy plane.

One can see why the rotating frame of reference is helpful in describing the behavior

of the nuclear magnetization in response to a pulsed magnetic field. Similarly a

π pulse will rotate the nuclear magnetization vector by π radians. If the nuclear

magnetization was initially along the z (x or y) axis it is rotated down along the −z

(−x or −y) axis.

3.3.2 Pulse Sequences

The π
2

Free Induction Decay (FID) Pulse

In the π
2
-FID pulse sequence, the net nuclear magnetization is rotated down into

the x′y′ plane with a π
2

pulse. Then it begins to precess about the +z axis, while

its magnitude decays with time. This induces magnetic flux changes, and therefore

induces a signal ε(t) in the coil, which is then recorded. A timing diagram for a

π
2
-FID pulse sequence is a plot of signal versus time (in the rotating reference frame),

as shown in Figure 3.9.

The signal ε(t) follows

ε(t) = ε0e
−λt (3.23)

where λ represents the distribution of local magnetic fields experienced by the studied

nuclei. The Fourier transform of the signal ε(t) gives the NMR line in the frequency

domain.
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Figure 3.9: A π
2
-FID signal from protons’ nuclear spins in CrNi6, at temperature

T = 300 K and field H0 = 3.3239 T.

The Spin-Echo Sequence and T2 Measurement

Another commonly used pulse sequence is the spin-echo pulse sequence. Here a π
2

pulse is first applied to the spin system. The π
2

pulse rotates the nuclear magnetization

down into the x′y′ plane. The transverse nuclear magnetization begins to dephase.

At time techo after the π
2

pulse, a π pulse is applied. This pulse rotates the nuclear

magnetization by π about the x′ axis. The π pulse causes the nuclear magnetization

to at least partially rephase and to produce a signal called an echo, as can be seen in

Figure 3.10.

The dephasing of the transverse nuclear magnetization occurs because the spin

packets making it up experience a time dependent magnetic field. The time scale of

the dephasing is called the spin-spin relaxation time T2.

To measure T2 value we use the spin-echo sequence; by varying the time techo, and

measuring the maximal value of the signal for the same parameters, εmax(techo). The

maximal value of the signal as a function of techo behaves according to

εmax(techo) = ε0e
− techo

T2 . (3.24)
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In practice one measures εmax(techo). The values of εmax as a function of techo are then

fitted to a function of the form (3.24), or to a function of the form f
(
techo

T2

)
, from

which the value of T2 is extracted.

Time[  sec]µ

A
m

pl
it

ud
e 

[a
.u

]

0 102.4

Figure 3.10: An echo signal from protons’ nuclear spins in CrNi6, at temperature
T = 160 K and field H0 = 1.2 T.

The Inversion Recovery Sequence and T1 Measurement

In this sequence, a π pulse is first applied, this rotates the net nuclear magnetization

down to the −z axis. The nuclear magnetization undergoes spin-lattice relaxation

and returns toward its equilibrium position along the +z axis. Before it reaches

equilibrium, a π
2

pulse is applied which rotates the longitudinal nuclear magnetization

into the x′y′ plane. In this sequence, the π
2

pulse is applied at a time TI after the π

pulse. Once the nuclear magnetization is in the x′y′ plane it rotates about the z axis

and relaxes giving a signal similar to that obtained in an FID.

The amplitude of the signal measured at a certain time t′ as a function of TI

follows

ε(TI) = ε0

(
1− 2e

−TI
T1

)
. (3.25)
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T1 is called the spin lattice relaxation time, and it gives the time scale needed for the

nuclear magnetization to reach thermal equilibrium. It should be noted that the zero

crossing of this function occurs for TI = T1 ln 2.

The signals obtained from measuring an inversion recovery sequence, as a func-

tion of the time TI between the π and the π
2

pulses, and fixed parameters, behaves

according to (3.25), fitting the signals as a function of TI to the form (3.25), or to a

function of the form f
(
TI
T1

)
, yields an estimate for T1.

The Saturation Recovery Sequence and T1 Measurement

This sequence gives another way to measure T1, which is useful in the case of broad

NMR lines and short T1 values [55]. In this sequence multiple π/2 pulses (1-15 usually)

are applied to obtain zero nuclear magnetization in the z direction, Mz = 0, and after

a time TI another π/2 pulse is applied.

After bringing the system to a state where Mz = 0, the system tries to go back to

its thermal equilibrium state, where Mz is saturated, within a characteristic time T1,

and applying the last π/2 pulse at different values of waiting time TI yields a signal

amplitude which follows

ε(TI) = ε0

(
1− e−

TI
T1

)
(3.26)

here the zero crossing of this function occurs for TI = 0.

The signals obtained from measuring a saturation recovery sequence, as a function

of the time TI between the π/2 comb and the final π/2 pulse, with fixed parameters,

behaves according to (3.26), and fitting the signals as a function of TI to the form

(3.26), or to a function of the form f
(
TI
T1

)
, yields an estimate for T1.
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3.3.3 Field Sweep and NMR Line Shapes

The NMR spectrum (or line shape) reflects the spectrum of frequency absorption of

the studied nuclei, from which one can study the magnetic environment and interac-

tions in the vicinity of the nuclei.

Fourier Transform

The NMR spectrum can be simply reconstructed by simply Fourier transforming the

signal (echo or FID) in the rotating reference frame. This method is applicable in

cases where the spectrum is narrower than the bandwidth of the receiving system.

Field Sweep

When the spectrum is broader than the bandwidth of the receiver one has to sweep

the external magnetic field. By doing that one puts different groups of the nuclei in

resonance, and scans the different sections of the NMR spectrum. The full spectrum

is reconstructed by time integrating over different signals obtained for the different

fields. Each integral corresponds to the intensity of the spectrum at the corresponding

frequency.

Frequency Step and Sum (FSS) Method

This method is mostly useful for wide, in-homogeneously broadened NMR spectra

[56]. It has the advantage of high resolution, high sensitivity and it extracts the

distortions in the spectra introduced by the finite amplitude of the RF pulses and the

finite bandwidth of the receiving system.

In this method we record the signal at a series of magnetic fields, changing the

external magnetic field in equal steps. The final spectrum is reconstructed by Fourier



CHAPTER 3. EXPERIMENTAL METHODS 47

transforming each signal separately, shifting the frequency in correspondence to the

field step, and then summing the spectra from all the field steps.



Chapter 4

Experimental Results

4.1 µSR Measurements in Fe8

In this section we report clear evidence of QTM in single crystal Fe8 using µSR

technique. The high spin molecule Fe8 has been studied extensively, since it exhibits

“pure” tunneling, where temperature independent behavior is observed below 360 mK

[4, 21, 43, 57].

At low temperature only the S = 10 spin state is populated. The energy levels of

the Fe8 spin states as a function of an external field H are shown in Figure 4.1. At

certain “matching” field values Hmatch = 0,±2.1,±4.2, · · · T, states with different m

values can have equal energies.

When applying a high positive field at low temperature, all molecules are polarized

and occupy the m = 10 spin state. As the field is decreased nearly to zero, the spins

remain in this state. However, when the applied field becomes negative the ground

state changes to m = −10. As a result some of the spins tunnel from the m = 10 to

the m = −10 state with probability p(−10, 10). This tunneling takes place when the

48
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field is close to the first matching field Hmatch = 0. Not all spins tunnel, and some stay

in the m = 10 state with probability 1 − p(−10, 10). Transitions between different

spin states are negligible when the external field is different from the matching fields

[4]. Consequently spins have a chance to escape the m = 10 state only when the field

is negative and equal to one of the matching fields Hmatch.
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Figure 4.1: Energy levels of the different spin states of Fe8 as a function of applied
field ~H ‖ ẑ

µSR measurements were performed on a few aligned Fe8 single crystals which were

glued on a small silver plate. The sample was then inserted into a brass cell with

a mylar window (see Figure 4.3), and sealed inside with a He gas environment in

order to ensure fast and uniform thermalisation of the sample and prevent it from

shattering.

In these measurements we use the TF configuration (see section 3.2.3), in which

we apply a magnetic field whose direction is 50o relative to the initial polarization of

the muon, but parallel to the easy axis ẑ of the Fe8 single crystals (see Figure 4.2).

All measurements were performed at a temperature of 40 mK, to ensure that the Fe8

molecules are in their S = 10 ground state and no thermal activation is possible.
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Figure 4.2: The arrangement of the Fe8 single crystal in the experimental apparatus.

Each measurement was performed in three steps: (I) a field of H = +2 Tesla

was applied for 15 minutes to polarize the Fe8 molecules, (II) the field was swept

to an intermediate negative magnetic field Hi with a sweep rate v, (III) eventually

the field was swept back to H = −50 G, at which all measurements were performed.

By performing step (II) the magnetic field passes through different matching field

values, while step (III) guarantees that the changes in the local field experienced by

the muons are a result of changes in the spin states of the surrounding Fe8 molecules.
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Figure 4.3: A brass cell with mylar window in which the Fe8 sample was inserted
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In Figure 4.4 we present the asymmetry as a function of time for different inter-

mediate fields Hi. The field sweep rates is v = 0.24 T/min. In this figure one can
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Figure 4.4: The asymmetry as a function of time for different values of
Hi = −0.05,−1.5,−2,−3,−5 kG for (a), (b), (c), (d) and (e) respectively.

clearly see that depending on Hi the asymmetry is different (especially in the time

range between 0.5 and 2 µsec), and that all asymmetries differ except for (b) and (c).

The reason for that the number of matching fields crossed in both cases (b) and (c)

is equal, and therefore there is no difference in the magnetization between these two

cases. However, the runs (b) and (c) differ from the other runs, for which different

matching fields were crossed.

We analyze the data by fitting the asymmetry of all runs to a function of the form

A(t) = A0 sin(ω0t)e
−λ0t + A1 sin(ω1t)e

−λ1t +Bg (4.1)
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where A0, ω0 and λ0 represents the fraction of muons experiencing a magnetic field

mainly from molecules with m = 10 spin state. Similarly A1, ω1 and λ1 represent the

fraction of muons which interact also with negative spin states. Bg is used to account

for the baseline of the asymmetry. The precession frequencies ω0 and ω1 represent

the different local fields experienced by the muons inside the Fe8 single crystal. The

changes in the frequencies indicate a change in the internal field, or in the spin

direction of those Fe8 molecules close to the muon and affecting its polarization.

The fitting curves are the solid lines in Figure 4.4, where the parameter Bg ' 0

was shared for all curves, the value of ω0 was found to be 13.4(3) MHz, common to

all curves, as expected for muons which do not experience a change in the local field.

The values of A0 and A1 are presented in Figure 4.5. At low intermediate fields the
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Figure 4.5: The amplitudes associated with the different fractions of muons. The
amplitudes change only when different matching fields are crossed

amplitude A0 is high while A1 is low, indicating that most of the muons are interacting

with Fe8 molecules in the m = 10 spin state. A decrease in A0 accompanied by an

increase in A1 is observed when more matching fields are crossed during the field

cycle. More pronounced are the steps in the value of ω1 presented in Figure 4.6,
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where each step corresponds to a different matching field Hmatch.
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Figure 4.6: The value of ω1 as a function of Hi for sweeping rate v = 0.24 T/min
(squares) and v = 0.1 T/min (circles).

In order to rule out effects of superconducting magnet irreproducibility, we re-

peated the same measurements twice. We found that similar cycles reproduce the

identical asymmetry, as seen in Figure 4.7(a), proving that the change in the frequency

is not due to inaccuracy in the magnetic fields applied on the sample. Similarly, the

effect of time dependence of the magnetization was ruled out by polarizing the spins

of the Fe8 molecules, after applying a field on +2 Tesla for 20 minutes, and then

measurements at the same external field were taken, with intervals of 2 hours be-

tween them. As seen in Figure 4.7(b), no change in the asymmetry is observed even

after 4 hours (while a single measurement takes 45 minutes), indicating that the time

dependence of the magnetization is too small to account for the changes observed in

the frequency in Figure 4.6.
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Figure 4.7: (a) Two similar measurements where we ramp the field up to +2 Tesla,
then to −50 Gauss. Both measurements give the same asymmetry. (b)

Measurements taken at different times after applying a field of +2 Tesla, and then
ramping the field down to +50 Gauss. Even after 4 hours no change in the

asymmetry is observed.

4.2 µSR Measurements in Isotropic Molecules

The µSR measurements reported here were performed in the LF configuration (see

section 3.2.2), in which the magnetic field is applied in the direction of the initial

muon polarization. In these experiments we measure the polarization (i.e. normalized

asymmetry) P (t,H) of a muon spin implanted in the sample, as a function of time t

and magnetic field H (see section (3.2) ), where P (0, H) = 1. The measurements in

all molecules are performed at temperatures ranging from 25 mK up to 300 K, and

in fields ranging between zero and 2 T. These experiments were performed at both

ISIS and PSI, exploiting the long time window in the first facility for slow relaxation

(high T ), and the high time resolution in the second facility for fast relaxation (low

T ).

