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Topological photonics is a new and rapidly growing field that deals with topological
phases and topological insulators for light. Recently, the scope of these systems was
expanded dramatically by incorporating non-spatial degrees of freedom. These syn-
thetic dimensions can range from a discrete ladder of cavity modes or Bloch modes of
an array of waveguides to a time-bin division (discrete time steps) in a pulsed system
or even to parameters such as lattice constants. Combining spatial and synthetic dimen-
sions offers the possibility to observe fundamental and exotic phenomena such as
dynamics in four dimensions or higher, long-range interaction with disorder, high-
dimensional nonlinear effects, and more. Here, we review the latest developments in
using non-spatial dimensions as a means to enhance fundamental features of photonic
topological systems, and we attempt to identify the next challenges. (© 2021 Optical
Society of America
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Topological photonics in
synthetic dimensions

ERAN LusTiG ano MORDECHAI SEGEV

1. INTRODUCTION

1.1 Topological Insulators for Electrons

In the past 15 years, topological insulators have been attracting much research interest
in many areas of physics [ 1-5]. Unlike ordinary materials—conductors, semiconduc-
tors, and insulators—topological insulators can conduct on their edges and insulate
in their bulk, but what makes them so special is that the current on their edge is com-
pletely indifferent to the shape of the material: it is unidirectional (chiral) and robust
against most types of disorder. In fact, these materials are considered to be a phase
of matter of their own, with features dictated by the topological properties of the
conducting and insulating bands that are usually defined on the reciprocal space
[6]. Consequently, the bands of topological insulators are classified according to
their topology—which is an abstract way to count the number of twists, holes, and
other types of geometric features that cannot continuously deform from one to the
other. That is, the allowed states