In Figure 4.8 we present the muon spin polarization as a function of time and for
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different temperatures in CrNi6 (S = 15
2

) at zero field (a), and at H = 2 T (b). In zero

field, the relaxation rate increases, as the temperature is decreased, and saturates at

∼ 5 K. In contrast, at H = 2 T, and temperatures lower than ∼ 17 K, the relaxation

rate decreases as the temperature is decreased, and does not saturate.
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Figure 4.8: The spin polarization as a function of time. (a) At zero field and
different temperatures. (b) At field H = 2 T and different temperatures. The solid

lines are fits of the data to square root exponential functions.

The Hamiltonian of the isotropic HSM at zero field can be well approximated by

H = −J
6∑

i=1

~S0 · ~Si, (4.2)

at high temperatures the J bond between spins is broken, while at low temperatures,

kBT � J , the spins lie parallel or anti-parallel to each other, forming a ground spin

state, with spin ~S =
∑6
i=0

~Si and quantum spin number S, which is 2S + 1 times

degenerate.

The increase of the relaxation rate at high temperatures is caused by thermally

activated transitions between excited spin states (e.g. S = 15
2
−→ 13

2
etc.). However,

at low temperatures, only the ground spin state is populated, and only transitions

within the degenerate ground state are possible.
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In Figure 4.9 we present the longitudinal field dependence of the muon polarization

in CrNi6 at T = 50 mK. The relaxation rate at this temperature decreases as the field

is increased. Two aspects of the data indicate that the muon polarization relaxes

due to dynamical field fluctuations; the first is that no recovery is observed, i.e.

limt→∞ P (t) ≡ P∞ = 0. A recovery of the polarization P∞ = P0/3 is expected

in a case where the muon experiences a static local field and zero external field

[58] (see section 3.2). The second is that the time scale of relaxation 1/λ in ZF

is of the order 1 µsec; if this field were static it would have been of the order of

B ≈ 10 G (using B = λ/γµ where γµ is the muon gyromagnetic ratio, as seen in section

3.2.6). Such a field should have been completely decoupled (limt→∞ P (t) = P0) with

∼ 100 G LF or more [58]. However, even fields as high as 5000 G do not decouple

the relaxation. Therefore, we conclude that even at 50 mK the CrNi6 spins are

dynamically fluctuating. Similar experiments and line of arguments indicate that

CrCu6 and CrMn6 spins are also dynamically fluctuating at very low temperature.
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Figure 4.9: The variation of the polarization in CrNi6 at T = 50 mK as the field is
changed

We therefore analyze our data using spin lattice relaxation theory. In this theory,
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one assumes a fluctuating local field ~B(t) experienced by a local probe (muon or

nucleus) of spin ~I. The spin lattice relaxation time T1 in this case follows

1

T1

=
γ2

2

∫ ∞

−∞
dt 〈B⊥(0)B⊥(t)〉 exp(iγHt). (4.3)

where γ is the gyromagnetic ratio of the local probe and H is the external field. The

polarization of a local probe, in the fast fluctuation limit, is given by

P (H, t) = (P0 − P∞) exp [−t/T1] + P∞ (4.4)

where P0 is the initial polarization, P∞ is the equilibrium polarization [54, 59],

T1(H) = A+BH2, (4.5)

A =
1

∆2τ
, (4.6)

B =
γ2τ

∆2
. (4.7)

The correlation time τ and mean square of the transverse field distribution at the

probe site in frequency units ∆2 are defined by

γ2 〈B⊥(t)B⊥(0)〉 = ∆2 exp (−t/τ) . (4.8)

The fast fluctuation limit is obeyed when τ∆� 1.

In µSR P∞ = 0, and the muon could occupy many different sites in the sample,

since the molecules are fairly large (∼ 15 Å diameter) and present an organic sur-

rounding around the metal ions and perchlorate anions separating the molecules. As

a result one must average over ∆. Using the distribution [54]

ρ(∆) =

√
1

2π

∆∗

∆2
exp

(
−1

8

[
∆∗

∆

]2
)
, (4.9)

the resulting polarization is then

P (t) =
∫ ∞

0
P0 exp (−t/T µ1 ) ρ(∆)d∆ (4.10)
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and allowing for a constant background (Bg) due to muons stopping outside the

sample one obtains

P (t) = P0 exp
(
−
√
t/T µ1

)
+Bg, (4.11)

where 1/T µ1 is the muon spin relaxation rate. This form is in agreement with the

experimental results (see below). In addition, Eq. (4.5) still holds, while in Eq. (4.6)

and (4.7), ∆ is replaced by ∆∗.

The solid lines in Figure 4.8 are fits of the data to Eq. (4.11) where P0 is a global

parameter. The parameter Bg is free within 10% of its mean value since the high fields

affect the positron trajectory in a manner that is reflected in Bg. The fit is satisfactory

in all cases except for the highest H and lowest T in CrNi6. The relaxation rate

1/T µ1 in the different compounds, obtained from the fits is presented in Figure 4.10

as a function of temperature for different values of H. As pointed out above, 1/T µ
1
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Figure 4.10: 1/T1 as a function of temperature for different external fields, measured
by µSR in (a) CrCu6 (b) CrNi6 and (b) CrMn6.

increases with decreasing temperatures, and saturates at low temperatures. The value

of 1/T µ1 at the same field, for the different compounds, increases as the spin of the
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compound is higher, as is expected due to the increase of the magnetic moment and

hence the local field experienced by the muons. The saturation temperature increases

as the coupling constant J increases. This is in strong contrast with Mn12 [60, 61]

and Fe8 [62] where in zero field 1/T µ1 increases continuously upon cooling until the

correlation time τ becomes so long that the molecule appears static in the muon

dynamical window.

In Figure 4.11 we plot the average relaxation time T µ1 (H) at T → 0 as a function

of H2 for all compounds, for fields up to 2 kG (note the axis break). We find that

T µ1 obeys Eqs. (4.5)-(4.7). This implies that the muon spin relaxation is indeed due

to dynamical field fluctuations, and that at low T the field autocorrelation can be

described by a single correlation time as long as the applied field is not too strong. At
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Figure 4.11: The saturation value of the spin lattice relaxation time as a function of
H2 for CrCu6, CrNi6 and CrMn6. The solid lines are linear fits of the data.

high fields (> 2 kG) we find deviations (not shown) from the linear relation between

T µ1 and H2. The deviation might be due to the impact of the field on the spin

dynamics, i.e. the correlation function given by Eq. (4.8). From the linear fits in

Figure 4.11, and taking (∆∗)2 = γµ(AB)−1/2 from Eq. (4.6)-(4.7), where for a muon
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γµ = 85.162 MHz/kG, we find the values of ∆∗0 shown in Table 4.1. The subscript 0

Compound ∆∗0 [MHz] ∆∗0 [G] τ0 [nsec]

CrCu6 4.9± 0.9 57± 10 7± 1
CrNi6 26± 2 305± 25 10± 1
CrMn6 38± 2 446± 24 11± 1

Table 4.1: The values of the average local field experienced by the muons ∆∗0 and
the spin-spin correlation time τ0 measured by µSR.

stands for T → 0. Using τ = (B/Aγ2
µ)1/2 from the same equations we find the values

of τ0 presented also in Table 4.1. These values of ∆∗0 and τ0 are self consistent with

the fast fluctuation limit. Most striking is the fact that all τ0 values are very close.
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√
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of τ0 vs. S (lower and right axes).

The values of ∆∗0 and τ0 are presented in Figure 4.12. One can see that the values

of ∆∗0 increases with
√
S(S + 1), indicating that the muons, which experience the

dipolar field of the molecular spin, stop in sites with a similar distance from the

magnetic moments of the molecules in the three different compounds. The values of
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τ0 are very close but show a slight increase with the spin value S, indicating that the

spin dependence of τ0 is very weak.
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Figure 4.13: The value of 〈S2〉 (T ) as obtained from Eq. (4.13) for the different
compounds.

Finally, we would like to obtain the correlation time at all temperatures. This

could be calculated from T µ1 combined with magnetization measurements, at zero (or

very low) fields. In zero order approximation we assume that 〈B2
⊥〉 is proportional to

〈S2〉 which is different from S(S + 1) since at temperatures kBT ∼ J , states other

than the ground state S can be populated. Therefore in zero field

T−1
1 (T ) =

∆∗20 〈S2〉 (T )τ(T )

S(S + 1)
. (4.12)

Taking
〈
S2
〉

(T ) =
3kBTχ(T )

N(gµB)2
, (4.13)

where N is the number of molecules in the sample, µB is Bohr magneton, kB is the

Boltzmann factor, and g = 2, we find

τ(T ) =
(gµB)2

3kB

S(S + 1)

T1(T )Tχ(T )∆∗20

. (4.14)
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In Figure 4.13 we present 〈S2〉 (T ) as a function of temperature for CrCu6, CrNi6

and CrMn6, obtained from H → 0 DC-susceptibility measurements and Eq. (4.13). In

Figure 4.14 we present τ(T ) as calculated using Eq. (4.14) for the different compounds.

The T dependence of the correlation time τ(T ), unlike the muon spin lattice relaxation

rate, reflects the dynamics of the molecular spin without the T dependence of the field

at the muon site. At T ∼ 100 K there is more than an order of magnitude difference

in τ between the different molecules. As the temperature is lowered the correlation

time in all three compounds increases as the temperature is decreased, but reaches

a common saturation value of ∼10 nsec (within experimental error) at T ∼ 10 K.

At this temperature only the ground state S is populated. In other words, when the

HSM are formed at low T they have very close correlation times.
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Figure 4.14: The correlation time τ as given by Eq. (4.14) as a function of
temperature for CrCu6, CrNi6 and CrMn6.
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4.3 µSR Measurements in Gd

In this section we report on µSR experiments in Gd(CF3SO3)3, a compound which

is known to behave like a paramagnet. We refer to this compound as Gd. The

paramagnetic behavior can be seen from measurements of the magnetization and

susceptibility in Figure 4.15. From the saturation value of the magnetization curve at
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Figure 4.15: The magnetization vs. H and the susceptibility multiplied by the
temperature as a function of the temperature in Gd. The solid line is the Brillouin

function for spin S = 7/2.

T = 2 K as a function of the external field H one can see that the spin ground state

of this compound is S = 7/2. The susceptibility multiplied by the temperature at

field H = 100 Gauss shows no temperature dependence indicating the paramagnetic

nature of the compound.

We studied this compound using the µSR technique as an example of a perfect

paramagnet, and compare the muon spin lattice relaxation rate in a perfect para-

magnet to that observed in the isotropic high spin molecules, especially at very low

temperatures. The asymmetries obtained in these measurements were found to follow
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an exponential behavior, and were fit to a function of the form

A(t) = A0e
−λt +Bg (4.15)

A0 was taken as a common parameter for all curves, while Bg was allowed to vary

slightly (less than 10%) to account for the effect of the external field on the value of

α (see section 3.2) reflected in the value of Bg.

The spin lattice relaxation rate λ = 1/T1 as a function of temperature for different

external field values is presented in Figure 4.16. As expected the spin lattice relaxation

rate is temperature independent and further no field dependence is observed.
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Figure 4.16: The spin lattice relaxation rate for muon spin in Gd.

The spin lattice relaxation rate in the isotropic high spin molecules shows similar

temperature independent behavior at low temperatures. However, the effect of the

external field in the case of the high spin molecules was more pronounced, this can

be attributed to fast molecular spin fluctuations in the Gd compound, which are not

affected by the external field.
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4.4 NMR Measurements

In a µSR measurement it is hard to determine the stopping site of the muons, or the

nature of its interaction with its surroundings, therefore the spin relaxation may be

caused by muon diffusion or even muonium (e−−µ+) formations, and not necessarily

due to spin lattice relaxation. However, using NMR one can measure the spin lattice

relaxation time of a local probe (nucleus) whose site is known, and compare it with

µSR results. The disadvantage of NMR compared to µSR is that in the former one

has to apply an external high field which couples to the spin of the molecules and

influences the dynamics.

In this section I will present the results of proton-NMR measurements in all three

compounds. The protons are most suitable in our case due to their chemical similarity

to µ+, with a different gyromagnetic ratio (γH = 4.257 MHz/kG) and different dipolar

interaction with the magnetic surrounding.

4.4.1 CrCu6

CrCu6 has the lowest spin value among the isotropic HSM studied, therefore the

dipolar interaction between the local probe ~I and the molecular spin ~S, which decrease

with decreasing spin ~S, are smallest in this case. This gives us a possibility to better

resolve the NMR lines in this case, the lines are less broadened and their features

are sharper. This can be demonstrated by writing the dipolar interaction between

the magnetic moment ~m of the molecule and the proton spin as a dipolar field ~Hdip

acting on the proton, where

~Hdip =
m

r3

(
3 cos2 θ − 1

)
ẑ (4.16)
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where r is the distance between the magnetic moment and the proton, and θ is the

angle of the magnetic moment ~m relative to the proton spin (which is polarized in the

direction of the external field). Since we are measuring a powder we expect a powder

distribution probability of the angles θ of the magnetic moments

P (θ)dθ =
sin θ

2
dθ

which is equal to the distribution probability of the local field experienced by the

protons, P (θ)dθ = P (Hdip)dHdip. One can write

dHdip =
dHdip

dθ
dθ =

6m

r3
sin θ cos θdθ

and therefore

P (Hdip) =
r3

12m cos θ
(4.17)

but from Eq. (4.16) one obtains

cos θ =

√√√√1

3

(
Hdipr3

m
+ 1

)
. (4.18)

This gives the local field distribution (centered around the external field H)

P (Hdip) =
r3

12m

(
Hdipr

3

3m
+

1

3

)−1/2

(4.19)

However since θ ∈ [0, π], then Hdip ∈ [−2m/r3,m/r3]. The observed NMR lines

as a function of the field are a result of convoluting the receiver function (filtering

etc.) with P (Hdip), e.g. P (Hdip) convoluted with a Gaussian of width 0.05m/r3, is

presented in Figure 4.17.

The distance of the protons from the magnetic moment ~m, governs the dipolar

interaction and consequently the width of an NMR line. Thus one can differentiate

between different groups of hydrogen in the studied compound, according to their

distance from ~m.
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Figure 4.17: The NMR line-shape due to a dipolar interaction of the studied nuclei

with a magnetic moment m.

In Figure 4.18 I present the NMR line at T = 1.2K in CrCu6, here one can identify

three different hydrogen groups. Two of these groups show a dipolar line-shape (G1

1.90 1.95 2.00 2.05 2.10 2.15 2.20 2.25 2.30 2.35 2.40

 

 

Field [Tesla]

F

G2

G3

G1

Figure 4.18: The proton NMR line at T = 1.2 K and field H = 2.1542 T
(ν = 91.715 MHz) in CrCu6. The solid lines indicate the different groups G1, G2

and G3. F nuclei are from Teflon

and G2), as indicated in the figure, and the third exhibits a shift associated with

hyperfine coupling of the protons to an electronic moment (G3).

In Figure 4.19 one can see the dependence of the line on temperature at field H =
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2.1545 T (frequency ν = 91.715 MHz). The lines broaden due to the increase of the

molecular magnetic moment as expected from the static susceptibility measurements,

but the shape of the lines is preserved, showing the three different hydrogen nuclei

groups. One can see the saturation of the magnetization at low temperatures reflected

in the saturation of the width of the lines.
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Figure 4.19: The proton NMR lines at different temperatures and field H = 2.1542
T (ν = 91.715 MHz), in CrCu6.

The group G1 is associated with a group of hydrogen bonded to carbon atoms

(see Figure 4.20), which are on average r(G1) = 3.8 Å far from the Cu ions, the group

G2 associated with hydrogen bonded to nitrogen atoms (see Figure 4.20), which is on

average r(G2) = 2.5 Å far from the ions. The group G3 is associated with hydrogen

nuclei of water, of which a small quantity is adsorbed into the compound, and is
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located near magnetic moments.

C

N
Cu

Cr
C

H

Figure 4.20: The CrCu6 molecule. Yellow is Ni, dark blue is Cu, black is C, light
blue is N and pink is H.

In Eq. (4.3) we present the spin lattice relaxation rate in relation to the time

correlation function of the local field, if we assume that this field is that of the

magnetic moment ~m = A < ~S >, and ~B(t) = A~S(t)/r3, then Eq. (4.3) can be

written as [63]

1

T1

=
γ2
HA

2

2r6

∫ ∞

−∞
〈S−(t)S+(0)〉 eiωtdt (4.20)

where S± are the raising and lowering spin operators and ω = γHH0. This indicates

that the spin lattice relaxation rate is proportional to the dipolar interaction squared

1

T1

∝
(
m

r3

)2

and we expect that the ratio of T1 values of two different protons groups is equal

to the ratio of the average distance of the two different groups from the magnetic

moment to the power 6, e.g. for the groups G1 and G2

T1(G1)

T1(G2)
=

(
r(G1)

r(G2)

)6

≡ n. (4.21)

Saturation relaxation T1 measurements in CrCu6 were performed at H = 2.1542 T,

and following the previous arguments we expect a double exponential relaxation,
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where the ratio of the relaxation times is kept constant

S(t) = 1− A1e
− t
T1 − A2e

− t
nT1 (4.22)

where A1 and A2 are the amplitudes of the different groups’ contributions to the signal

and n is the ratio of the relaxation times of the two groups, defined by Eq. (4.21).

Indeed the saturation relaxation was found to follow Eq. (4.22) with a common value

of n = 4.7, for all temperatures and fields (e.g. see Figure 4.21). In Figure 4.22 the
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Figure 4.21: The saturation relaxation measurement results in CrCu6 for different
temperatures at H = 2.1545 T (ν = 91.715 MHz). The solid lines are fits to a

function following Eq. (4.22) with n = 4.7 (see text).

values of T1 as a function of temperature and for different fields are presented. The

value of 6
√
n = 1.3 was found to be in a very good agreement with the expected value

from the average distances 3.49/2.55 = 1.36.

Plotting the value of ln(1/T1) versus the inverse temperature 1/T reveals that

the low temperature part of this plot is linear for all measured fields, as seen in

Figure 4.23. This indicates that the spin lattice relaxation at these temperatures and
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Figure 4.22: T1 as a function of temperature for different external magnetic fields in
CrCu6.
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Figure 4.23: The value of ln(1/T1) as a function of the inverse temperature for three
different fields in CrCu6.
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fields is driven by thermal activation between the different spin states

1

T1

∝ e
∆
T . (4.23)

Plotting the values of ∆ obtained from the linear fits as a function of the external field

H in Figure 4.24, indicates that ∆ the activation energy is proportional to the field

H, i.e. to the Zeeman splitting. The CrCu6 molecule at these temperatures is found

in its ground spin state S = 9
2
, and the spin lattice relaxation is due to transitions

within this ground state and different Sz quantum numbers, as expected from the

Hamiltonian 4.2, and J much higher than the temperature.

0 1 2

-7

-6

-5

-4

-3

-2

-1

0
Linear fit:
∆∆∆∆ =A+B*H

A=0.0 +- 0.1 K
B=-2.9 +- 0.1 K/T

 

 

∆ ∆∆∆ 
[K

]

H [Tesla]

Figure 4.24: The value of the activation energy ∆ of the spin lattice relaxation rate
as a function of the external field

4.4.2 CrNi6

Contrary to the case of CrCu6, the proton NMR lines in CrNi6 have less features. The

lines presented in Figure 4.25 show an inhomogeneous broadening, as the temperature

is decreased, but no distinct nuclei groups can be seen. The large number of nuclei

groups and large magnetic moment of this molecule, yields NMR lines which are
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comprised of a large number of broad lines. However, at temperatures lower than

20 K two different proton groups can be observed, a narrow line which we attribute

to impurities in the studied sample, and the other is attributed to hydrogen nuclei

around the Ni ions in the molecules.

The saturation relaxation curves measurement on the broad line part in this com-

pound were found to follow a stretched exponential, which can be explained by the

many in-distinguishable proton sites, while the relaxation of the narrow part was

found to be much longer, indicating a very weak magnetic coupling of this group of

nuclei with its surroundings, supporting its attribution to impurities.
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Figure 4.25: The proton NMR lines in CrNi6, at different temperatures and external
field H = 2.1545 T (ν = 91.715 MHz).

We evaluated the spin lattice relaxation times T1 of the protons belonging to the
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broad part of the line, by fitting the relaxation curves to

S(t) = 1− Ae−
(

t
T1

)β
(4.24)

where β = 0.6 − 0.75. The T1 values as a function of temperature and for different
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Figure 4.26: The values of T1 as a function of temperature for different external
fields in CrNi6.
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Figure 4.27: The value of ln(1/T1) as a function of the inverse temperature for two
different fields in CrNi6
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fields are presented in Figure 4.26. The values of T1 with external field H = 0.5 T

were found to be very short, and they should be taken qualitatively only.

Also in this case plotting ln(1/T1) versus the inverse temperature 1/T reveals that

for the fields H = 1 and 2 Tesla the low temperature part of this plot is linear, as seen

in Figure 4.27. One can see that the spin lattice relaxation rate in this compound

follows Eq. (4.23). The linear fits in Figure 4.27 show that the activation energy ∆

is −7.2 K and −4 K at H = 2 and 1 T, respectively. Therefore also in this case ∆ is

proportional to the Zeeman splitting of the ground state.

4.4.3 CrMn6

This compound has the highest spin ground state value, leading to a very short spin

lattice relaxation times, which is considerably harder to measure by NMR, therefore

the results presented here are of much lower quality compared to those presented for

CrCu6 and CrNi6. However, the general temperature and field dependence of the spin

lattice relaxation rate is similar to the results in the other two compounds.

The proton NMR lines show inhomogeneous broadening as the temperature is

decreased, due to the high magnetic moment experienced by the protons. Similar to

the case of CrNi6 at temperature lower than 20 K two different proton groups can be

distinguished as seen in Figure 4.28. The narrow line is attributed to impurities or

water molecules adsorbed in the studied sample, while the broader line is attributed to

protons in the molecule which experience the magnetic field from the local moments

of the Mn ions.

The T1 measurements in this compound were very difficult to carry out due to the

extremely fast spin lattice relaxation. The relaxation curves were found to follow a
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Figure 4.28: The proton NMR lines in CrMn6, at different temperatures and
external field H = 2.1545 T (ν = 91.715 MHz).
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Figure 4.29: The values of T1 as a function of temperature at H = 2.1542 T in
CrMn6.
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stretched exponential behavior, similar to the case of CrNi6. The spin lattice relax-

ation times were evaluated by fitting them to Eq. (4.24) with β = 0.6− 0.75, and are

presented in Figure 4.29.

4.5 Comparing µSR and NMR

Although our data support a picture where the muon spin relaxes due to dynamically

fluctuating magnetic fields, they leave open the interpretation of these fluctuations.

In order to address this question we compare the proton NMR 1/TH
1 measurements

to 1/T µ1 measured using µSR.

Since the proton gyromagnetic ratio is very different from that of the muon, we

scale the NMR results and plot them together with the µSR results in Figure 4.30,

for CrCu6 (a), CrNi6 (b) and CrMn6 (c). The scaling factor C used in Figure 4.30 is

0.02 for CrCu6, 0.01 for CrNi6 and 0.225 for CrMn6. It was chosen so that the scaled

NMR relaxation rates agree with the µSR rates at high T where no field dependence

is observed. After this scaling, we find a good agreement between the µSR and NMR

data at all temperatures at the same external field, and not equal Larmor frequency

of the probe as one would expect, this result will be clarified in section 5.3.

The scaling factor provides information on the ratio of the field experienced by a

muon and by a proton. At high temperatures where T1 shows no field dependence

one can assume that A � BH2 in Eq. (4.5), and therefore 1/T1 = ∆2τ . Using the

definition of ∆2 given in Eq. (4.8) we can write

C ≡
(
γH
γµ

)2 (
TH1
T µ1

)
=
〈B2
⊥〉

µ

〈B2
⊥〉H

(4.25)

where 〈B2
⊥〉

H
is the squared RMS of the transverse field at the proton site, and 〈B2

⊥〉
µ

is the squared RMS of the field at the muon site in its general sense given by Eq. (4.9).
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Figure 4.30: 1/T1 as a function of temperatures for different external fields,
measured by µSR and by NMR (after scaling) in (a) CrCu6 (b) CrNi6 and (b)

CrMn6.

The values of C indicate that the local field experienced by the muons is of the order

of 0.1 of that experienced by protons in the same system, and therefore the muon

sites are far from the magnetic ions compared to protons.

Muons are attracted to negatively charged sites, in the HSM two negatively

charged sites are possible

• The cyanide bridge connecting the central Cr ion to the Cu, Ni or Mn ions.

• The perchlorate group separating the molecules.
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The distance of each of these sites is much larger than the distance between the

hydrogen atoms and magnetic ions. This fact is consistent with the ratio of the

magnetic field experienced by muons to that experienced by protons.

This comparison indicates strongly that in both techniques we are measuring the

probe’s spin lattice relaxation time due to the molecular spin fluctuations.

4.6 Summary

The µSR measurements in anisotropic Fe8 (S = 10) molecules show that the local

magnetic field experienced by muons in this compound is static over the lifetime

of muons. QTM is seen through steps in the local magnetic field experienced by

muons as a function of the field cycle applied on the compound before performing the

measurement.

In the isotropic HSM no QTM is found, due to the lack of an anisotropy barrier

between the different spin states. The local field experienced by the muons in these

compounds is dynamically fluctuating down to very low temperatures (T = 50 mK),

and the muon’s spin relaxes via spin-lattice relaxation, enabling us to measure the

fluctuations rate of the molecular spin.

Spin-lattice relaxation values measured by proton-NMR in isotropic HSM scale

with those measured using µSR at the same external field, supporting the assumption

that the muon’s spin relaxes due to field fluctuations and not muon diffusion, and

furthermore it exhibit the isotropic nature of these molecules.

The spin-lattice relaxation in the isotropic HSM was compared to that measured

in the paramagnet Gd (S = 7/2). The muon spin-lattice relaxation rate in Gd was

found to be temperature independent at all measured temperatures (50 mK up to
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300 K), and no field dependence was observed.

A temperature independent spin lattice relaxation rate was found in all isotropic

HSM at low temperatures and low fields similar to that observed in the Gd compound,

indicating again the isotropic nature of the HSM. However, external field dependence

of the muon spin lattice relaxation was absent in Gd (up to 2 kG), while strong field

dependence was found in the isotropic HSM.

The molecular spin fluctuations rate in the isotropic HSM was calculated from

the field dependence of the muon spin lattice relaxation rate at low temperatures and

low fields. It was found to depend weakly on the molecular spin S and the coupling

between ions’ spins inside the molecule J , ruling out fluctuations that are induced by

interactions which depend strongly on these parameters.



Chapter 5

Theoretical Calculations

The Hamiltonian of the isotropic high spin molecules at zero field can be written as

H0 = −J
6∑

i=1

~S0 · ~Si (5.1)

where ~S0 is the spin of the central Cr ion (with S = 3/2), i runs over the peripheral

Cu, Ni or Mn ions (with S = 1/2, S = 1 or S = 5/2), which are coupled to the central

Cr ion, with coupling constant J . At temperatures lower than J only the ground spin

state S = 9/2, S = 15/2 or S = 27/2 is populated.

The Hamiltonian H0 is isotropic therefore the total spin S and the spin in the z

direction m are good quantum numbers, and the eigenfunctions of H0 can be written

as |S,m >. However, at very low temperatures T � J , the degeneracy of the ground

state is removed by additional anisotropic perturbation on H0 or high order terms in

the spin Hamiltonian. Such terms that do not commute with H0 can cause transitions

between the different spin states |S,m > [27, 28, 29, 30, 31, 40, 41, 64, 65, 66, 67],

and induce the observed spin dynamics.

The anisotropic term in the Hamiltonian can be written as the sum H‘ = Hc+Hn,

where Hc commutes with the Hamiltonian H0, and Hn does not commute with it.

81
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These terms may be a result of to dipolar interaction between neighboring spins

[27, 66], spin phonon interaction [40, 67], nuclear fluctuations [41], high order crystal

field terms [4, 27, 28, 29, 30, 31] or small anisotropy in the coupling J between spins

[68].

In this chapter we will calculate the value of the spin lattice relaxation time T1 in

the isotropic HSM. In order to do that we diagonalize the Hamiltonian H0 +Hc. We

show that we can calculate the magnetization and susceptibility of the compounds

using the eigenvalues and eigenfunctions that we obtain. Then we use the eigenvalues

and eigenfunctions of the Hamiltonian to calculate T1, taking Hn as a perturbation.

The perturbation introduces a finite lifetime for the different spin states |S,m > and

induces spin dynamics.

5.1 Exact diagonalization of the Hamiltonian

To calculate the eigenvalues of the Hamiltonian (5.1) we write it in the form

H0 = −J ~S0 ·
6∑

i=1

~Si (5.2)

using ~S = ~S0 +
∑6
i=1

~Si and ~St =
∑6
i=1

~Si one can write

H0 = −J ~S0 · ~St = −J
2

(
~S2 − ~S2

t − ~S2
0

)
. (5.3)

The energy eigenvalues of the sates |S,m >≡ |S0, St, S,m > are

ES ≡ E(S, St, S0) = −J
2

(S(S + 1)− St(St + 1)− S0(S0 + 1)) (5.4)

where we use the notation S for the set of numbers (S, St, S0). The degeneracy of

the state |S,m > is the degeneracy of the value of St. In Figure 5.1 we present the
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Figure 5.1: The energy levels of the Hamiltonian H0 for CrNi6 as a function of (a)
the total spin S and (b) the spin in the z direction m.

energy levels of CrNi6 as a function of the total spin S (a) and as a function of the

spin in z direction m (b).

Adding the Zeeman term when an external magnetic field H is applied and the

uniaxial term with anisotropy D to the Hamiltonian H0 gives the full Hamiltonian

H = H0 − gµBHSz −DS2
z (5.5)

for which the eigenfunctions |S,m > are not changed and the eigenvalues are

ES,m = −J
2

(S(S + 1)− St(St + 1)− S0(S0 + 1))− gµBHm−Dm2 (5.6)

5.2 Static susceptibility

The static susceptibility can be calculated as a function of temperature and external

field, first we calculate the magnetization

M(T ) =< Sz >=
∑

|S,m>

me−
ES,m
T

Z (5.7)
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where Z =
∑
|S,m> exp

(
−ES,m

T

)
is the partition function. The static susceptibility is

defined as χ = ∂M/∂H. However at low fields where M is proportional to H the

susceptibility is equal to its “experimental definition”

χ(T ) =
M(T )

H
. (5.8)

In Figure 5.2 we fit the experimental measurement of χT as a function of temperature

in (a) CrCu6, (b) CrNi6 and (c) CrMn6, at fields H = 100 G and 2.15 T, to the

calculated value of χT from the Hamiltonian (5.5) and Eq. (5.8). From the fit one

obtains the coupling constants JCr−Cu = 77 K, JCr−Ni = 24 K and JCr−Mn = −11 K

and anisotropy D ' 0 for all three molecules, within the fitting accuracy. This
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Figure 5.2: The susceptibility multiplied by temperature as a function of
temperature at two different external fields, measured in (a) CrCu6 (b) CrNi6 and

(c) CrMn6. The solid lines are fits to the theoretical expectation (see text).

indicates that indeed the high spin molecules can be well described by the Hamiltonian

(5.5), and that the molecules are indeed isotropic.
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5.3 T1 Calculation

Assuming for simplicity an isotropic interaction between the probe ~I and the local

electronic spins ~S

HIS = A~I · ~S (5.9)

the spin lattice relaxation is given by [63]

1

T1

=
A2

2

∫ ∞

−∞
〈S−(t)S+(0)〉 eiωtdt (5.10)

where ω = γH is the probe’s Larmor frequency in an external field H. To calculate

the value of

〈S−(t)S+(0)〉 =
〈
e−iHt/h̄S−e

iHt/h̄S+

〉
(5.11)

for the eigenstates |S,m > of (5.5), we start by evaluating

e−iH0t/h̄S−e
iH0t/h̄S+|S,m > = e−iH0t/h̄S−e

iH0t/h̄
√
S(S + 1)−m(m+ 1)|S,m+ 1 >

= (S(S + 1)−m(m+ 1)) e
i

(
ES,m+1−ES,m

h̄

)
t|S,m >

therefore

〈S−(t)S+(0)〉 =
∑

|S,m>
(S(S + 1)−m(m+ 1)) e

i

(
ES,m+1−ES,m

h̄

)
t e−

ES,m
T

Z (5.12)

where Z is the partition function, this yields

1

T1

=
A2

2
δ
(
ω +

ES,m+1 − ES,m

h̄

) ∑

|S,m>

e−
ES,m
T

Z (S(S + 1)−m(m+ 1)) . (5.13)

This result is true for a system with levels of infinitely long lifetime. However, as-

suming a Lorentzian broadening of the levels, due to the non-commuting additional

terms in the Hamiltonian Hn, we arrive at

〈S−(t)S+(0)〉 =
∑

|S,m>

e−
ES,m
T

Z (S(S + 1)−m(m+ 1)) e
− t
τS,m e

i

(
ES,m+1−ES,m

h̄

)
t

(5.14)
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where τS,m is the lifetime (or the inverse of the broadening) of the level ES,m. Hence

1

T1

=
A2

2

∑

|S,m>

e−
ES,m
T

Z (S(S + 1)−m(m+ 1))
∫ ∞

−∞
e
− t
τS,m eiω

′tdt (5.15)

where ω′ = ω + (ES,m+1 −ES,m)/h̄. The energy eigenvalues of the Hamiltonian (5.5)

are total spin independent, in our case of isotropic molecules D = 0, and the energy

difference is ES,m+1 − ES,m ' −gµBH, therefore ω′ = ω − gµB
h̄
H and

1

T1

=
A2

2Z
∑

|S,m>
(S(S + 1)−m(m+ 1))


 τS,me

−ES,m
T

1 + ω′2τ 2
S,m


 . (5.16)

This result gives an important understanding of the comparison between the spin

lattice relaxation rate measured by µSR and NMR. The field dependence of 1/T1

comes from ω′ = (γ−gµB/h̄)H. Since the gyromagnetic ratio γ of the probe (muon or

nucleus) is much smaller than gµB/h̄ (electronic gyromagnetic ratio), ω′ ' −gµBH/h̄

does not depend on the value of γ. Therefore the field dependence of the spin lattice

relaxation rate 1/T1 is independent of the value of γ. This explains the fact that the

spin lattice relaxation rate measured by proton-NMR can be scaled to match that

measured by µSR at the same external field, and not at the same Larmor frequency of

the probe. However, Eq. (5.16) is valid assuming that Hn is smaller than the Zeeman

splitting, ES,m+1−ES,m, i.e. at high fields gµBH � Hn. When the Zeeman splitting

is smaller than Hn, ω′ should be replaced by ω = γH, in Eq. (5.16).

The lifetime τS,m of the level |S,m > can be expressed in terms of transition

probability from the state |S,m > to another state |S ′,m′ >

1

τS,m
=

∑

(S′,m′)6=(S,m)

p(S,m→ S ′,m′) (5.17)

which depends on the additional parts of the Hamiltonian that induce these transi-

tions. I will try to account for this lifetime assuming different possible interactions.
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5.3.1 Spin-Phonon Interaction

To account for the temperature dependence of T1 we should take into considera-

tion the transitions induced by spin-phonon interactions. The spin-phonon coupling

Hamiltonian [67, 69] of the ion n is

Hn
sp =

∑

α

gijklω
−1/2
α eαiqαj(aα + a†α)(SnkS

n
l + Snl S

n
k ) (5.18)

where α labels the phonon modes with annihilation creation operators aα and a†α, qα,

eα and ωα are the wave vector, polarization and frequency, respectively. i, j, etc. are

Cartesian indices. For the sake of simplicity we assume that the tensor gijkl is only

weakly q dependent.

The Hamiltonian (5.18) holds for an individual spin of an ion inside the molecule,

i.e. a phonon can interact with an individual spin of an ion causing a change in

the ion’s spin and a transition of the spin state of the whole molecule. The total

spin-phonon Hamiltonian of the whole molecule is the sum of all the individual ions’

Hamiltonians

Hsp =
∑

n

Hn
sp (5.19)

Assuming that the coupling constant in the Hamiltonian (5.18) is constant, and in-

dependent of the ion n, one can write the transition rate from a state |S,m > to a

state |S ′,m′ >, using the golden rule in perturbation theory [70]

p(S,m→ S ′,m′) =
3

2π

| 〈S,m|Hsp|S ′,m′〉 |2
h̄4ρc5

(ES,m−ES′,m′)
3 1

exp [(ES,m − ES′,m′)/T ]− 1

(5.20)

This result involves the matrix element 〈S,m|Hsp|S ′,m′〉 of the spin phonon inter-

action, the phonon velocity c, the specific mass ρ and the energy difference (ES,m −

ES′,m′), where it was assumed that ES,m > ES′,m′ . To get the right order of mag-

nitude, and simplify the calculations, we assume a constant spin phonon interaction
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matrix element, arriving at

p(S,m→ S ′,m′) =
C(ES,m − ES′,m′)

3

exp [(ES,m − ES′,m′)/T ]− 1
(5.21)

where

C =
3

2π

| 〈S,m|Hsp|S ′,m′〉 |2
h̄4ρc5

.

The transition probability due to spin-phonon interaction strongly depends on

temperature. At very low temperature phonons die out exponentially with decreasing

temperature, yielding a very low transition probability, and extremely low spin lattice

relaxation rate values 1/T1 as seen in Figure 5.3. Therefore this interaction cannot

give a full explanation to the nonzero spin lattice relaxation rate at low temperatures,

which is observed in experiments [64, 65], and additional terms in the Hamiltonian

should be considered.

Y Y7Z Y7Z)ZY)[L\ ]
Y)[L\ ^
Z`_ ZLY
ZL_ Y
Y
Y9Z
Y9Z)Z acbedgf hjilkacbmhni3kacbeopi3kacbeqpi3k

rst uv w
xyz{u |

}�~ ���
Figure 5.3: Spin lattice relaxation rate as a function of temperature for different

fields in CrNi6, when assuming spin-phonon interactions only, where C = 400 1/sec
K3 and A = 5.2 MHz.
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5.3.2 Other Interactions

In order to obtain a finite spin lattice relaxation rate at very low temperatures, the

lifetime of the levels should be finite. This cannot be accounted for by spin-phonon

interaction as seen in the previous section. A finite lifetime can be achieved if one

simply assumes a finite broadening of the levels due to an additional interaction Hint,

giving a short lifetime τint for the levels. The assumption implied by the experimental

results [65] is that τint is temperature and field independent at low fields.

In this case the total lifetime of the levels is

1

τS,m
=

(
1

τsp
+

1

τint

)
. (5.22)

At high temperatures the value of the spin-phonon contribution to the lifetime, τsp,

is much smaller than τint and the value of T1 is dominated by spin-phonon induced

transitions, while at very low temperatures τsp is much longer than τint, and the

value of T1 is dominated by the broadening of the levels (or τint). At intermediate

temperatures both mechanisms contribute to the spin lattice relaxation.

In Figure 5.4 we present the experimental values of 1/T1, measured by µSR [65],

as a function of temperature at different fields, for the molecules (a) CrCu6, (b)

CrNi6, and (c) CrMn6. The solid lines are fits to the theoretical value expected

assuming transitions which are induced by spin-phonon interaction in addition to a

finite broadening of the levels, as described above. The fits give the values summarized

in Table 5.1.

The values of τint obtained from the fits are much smaller than those calculated

form the experimental results τ0 in section 4.2. The values τint were calculated using

Eq. (5.16) with ω′ ' gµBH, while the calculation in section 4.2 assumes that

1

T1

=
∆∗20 τ0

1 + ω2τ 2
0

. (5.23)
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Figure 5.4: The value of 1/T1 as a function of T at different fields, measured using
µSR in (a) CrCu6, (b) CrNi6 and (c) CrMn6. The solid lines are fits to the

calculated value (see text).
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Compound τint [nsec] C [1/sec K3] A [MHz]

CrCu6 0.034(4) 0.13(9) 1.7(1)
CrNi6 0.053(4) 400(60) 5.2(2)
CrMn6 0.044(4) 0.004(1) 4.7(2)

Table 5.1: The fit parameters of the theoretical calculation of the spin lattice
relaxation to the experimental values from µSR measurements

where ω = γµH. Therefore we expect that the relation between τ0 and τint follows

τ0

τint
=
ω′

ω
' gµB

γµ
. (5.24)

For a muon we expect τ0/τint = 206.5 which is indeed the ratio of the values from

Tables 5.1 and 4.1. Similarly the values of ∆∗ from Table 4.1 are related to the values

of A from Table 5.1 by

∆∗ =
AS√

2
(5.25)

which hold within the error for all three molecules.

The values of τint is Table 5.1 indicate that Hn is of order of 0.7 − 1.1 K, which

is larger than the Zeeman splitting in fields up to 2 kG. Therefore to get the right

values of τint one should use Eq. (5.16) with ω = γµH instead of ω′. This yeilds

values of τint as follows: τint = 7.0(8) nsec for CrCu6, τint = 10.9(8) nsec for CrNi6,

and τint = 9.1(8) nsec for CrMn6.

The fits in Figure 5.4 are satisfactory, considering the simplifications that we have

used, and it gives the correct general behavior of the experimental data. However, at

very low temperatures and high fields the theoretical calculation deviates from the

experimental data. Similarly at high temperatures T � J , where 1/T1 is very small,

the theoretical calculation deviates from the experimental data (especially in the case

of CrNi6). We believe that the origins of the deviation at high temperatures is that
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the Hamiltonian (5.5) does not describe the system well enough, and that the value

of 1/T1 is very small and is harder to estimate experimentally. This can also be seen

in Figure 5.2, where at high temperatures the calculated value of χT deviates from

the experimental values.

5.4 Summary

The calculated spin lattice relaxation rate of a local probe, with gyromagnetic ratio

γ, in the isotropic HSM follows Eq. (5.16). This result remains valid assuming an

isotropic interaction between the probe’s spin and the molecular spin, and assuming

a finite lifetime τS,m for the spin state |S,m >.

Eq. (5.16) indicates that the spin lattice relaxation rate in these molecules is

almost independent of the probe’s gyromagnetic ratio, and therefore the measured

values of spin lattice relaxation by µSR and proton-NMR scale at the same external

field, and not at equal Larmor frequencies.

The parameters deduced from the fit of the experimental results to Eq. (5.16)

agree with the calculated local field ∆∗ experienced by muons, and with the calculated

fluctuations rate τ0 calculated by µSR.

The lifetime τS,m of the spin state |S,m > is dominated by two mechanisms,

the first is spin phonon interaction (thermal activation) which dominates the high

temperature regime T � J , and the second is a temperature and field independent

interaction which dominates the low temperature regime T � J . The interaction

which dominates the spin lattice relaxation at low temperatures and low fields, was

found to depend weakly on the value of S and J .



Chapter 6

Conclusions

Using the µSR technique we observed quantum tunneling of the magnetization (QTM)

in Fe8 (S = 10) compound. We sweep the external magnetic field applied on the Fe8

sample from +2 T, to some intermediate field Hi, and then to −50 G at T = 40

mK where no thermal activation occurs. The precession frequency of muons in the

sample changes depending on the value of Hi. QTM is observed through steps in the

frequency as a function of Hi, which reflects tunneling between different spin states

of the neighboring Fe8 molecules. These steps coincide with the matching fields, at

which different molecular spin states of different directions, up or down, have the

same energy level, and therefore the molecular spin can tunnel between them.

In the high spin molecules (HSM) CrCu6 (S = 9/2), CrNi6 (S = 15/2) and CrMn6

(S = 27/2) no evidence of QTM is found, this is due to the fact that these molecules

are highly isotropic. The results from magnetic measurements indicate that the main

part of spin Hamiltonian for these molecules is of the form

H = −J
6∑

i=1

~S0 · ~Si − gµB ~H ·
6∑

i=0

~Si (6.1)

where ~S0 is the spin on the central Cr ion and ~Si are the spins of the Cu, Ni or Mn

93
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ions. ~H is the external magnetic field and J is the coupling between the spins of the

Cr ion with each one of the Cu, Ni or Mn ions. The values of the coupling are found

to be JCr−Cu ≈ 77 K, JCr−Ni ≈ 24K K and JCr−Mn ≈ −11 K. In such isotropic HSM

any small perturbation added to the Hamiltonian (6.1) can drive transitions between

the different spin states, even at very low temperatures.

We studied the dynamics of the molecular spins of the isotropic molecules through

spin lattice relaxation measurements using µSR and NMR. The spin lattice relaxation

rate is closely related to the local field time correlation function in the site of the

measurement probe (muon or nucleus). It is found that in the isotropic HSM the spin

lattice relaxation rate increases when decreasing the temperature, and saturates at

low temperatures T � J , and low fields.

When comparing the spin lattice relaxation rate in the isotropic HSM with that

measured in the high spin paramagnetic compound Gd (S = 7/2), the fact that the

molecules CrCu6, CrNi6, and CrMn6 are indeed isotropic, is again proven. The spin

lattice relaxation in Gd is found to be temperature independent at all temperatures

due to the fact that it is a paramagnet that has no significant energy scale at zero

field, similar to what is seen in the isotropic HSM at low temperatures.

Assuming an isotropic interaction between the local probe (with gyromagnetic

ratio γ) and the molecular spin, and that the lifetime of the spin states |S,m > is

τS,m, one can write the spin lattice relaxation rate in the isotropic HSM in the form

1

T1

=
A2

2Z
∑

|S,m>
(S(S + 1)−m(m+ 1))


 τS,me

−ES,m
T

1 + ω′2τ 2
S,m


 (6.2)

where A is the coupling constant between the molecular and probe spins, ES,m is

energy of the state |S,m >, ω′ = ω− gµB
h̄
H with ω the Larmor frequency of the probe

in field H, and Z is the partition function.
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In order to fit the calculated value of 1/T1 to the experimental results from µSR,

one has to take into consideration two contributions to the life time of the levels

1

τS,m
=

(
1

τsp
+

1

τint

)
(6.3)

where τsp is the contribution from spin-phonon interaction

1

τsp
=

∑

|S′,m′>

C(ES,m − ES′,m′)
3

exp [(ES,m − ES′,m′)/T ]− 1
(6.4)

and τint is a constant, which is contributed by an additional interaction. At high

temperatures T � J , we have τsp � τint and the lifetime of the levels is dominated

by spin-phonon interaction, yielding τS,m ' τsp, while at low temperatures T � J , we

have τsp � τint and the lifetime is dominated by the additional interaction, yielding

τS,m ' τint.

Thus the spin dynamics in the high temperature regime is governed by thermal

activation, i.e. the probe’s spin lattice relaxation is dominated by transitions between

the different electronic spin states |S,m > with different S value, which are thermally

activated. Once the temperature is low and only the 2S+1 degenerate electronic spin

ground state is populated, transitions due to thermal activation between different S

states become scarce and spin dynamics is solely due to transitions between states

with different m value.

The calculated lifetime of the levels τint is found to vary between 7 − 11 nsec,

which can be translated to a broadening of 3 − 5 mK. Therefore we expect that

the interaction which introduces the spin dynamics in these molecules produces level

broadening of the same order of magnitude.

The temperature and field independent levels broadening 1/τint calculated above

can be attributed to an interaction that does not commute with Sz and induces
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transitions between the different m states. This interaction can be dipolar between

neighboring molecules, hyperfine between molecular and nuclear spins, crystal field

higher order terms, etc. However, the striking fact is that the lifetime is similar in

all three molecules, indicating that it does not depend strongly on the spin of the

molecule or the coupling J between ions inside the molecule, which varies greatly

between the three molecules.

This indicates that the weak dependence of the broadening on the spin value

cannot be explained by interactions which are quadratic in S or have higher S de-

pendence. This rules out dipolar interactions between neighboring molecules since in

the three compounds the nearest neighbor distance is ∼ 15 Å. Similarly, crystal field

terms which are allowed by the octahedral symmetry (S2 or higher [71]) are unlikely.

The only mechanism suggested to date for level broadening of HSM, which de-

pends weakly on S is the hyperfine interaction between nuclear and electronic spins.

This mechanism can account for the finite spin lattice relaxation rate at very low

temperatures [72]. However, the values of broadening calculated above might be in-

accurate due to the simplifications made in the calculations, but give the right order

of magnitude expected from hyperfine interactions [73].

Hyperfine interactions in anisotropic high spin molecules were studied recently

[31, 47], and their effect on QTM is becoming clearer [74, 75]. We believe that this

interaction also governs the spin dynamics of the isotropic molecules at very low

temperatures (T < 3 K), while at high temperature (T > 10 K) the molecular spin

dynamics are governed by spin-phonon interactions.
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� � Q � ]_{jU � SYf�We^�t2�¬oYW9WYXn^yWef�qsSg�-U�hjWYXjU'S`U`�#WeXnWYUy}Kt ^�t#�³ogWYXn^yWY�j\��-U�hsWeXjU
�m� Q Q�Q�¸ÁÀ¾�¥Â R�^¼}Kf�az\¯ºFSk\�W9hw[2SeWY\�S�ogSg�#SeWe^�a´WYT�SeW9}AogSeWeq�t2�nWYvs{+acb�t We[�^`�GruU�^`]_{jU �mQ �
� l Q+Q£¸ÁÀ¾�¥Â R�^y}Kf�az\�º�oYSk�2SYWe^yacbuUF��WYvs{+t hwXnSYt � WY\>Sgh�[2WeZ�SYq�acb�t Wet�W9SYZ#t�Sk]_acqst#U �mQ �

U�{jb�TAt2�Gh�v�^¿U`\MT�^ (c) R�S (b) ½ ¸ r�q��iSg��º'WY�GhjSk�¨U'{sb�T¶W�Sgr|WY\�t#�nhwvs^ (a)
��Q �

�c� Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q2Q Q Q Q Q Q Q Q Q�Q TnXnWY\
� � Q Q Q2Q Q Q QÊQ ~B WY[�[#ruU'{sb�t2v�qwb�U�t�}Kt¬��XG^`\MbdoYSk�#SeWe^�T�Sk[2Wefiazb ẑ T�WY�Gh �mQ P
� l Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q Q QGQ ]±¦�^�t¤okb�W�W9}ÈazbuU'{nSkU�t#Uyaz]>vs^ �mQ �

π
2 hsSe{GWebÍWehj}��dWY\>WYv�h�] � WY\�Sg[2Sghsq¶oYWeq�r�acb�t Web�qj}¼U'WYXGf�SY{j\�We�dt#�nWYvj{�t Sg� �mQ �

�¥� Q Q Q2Q Q Q Q Q Q¤Q
H0 = 3.3239 T U'{sb|S T = 300 K U�hjSk[#h�qs^`[�T ½CrNi6 RMT

U�{jb|S T = 160 K U`hjSg[�hsq�^`[�T CrNi6 RMT � WY\>Sk[2SYh�q¨ogWeqsr1azbÎ{jU�t Sg� ��Q l �
�m� Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q2Q Q Q Q Q´Q

B = 2.1 T

� � Q ~H ‖ ẑ U�{jb�UÈacb³U'WYXGf \>Sgq�� Fe8 acb � WY\>Skb�UAogW9q�r�UAWYTnXG^Èacb¤U'WY]�h�\M�-UÈt�Sg^�h �¥Q l
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� � Q Q Q2Q Q Q Q Q Q Q2Q Q¼Q t WY\>SYWer|WY\�U�t#�Gh�v�^`T Fe8 acb � WYb|WYTn]�{G}KU�azbdhsSe{GWer�U �¥Q��
� � Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q QÏQ

Fe8
� ]_{+rp\��nSkU¼Sk�nSYt#TnbdÐwSYf bdoYSgaB} � vÅ�#t �¥Q �

Hi = −0.05,−1.5,−2,−3,−5 t�SY{jbpU�hsSgTnv$ok^�ZMUµacb�U�WeXGf \�SYqw�&U'Wehw[#^'Wer��-U �mQ �
�Ñl Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q¤Q U`^`��t2UFT (e) R�S (d) ½ (c) ½ (b) ½ (a) hsSgTnv kG

t Sg\�t#b�^�t SY{nSg[#W9acqs^`�-U Q t Sk\>Skb�U � WY\>Sk�#SeWe^`U�t SkX�SkT�f»azbÒt�SY{nSk[2W9acqs^F��U �¥Q �
� � Q Q Q2Q Q Q Q Q Q Q2Q�Q � WY\�SgbuU�^`��t#U�t�SY{jb�acv � Weh�T�SkvµU'{sb�U�t qsW9}�rpT�h�bp���

v = 0.24 T/min azb¿U�{jb,t2qsW�}Kr¼TnXGf�hsSgTnv Hi azb¿U'WYXGf \�SYqw� ω1 azb ¢ h�vwU �¥Q �
� � Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q�Q�¸¾� WeaBSk]_WevFº v = 0.1 T/min R�S ¸¾� WevsSgT�Weh`º

¢ �¿hj}�� ½+2 Tesla R�a~U'{jbpU�t#� � Weacv�^ � U`Tnb � We^'SY{ � W9W9SYr�We\ÏWY\�b (a)
�mQ P

(b)
Q U'Weh�[�^'Wer��¬U�t Sg�³t#�³t Sg\�t�Sk\�t�SY{nW9{G^`U¿Wet#b Q−50 Gauss R�a � W9{nWehsSY^

R�aÈSYt {GhjSkU'S ½+2 Tesla acbÓU�{jb�t2acv�q�UuW9hs}��ÔU`\�SgbÕok^�Z&}�SYSYhs^FT¬t Se{GW�{j^
� � Q Q Q2Q Q Q QÅQ U�W9hw[#^'Wer��-T�W�Sk\>WYbu�-Xn^F\2��a�t�Skv�b 4 Wehs}K�¬SgaBWeq�� Q+50 Gauss

(b)
Q t Sg\�Sgb¤t SYhsSg[#h�qs^`[#S�r�q���U�{jbpT (a)

Q ok^�ZMUÈazb¤U�WeXGf2\>Sgq��µogW9q�r�U�TKSk[2Wef �mQ �
t Sg�-XnSYt#U¤azb�U�^`��t#U � U � W9SeSgf U Q t Sg\�Sgb�t SYhsSg[�hsq�^`[2S H = 2 T U'{jbpT

�m� Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2QÊQ b�hjSkb�ac�#WYXG\M\�SYqsr�f �,t�WYXGf \�SYq�a�t�SYWe\�SeWerp\�U
� � Q Q Q2Q Q Q Q Q Q�Q � WY\�Sgb�t�SY{jb�hsSgTnv T = 50 mK RMT CrNi6 RMT�T�Sk[2Wef U¼W9Sk\>WYb �¥Q �

t SgvwXG^`�-TV{G{G^`\MbuWeqw� ½ � WY\>Skbit�SY{jbihjSkTnv�U�hsSg[#h�qs^F[�U¶acb¤U'WYXnf2\>Sgq�� 1/T1
�mQ l �

�«� Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q~Q
CrMn6 (c) R�S CrNi6 (b) CrCu6 (a) RMT µSR

CrNi6
½CrCu6 RMT H2 azb¼U'WYXGf \�SYqw�Ë]_W9hwb�R�ogW9q�r¿t#�nWevs{jUVok^�Z�acbyU'W9SeSYhwU ¢ hwv �mQ lml

��� Q Q Q2Q Q Q Q Q Q Q2Q"Q t Sg�-XnSYt#U�acb�t W9hw�#We\�Wea"U�^`��t#U � U � W9SeSgf U QCrMn6 R�S
¢ h�vwU'S ½ ¸ Weac��^`bpU'SFoYSYWeacvwU � WehjWYXjUpº √S(S + 1) azb¨U'WYXGf \�SYqw� ∆∗0 acb ¢ h�vwU �mQ l �

�m� Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q&Q�¸ WY\�^'WYU'S�ogSYt }Kt2U � WehjWYXjUpº S acbuU�WeXGf \�SYqw� τ0 acb
� l Q t�Sk\>Skb�U�t�SgaBSgf�aBSg^`UyhsSgTnv ¸¾�¥Q l � ºKU`�#SeSkb�^�^�acT�f�t2^`bdWeq�� 〈S2〉 (T ) azb ¢ hwv�U �¥Q l �

hsSgTnv³U�hsSg[#h�qs^`[-U�azbÎU�WeXGf \�SYqw� ¸¾�¥Q l � º�UF�2SYSgb�^`U�W9q�a τ U'WYXGaxhsSYf U�ok^�Z �mQ l �
�c� Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q

CrMn6 R�S CrNi6
½CrCu6



W I 7M@wO�7D=�6 � 7ML$@

U`hjSk[#hsq�^`[�T�t2acq��nSY^Ót SYW9axWeTn[#qsWYXGr|Sgr�U'S H azbÖU�WeXGf \�SYqw��U'WYXGZ�WY[2WY\M]_^`U �mQ l<�
ogWeqsrÍhjSkTnv�oYW9SYaxW9hwT¿t�WYXGf \�SYq¶t#��og^`r�^·SeSYf2U Q U�hsSg[�hsq�^`[�U·acb�U'WYXGf \�SYqw�

�m� Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q2Q Q Q Q Q Q�Q
S = 7/2

��� Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q QAQ
Gd RMT�ogSg�#SeWe^yhsSgTnvµ]_Weh�b�R�oYWeqsr�azbuU`�nWYvj{sU�TnXGf �mQ l �

� W9{G^�az\�U � WY\�Wev�hw]�U¿ogWYTÈt W9h�aBSgqjW9{�U�WeXGf ��hw[�\�We��^yU`�-XnSYt#��]±¦�^`t·SeSYf·t2hjSkX �mQ l P
�mP Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q QAQ

m We[�\M]�^�[-\�^'Sg^¼oYWYT�a
(ν = 91.715 H = 2.1542 T U'{sb|S T = 1.2 K RMT � We\�Sg[#SYh�qVacbÔ]±¦�^`tuSeSgf �¥Q l��

�mP Q Q Q2Q Q Q Q Q QdQ t Sg\�Skbdt SgXnSkT�f � We\�^�r�^ � WY\>Skb�U � W9SYSYf U QCrCu6 RMT MHz)

(ν = H = 2.1542 T U'{sb|S2t Sg\�Sgb�t SYhsSg[#h�qs^F[�T � We\�Sg[#SYhsq~azb
]±¦�^�tdW�SYSYf �¥Q l)�
� � Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q QVQ

CrCu6 R�T 91.715 MHz)

N hjWYU`T¬aBSY}�� ½C hjSY}Kb ½Cu U`UF�,aBSY}�� ½Ni �#SgUuT�SgUFX Q
CrCu6 t axSYf aBSg^ �mQ��)�

� � Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q2Q Q Q Q¶Q
H �2SkUy{nSYhsSeS

U�{jb|S$t Sg\�Sgb1t SYhsSg[#h�qs^`[ÓhjSgTnv CrCu6 RMTiU`�nWevs{¤U'W9SYSYh³t�{GW9{G^�t Sg�-XnSYt �mQ�� l
t Sg�-XnSYt#U·acbÍU`^`�#t#U � U � W9SeSYf2U Q

(ν = 91.715 MHz) H = 2.1545 T

Pm� Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q³Q
n = 4.7

� v ¸¾�¥Q��m� ºKU`XGf \�SYqsa
P l Q Q QÑQ

CrCu6 RMT � WY\>Skb � W�WY[2WY\M]_^�t�SY{jb�hsSgTnvµU�hsSg[#h�qs^F[�Uyazb�U�WeXGf \�SYqw� T1
�mQ��m�

P l Q Q Q2QnQ
CrCu6 RMT � WY\>Skb�t Se{jb�hsSgTnv 1/T azb�U�WeXGf \�SYqw� ln(1/T1) acb ¢ hwv�U �mQ��)�

Pc��Q U'{jbpUAacb¤U'WYXGf \>Sgq��Å]_Weh�b�R�oYWeq�rit#�nWevs{´T�XGf,acb ∆ hsSgv�hsWev�t We]�hw\��yazb ¢ hwv�U �mQ��§�
(ν = H = 2.1542 T U'{sb|S2t Sg\�Sgb�t SYhsSg[#h�qs^F[�T � We\�Sg[#SYhsq~azb
]±¦�^�tdW�SYSYf �¥Q�� �

Pm� Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q�Q
CrNi6 R�T 91.715 MHz)

RMT � WY\�Sgb � W9We[#We\M]�^·t Se{sbÍhjSkT�vÈU�hjSk[#h�qs^`[�Uiacb�U'WYXGf \�SYqw� T1 acb ¢ h�vwU �mQ��)�
P�� Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q2Q Q Q Q Q Q Q Q Q

CrNi6
P�� Q Q Q2QËQ

CrNi6 RMT � WY\>Skb�t Se{jb�hsSgTnv 1/T azb�U�WeXGf \�SYqw� ln(1/T1) acb ¢ hwv�U �mQ��)P
H = 2.1542 T (ν = U'{sb|S2t Sg\�Sgb�t SYhsSg[#h�qs^F[�T � We\�Sg[#SYhsq~azb
]±¦�^�tdW�SYSYf �¥Q�� �

Pm� Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q�Q
CrMn6 R�T 91.715 MHz)
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RMT H = 2.1542 T U�{jb¹hsSgTnvyU�hsSg[#h�qs^F[�UÔacbÕU'WYXGf \�SYqw� T1 azb ¢ h�vwU �mQ�� �
Pm� Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q2Q Q Q Q Q Q Q¶Q

CrMn6

t SgvwXG^`�-TV{G{G^`\MbuWeqw� ½ � WY\>Skbit�SY{jbihjSkTnv�U�hsSg[#h�qs^F[�U¶acb¤U'WYXnf2\>Sgq�� 1/T1
�mQ �m�

P � Q Q Q2Q Q QpQ
CrMn6 (c) R�S CrNi6 (b) CrCu6 (a) RMT ¸ axSeWY��Wehj}���ºK]±¦�^`t�S µSR

ogWeqsrpU (a) acbiU'WYXnf2\>Sgq�� CrNi6 hsSgTnv H0 ok�#WY\�Sg[#axW9^FU`U�azb·U'WY]�h�\M�-U�t�Sg^�h � Q l
� � Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q,Q

z ogSeSeWY�jT~ogWeqsrpU�T�WY�Gh m (b) R�S S acaBSk�jU
hsSgTnv³U�hsSg[�hsq�^`[�U�azbÎU�WeXGf2\>Sgq��iU`hjSk[#hsq�^`[�T�t acq��nSg^�t SeWeaxWeTn[#qsWer|Sgr�U � Q��
Q
CrMn6 (c) R�S CrNi6 (b) ½CrCu6 (a) RMT+{n{j^`\MbuWeqw� ½ t Se{sbiacb � WY�Gh�v´WY\�b

� � Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q QyQ�¸ [#r�f [¬UF��h`ºKT�Skb|W9}�aÇU�^`��t2U � U � W�SYSYf U
RMT � WY\�Sgb�t SY{jb�hsSgTnv~U`hjSk[#hsq�^`[�U¤acb�U�WeXGf \�SYqw�A]±Wehwb�R�oYWeq�r�t#��WYvs{ATnXGf � Q �
C = 400

� v ½ {jT�acT,ogSg\�SYqGR>ogWeqsrÓt WeXGf ��hw[�\>WY�-T � WYTnb|}Kt2^·h�bp��� ½CrNi6

�m� Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q$Q
A = 5.2 MHz R�S K3/sec

µSR t�SkvwXn^F��Ti{n{G^F\�b ½ � WY\>Skb�t�SY{jb�T T acb¹U'WYXGf \>Sgq�� 1/T1 azb ¢ h�vwU � Q �
� WY�nhwv�a�U�^`��t#U � U � W�SYSYf U Q

CrMn6 (c) R>S CrNi6 (b) ½CrCu6 (a) RMT
� � Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q�Q�¸ [#r�f [¬UF�#hFº � WeTnb�Se}K^`U



� ��²��£� � � ��� � �

� l Q U�Z#f�hsqwT~Sg]>XnSkU`b�t�Sk\>Skb�U�t�SYWeXGf ��hw[�\�We�-U�hjSkTnv�ogW9q�r�T�h�Tnv�^`U�TnXGf¨t SYact �)Q l
t WYXnachjSgfdok^�Z�S ∆∗0 b|WY]�hs^,oYSk�2SYW9^Fb
W9^�SYf�^`U¿U�{jb�U¿acb � WYvwXnSY^�^`U � WY�Gh�vwU �¥Q l

�m� Q Q Q2Q Q Q Q Q Q Q2Q Q Q Q Q Q Q Q2Q Q Q Q Q Q«Q
µSR t�Skv�XG^`�-T�{n{j^`\�bdogW9q�r�R�ogWeqsr

azb1t SeWY\>SYWer�\MU
t�Sk��XnSgt2U�t ^F�#t#U�^ � WeacT�f�t2^`U � Weh�[�^�hsqwU
acb � WY�Gh�vwU � Q l
�zl Q Q Q2Q Q Q Q Q Q QwQ WY[#hsSg�#W9t#U�T�Sgb|W9}Ka µSR t Se{GW�{j^�^�]_Weh�b�R�oYWeq�r�t2�nWYvs{+TnXGf

a



� �¬« � �

� WeTnb�}�^FT � SeWY� Q UF\�b 40 hwT���hjSkvsZ�We^¿acb ¢ b�^�t2^ ¢ WeacU�t#T~�-XG^`\�Tnb|}K^,ogSYhw�GZ�t {nW9}�W�ax{nSk]
� W9h�^'Sgb%hwb��#S ½ Wer�acf�okqjSk�-T¤t Sg]>U`\�t ^Fb¹t SYWe[-\�]�^Ôt Se{GW9}�WYT � WYb�^�t2b�^ � W9WY[�\�]�^ � We[�hsr�S
acbÔaB{nSk]>U�^¼U`�-XnSYt#�~t2^'W9WefdSgZ�t SgT�WYXnW Q ok^�Z ¢ hsSg��a � �nSYt#TÈhjSg^`b�U¼vs{nWe^`U'S�U'WYXGZ�We[-\�]�^`U¿acv
U�axSgvwU ½ U'WYXGZ�We[�\M]�^`U�acb � We\�SgbpU � WeTnXG^`U�oYWYT¤U'WY]_hw\��-U � Sgr|}K^�azb�ax{nSg]>U�S�U�ac��t Se{GW�}�W
U'{GW�}�WYU¶SYhsSgTnv ½ t�WY[�\M]�^`UÈU'{GW�}�WYUAaB{GSg]2acb·ogSYt }Kt2UÈaBSkT�]>U Q hj{G}�UAt hsSg[#h�qs^F[�T 100 kBT acv
Q U'{GW�}�Wea � WY\>Weqsr 102−105 �2SkU ½ ¦DWY[�\�SeSYf2U~aBSkTn]>U�¦���hsf2\�U ½ t�Wer�axfyU�hsSgXjTÅt#]�UF\�t2^�t We[�\M]�^`U
t {nW9}�WeT¤U`hjSg^`b�UÔU'WYXGZ�WY[�\M]_^FU
{GSgT�WY�#a � Sgh�]�a�t SYaxSg�nW$t SYWe[-\>SYSYfÕt Sgv�qjSgtÍU`ZËaBSkTn]_a�t }Kt2^

Q U'SkTn]�oYWeq�r�t�SgacvwT�t SYaxSYf�axSY^��2WYU ¢ �naÇ�#^`]_SY{ Q WY[�\M]�^`U¼ogSYhw�nW9ZDU
U'WYXGf ��h�[-\>WY��W�¦9v � W9{G^'SkXG^`U � WY\>SYWe^�t SgTn�GhjSg^`U�t SYaxSYf�axSY^�o®UÅU'SkT�]FoYWeqsr�t SYazv�TÊt SYaxSYf�axSY^
R�aBSg^~ogWYTÅf�}Kh�^`U�hwb��-�Ç]±Wehwb³azvËt SYhs{Gt2r�^VU�az�¶t�SgaBSgf�aBSg^¶É t�WY[�\M]�^'SYh�qjWY[�\M��Sk�¶t�WY[�\M]�^'SYh�q
U'WYXGf ��h�[-\>WY�-U�aB{GSg]�^�t Sg�nSg^`\�U�t�SghjSk[#h�qs^`[�ºxt�Sk��Sg^`\�t�SghjSk[#hsq�^`[�Tnb ¢ � ½ aBSY{j]`t�Sk\M�Gbyt SYaxSYf
hwb��-� Q � U'WY\>WYT�U'WYXnf2�#hw[�\�We�¤W9azT � W9axSe{s] � WY\>Weq�r�SY^`��t Sg]>U`\�t ^¼t SYaBSgf�axSY^`U ¸ J � WY\>SYWYU,ogWeT
acbÔoYWeq�r�U¿o®�2WY\�Sg[#axWe^`U¿t#�¬TKSgt#�naÅokt�WY\ z hsWYX ¢ hjSk��aÅt We[-\�]�^yU'WeqjSgh�[2SgZ�WY�-\M�³b|W�U�aBSgf�axSY^�a

U�hjSkXjT�t {n{nSkT�U�axSYf�axSY^
H = −DS2

z

R�aBSg^`UÈazb¨oYWeq�r�U�T�We�GhÇ�#SkU Sz R�S�U'WeqjSgh�[2SgZ�We�-\M��U~aB{GSg]#t#��hw�#t2^`U~hw[#^�h�q�U~�#SgU D hwb��-�
Q U'SYSgbiU'WYU�t (−ẑ) U`[#^�oYWeq � WYTnXG^'S (+ẑ) U�acv�^�oYWeq � WYTnXn^Aacb¨U'Weh�\M��U¶ok�Ga Q z oYSYSeWY�jT�U�aBSgf
U�axSYf�axSY^FUÔazb¹ogW9q�r�U ¸ U`aBSYf aBSg^`UÔazbÕU'WeqsSYhw[2SYZ�WY��\M�-UdaB{GSg]�a¶acv�^pº�t�SkU'SgTn]Çt SYhsSg[#h�qs^F[�T

^
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½ U'WeqjSgh�[2SgZ�We�-\M��U � SYr�}K^�a�azvs^¬We^�h�[ihwTnvs^¬W�¦9v ¢ qjWYU`U'S�U`[#^�aµU�azvs^¿TnXG^�^ ¢ q�U`t2U�aµaBSg�nW
Weh�b�q��-U¬{nW9}�WYU¤ÌxSYhwv�U ½ U'WeqjSgh�[2SgZ�WY�-\��-U � Sgr|}K^�^¿U`T�hwU`TAU`�nSg^`\pU�hjSk[#h�qs^`[�U,h�b��-�~acTn�
Sg\�a�t2hwb�q���^��#WYUyWY�+t2\�W9We\Mv�^ySYZ#t�Sk]�UF\�t#U Q WY[�\>SYSYf¨hjSkU`\�W9^yW�¦9vÅ�#SgUyogW9q�rpUyWeTnXG^yogWYT�hwTnvs^`a
WY[�\�SeSYfdhsSgU`\�We^¬t2��h�f \|SgZpUFvsqsSYt Q t SYW9qsSYf�r�SYh�f ��^¬t�SY{nW9{G^³W�¦ev�t SeWY[�\�SeSYfdt Sgv�qjSgtd¦�t Sg��hsaB¦

Q U'WYXnZ�WY[�\M]_^FUyazb
R�Sg\0W9Sg[2WYTyvjWeqsSY^·ogW9q�r�U¨acbÓo®�#We\�Sg[�aBWe^`U`T¼h�bp���yWehwb�qw� � WY\>SkbÓogW9q�rÓWYTnXG^·ogWeT¼hsSgUF\>We^
U'WYXGf ��h�[-\>WY�dt�SYWYU�a�axSg�nW�U�Z�W9Sg[2WYT Q

Sz
½ z hsWYXyoYSYSeWY�jT,ogWeqsrpU¨T�WY�Gh � v¶ÐBaB}Kt2^·Sk\>WY�-bÓÐBr

R�ac�-U·ogWYT�a~WY\�Wev�hw]�U·ogWeqsrpUuogWYT¼U�WeXGf ��hw[�\>WY� ½ t Sg\M�jbÍt�SgaBSgf�aBSg^·acb � WY\>Weq�rÓogWeT¼t W9h�aBSgqjW9{
� W9^`h�]>\�U+Weh�aBSYf aBSg^`UVogW9q�r�U�acb¼h�t�SYWnt SgU'SkTn]�t SYf�Z�}�T � W9W9SYaxt#U � W�W9Sg[#WeT ½ t�SgaBSgf�aBSg^`T�We\�SYhw[#f

Q U�^'SY{j�nS'oYWeqsrpU � v z oYSYSeWY�Ga�TnXnWe\MU�U'{sb�acbuU'WYXGf ��h�[�\�WY� ½ ]_W9hwb�U�U'{sb�^
t SgvwXG^`��TÈt SeWY[�\M]�^,t Se{GW9{G^ Q t Sg[#Webdb|SYazb�TÈt�SkvwX�SkT�^`U¿t�SY{nW9{G^ � We]_WYXG^,Sg\M�¨SYZ�U'{GSgTnvwT
acb�U'WYXGf \�SYqw�yt WY[�\�]�^`U¨t�SYWeaBWYTn[#qjWer�SYrpU'S�U'WYXGZ�We[�\M]�^`Uit#�Ô{nSe{j^�a~okt�WY\ � U`T ½ h�[#^-R�Sk[�\M]_^
RM[#rpUut�SYWe[-\�]�^`Uut�Sk\>Sk�Gt2Uut#��hsSYf�}KaAokt�WY\$U�az��t Se{GW�{j^�^ ½ WY[�\M]�^`UuU�{jb�U�S�U`hjSk[#hsq�^`[�U
t Se{nW9{j^ÔWD¦evyhjSYf�}Ka�ogt WY\ÊW9h�aBSgf�aBSg^`UÔoYWeq�r�UdazbÕU`f�We^`\>W9{sUdt2� Q {j^�ac\MUdhs^�Se}�Udazb%t SeWY[
Sg� ¸

µSR º`ogSg�#SeWe^¿azb�ogWeqsrÔt WYXGr�f�ach+t�Skv�XG^`�-TÈt Skv�XnSgT�^`U ½ ]±Wehwb�R�oYWeq�rÔt�WYXj[2SYh�×)t WYXnr�f�ach
ogW9q�r³t WeXGr�f�axhÇt {nW9{j^`T Q og^'We^~We\�WYvshw]�azb ¸ ]±¦�^�t0ºjt We\�WYvshw]�t WY[�\�]�^�U'{nSkU�tyt {nW9{G^~t Skv�XG^`�-T
R�hsaxSYqwU~t2� � W9{n{GSY^'S ½ {n{G^F\�U � ]_{jU ¢ Sgt2T � WYTn[2SYf�^ � W�WYT�SeW9} � WY\�Sg�#SeWe^ � WeaxW9t#b�^ÈoYSk�#SeWe^Èazb
{n{j^`\MU � ]_{sU¼t#� � Wer|WY\��G^�]±¦�^�t¨t {nW9{G^`T~SYaxWe�#S ½ ok^�ZDU¼acb�U'WYXGf \�SYqw� � WY\�Sg�#SeWe^`Uyacb�U'WYXGZ�W
t#\>Wehsf2T¿h�^'Se}�U·t#\�hsf U·W�¦9vsS ½ � W�WY\�Wev�h�]>U � WY\�WeqsrpU·t#�dTn[#f�a~W9{j��U�SgTn]ÊWY[�\M]_^iU�{jb ¢ Sgt2a

Q � W9WY\>WYv�h�]>U � We\�WeqsrpU�acbuT�Sg[2Wef U�t#� � W9{n{nSg^¼SYW�{jh
R�h�[#SYZ�We�-\M�-U¬U`aBSgf�aBSg^`T�oYSk�#SeWe^³azb�oYWeqsr�t�WYXj[2SYh�t SY{nW9{G^³azb
t Sg�-XnSYtut�Sk]�XnSg^¬U'{GSgTnvwT
We^'SYf ^`U�We[-\�]�^`UÔU'{sb�U�t#��Sg\�{n{j^
Sgac��t�SY{nW9{G^�t2hsZDvwT Q

S = 10 oYWeq�r�t2acvwT Fe8 t�WeqsS
R�W9{G^`U¨t Sg�-XnSYt ½ � t#T�WYT�rpT Fe8 t SYaxSYf aBSY^iazb � WY\�W9q�r�U`^¨UF��XnSgt2� � WYb�We]�h�^ � We\�Sk�2SYW9^FU`b
Q U`ac�¬t SYaxSYf�axSY^`T�U�WYXnZ�WY[�\�]�^`U�acbdWY[�\�SeSgf UyhsSgU`\�We^`Uyt#v�qjSYt � SYWefiazv�hjSghjWYTnT�t Se{GWev�^�t�SY{
acb�UFvsqsSYt#T�[#axSgb�o®�2WY\�Sg[#axW9^FU`T¼W�Sk[2WYT�U�Z�WY��t#vj{ja+�2WYU¨SYZ�U�{nSgTnvwTyt Wehsf�WYvwUiSk\�t hw[#^
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R�We^`\>W9{sU~acb³UF\�TnUÈW�¦9vÇt#�#Z�S ½ t SeWeqjSgh�[#SYZ�We�-\M��t SYaxSYf�axSY^`TÅU'WYXnZ�WY[2WY\�]�^`U~azb¨WY[�\�SeSgf U~hjSgUF\>We^`U
R�Wet�Sk\>Sk�Gt2b ½ t�SYW9qsSYhw[2WeZ�WY� ½ U'SgTn]`ogWeqsr�t SYazv�TÊt�SgaBSgf�aBSg^�acb�U'}Kqwb�^`TËW9h�aBSgf�axSY^`U�ogWeqsrpU�azb�U�f

Q
CrMn6 R�S CrNi6

½CrCu6 o®U�U`ac�,t�SgaBSgf�aBSg^ Q hst SeW�t Sg[#Sgb�q�o®U�t�SYW9acf�Wer|WeqwU¼o®U
t#b�azb�T¨t {n{j^`\MU T = 2 K U�hjSk[#h�qs^`[�TiWY[�\M]_^FUÔU'{sb�UÔacb%U'WYXGf \�SYqw�¬U'WYXGZ�WY[�\M]�^`U
� WeU�SgTn] t Se{jbpT�U'W9SeSgh ¢ h�v � vÅoYW9SgaBWeh�T+t WYXGf \>SgqsaÊU�^`��t#UAUF�#h�^¶t SeWeqjSgh�[#SYZ�We�-U¶t SYaxSYf�axSY^`U
U�^ ½CrMn6 RMT S = 27/2 R�S ½CrNi6 RMT S = 15/2 ½CrCu6 RMT S = 9/2 ogWeqsr�a � We��t2^`U
t We[-\�]�^`U�t�SYWeaBWYTn[#qjWer�SYrpU�t#� Q U�SgTn]�ogWeqsr � vÇ{nSgr|W�WYTnXG^�t�Sgh�XnWe^~o®�j�¶t SYaxSYf�axSY^`UFb¤{nWYv�^`b
t SgvwXG^`��TVhw��t a�okt We\2We[-\�]�^`U¶U'{sb�U'SFU�hsSg[�hsq�^`[�U�azb·U'WYXGf \>Sgq���t SYaBSgf�axSY^`T�t {n{j^`\�U�azb

o®�#We\�Sg[�aBWe^`U`U
H = −DS2

z − J
6∑

i=1

~S0 · ~Si − gµBHzSz

�#SgU Sz =
∑6
i=0 S

z
i
½ U'WeqjSgh�[2SgZ�WY�-\M��UÓaB{GSg]�t#��h���t2^`b.h�[�^�hsqwUÓ�#SkU D ' 0 hwb��-�

R�Sg]Ê�2SkU J R�S ½ z ogSeSYWe�jT¤WY[�\M]�^`U�U'{sb�Uu�2SkU Hz
½ U�axSYf�axSY^`Udaz�,acb z oYSYSeWY�jT¤ogW9q�r�UuT�We�Gh

RMU¼ogSeW-azb � WY\�WeqsrpU � U ~Si R�S ~S0
Q U�axSYf�axSY^`U ¢ Sgt2T � WY\�SeWYU¼ogWeT�t�WY[�\M]�^`U�U'WYXGf ��h�[�\�WY��Uyax{

t Sg\�t�WY\ t�SYWY[�[#r�Uyt SeWY[�\M]�^`Uyt�Sk\�Sg�Gt2UFbdt Sg��hs^�U`ac�¬t Se{nW9{j^ Q U�^`��t#U`T Cu/Ni/Mn R�S Cr

Q aB¦9\MU¼o®�#We\�Sg[�aBWe^`U`UyW9q�a"[2Sgb�q�U�aB{GSY^`U¼W�¦evµU`��ax^�U�hsSgXjT�hwT�r�U`a
U�f�W9^`\�W9{jU¶oYWYT�a ½ ]±¦�^�t S µSR t�Skv�XG^`�-T+{n{j^`\�U ½ 1/T1 ]_Weh�b�R�oYWeqsrit#�nWevs{ÅTnXGf³oYWYT+hwb�f U

t�Skv�XG^`�-T��-[�T�a�ogt We\�Weh�aBSgf�aBSg^`U¼ogW9q�rpUyazb
1

T1

=
γ2

2

∫ ∞

−∞
dt 〈B⊥(0)B⊥(t)〉 exp(iγHt)

We^'SYf ^`UÔU'{sb�UÔT�WY�Gh¼�#SgU B⊥ ½ oYWYvshw]>U�Sk��oYSk�#SeWe^`U�azb»WY[�\M]�^'SYhsW�Ø ]>UÔr|}�WYUÔ�#SkU γ hwb��-�
T�SYt#�Ga"okt We\#W9acac��okqjSk��T Q We\�SgXnW9}�U�WY[�\�]�^`UAU�{jb�UA�#SgU H R>SFoYWYv�h�]>U�Sk�,ogSg�#SeWe^`U�ogW9q�r�aËTnX�WY\MU

U�hjSkXjT�]_Weh�b�R�ogWeqsr�t WYXGr�f�achµTnXnf¨t#�
1

T1

=
∆2τ

1 + τ 2ω2

ok^�Z´�#SgU τ ½ oYWYv�h�]>UÍSg�%ogSg�#SeWe^`UÍWD¦ev¨bp]_hsSY^`UÍWe^'Sgf�^`U�U'{jbpU�aB{nSk]+t {nWe^��#SgU ∆ hwb��-�
Q
ω ' gµBH R�S ¸ W9h�aBSgf�aBSg^`U¼ogW9q�r�UySk��º�We^'Sgf�^`U�U�{jbpUyazbuU'WYXnachjSgf U
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hwb��-�AU�axSgvÈt SgaBSYf aBSg^`T � We\�Sk�2SYW9^¤azb�ogWeqsrpU³T�Sg[#W9f�t#�nWevs{ÈT�XGf�WY��t Sg��h�^¤t Se{nW9{j^`U
U'W9SeSghsayvsWY]�^�TnXGf U ¢ SY^`\ÇU'{sb�T·t Sg�-XG^`\"t�SgaBSgf�aBSg^`U
h�b��-� Q U`hjSk[#hsq�^`[�U
t2� � W9{nWehsSY^
o®[#f�S � SY^�W9r�f�^�a0vsWY]�^VTnXGf UVU�SgTn]-WY[�\M]_^FUVU'{jbpU�hwb��-�"t#�#ZFt2^'Skvsa ½ t Sg�nSY^F\�t SYhsSg[#h�qs^F[�T

Q hst SeW't�Sk�nSY^`\ t SYhsSg[#h�qs^F[�T
� W9hs}�� � WY�nWeacU�t � axSg� ½ ]_Weh�b�R�oYWeq�r¬t2�nWYvs{ ¢ W9azU�t#T ¢ Skvj{ja$aBSk�nW�ogSg�#SeWe^�azb³ogW9q�r�UVT�Sk[2Wef
ogW9q�r�U¿T�Sk[2W9f2b��2{GSeSga�W9{j� Q ogW9q�rpU,T�Sk[2Wef�t2�nWYvj{ja � SYhw]_a � ] � WeaBSk��W � SeWY\>Sk�#SeWe^¬t2hjWYXnW2SY^`�
t#��WYvs{�acb�t Se{GW�{j^ � WYv�XjT�^iSg\�}�\��u]±Wehwb�R�ogW9q�r�t#��WYvs{�acb ¢ W9azU�t#T ¢ vsSe{�ok�j�doYSk�2SYWe^`Uiazb
]_Weh�b�R�ogWeqsr�t#�nWevs{ATnXGf b�t Sg��h�^¨t Se{GW�{j^`U¤acb�t Sg�-XnSYt#U Q ]±¦9^�tÔt SgvwXG^`��T � ]0]_Weh�b�R�oYWeqsr
W9{j�¶{sv ½ WY[�\M]�^¬U'{sb�SYt Sg�-T¶]±¦�^`tdt Skv�XG^`�-T�{G{G^`\MU¬U`Z�a�U'SYSgb � We\�Sg�#SYW9^¬t�Skv�XG^`�-T�{G{G^`\MU
t SgvwXG^`��T¿]_Weh�b�R�oYWeq�r�t#�nWevs{yTnXGf�t#� � W9{n{nSg^�Sg\�}�\���o®�G�-bÍU`��hs^�SgZ0U�{jT�Sgv Q aBSYWe�yvsSgT�f
W9SYactd��aBS�WY\>SkXnW�}�U¨WY[�\M]�^`U¤U�{jb�TyW�Sgaxtd]_Weh�b�R�oYWeq�r�t#��WYvs{ATnXGf b � We�#SghAok��SY^`� ½ � WY\�Sg�#SeWe^

Q U�{nW9{G^`U�t2f�WY\��j[�T
ok^�ZMb³U`��h�^ ½ ]_W9hwb�R�ogWeqsr¤t#�nWYvj{Åok^�Z'acb ¢ h�vwU�^ÈoYWeqsr�R�ogW9q�r¤acb³U�WeXGachjSgf UAok^�Z'acb³T�Sgb�W9}
¢ h�v�a�t Sg�nSY^F\�t SYhsSg[#h�qs^`[-TÇvsWe]�^'S ½ U�hsSg[#h�qs^F[�U+t#� � W9{GW9hsSY^�hwb��-�ÏU�axSgv � WY�nSY^`\�t�SY{jb�TËU�Z
U�^`�jTAUF\>Skb�t�Sk\>Skb�U¬t SYaxSYf aBSg^`TAU'WYXnachjSgf U³ok^�Zpacb ¢ h�vwU Q U�hsSg[�hsq�^`[�T�W9SYaxt�Wet2acT�S-vsSgT�f
U�axSYf�axSY^FT¬Sg��º ogWeqsrpU·acb ¢ h�vwT,W9SYact�Wet azT¼�2SkU � axSg� ½ t SgU�SgTn]Êt SYhsSg[�hsq�^`[�T,ax{nSg]ÊWehj{Gr

Q t�Sk��Sg^`\ t SYhsSg[#h�qs^`[-T ¸ U�^FXGv
R�SYZ�WY��U�t SYaxSYf aBSY^FU+acb¿ogWeqsrpU�acbyU�f�W9^`\�W9{jUFb¼U`��h�^�U�WeXGachjSgf UVok^�Z�acbyaw¦e\�U�t�Sk]>U`\�t2U`U
R�hsq�^`[�hsSgTnv,SYaxWY�2S ½ t�SkU'SkT�]�t SYhsSg[�hsq�^`[�TioYSk\>SgqnR�ogW9q�r�t WYXnf2�#hw[�\�We��W�¦ev,t#[#azb�\Ët�SYWeqjSgh�[
U�hsSg[#h�qs^F[�TyU'W9SYactÔU`\�We�-b�U'WYXGf ��h�[�\�WY�ÔW�¦9vAh�f�WYv�T�[#azb�\�U'WYXGaxhsSYf Uiok^�Z�t�Sk��Sg^`\�t SYhsSg[
U`��hw\����#WYU,SYZ U'WYXGf ��h�[�\�WY� ½ Weh�aBSYf aBSg^`U,oYWeqsrpU¿acb ¢ hwv�TÈacac�jT � �¬U`b�ax}¶U`hjSkXGT~U�W�Sgaxt S

Q Weh�aBSYf aBSg^`U¼oYWeq�r�U � v � W�WY\�Wev�hw]�U � WY\>WeqsrpU�acbuU'WYXGf ��h�[-\>WY�-U


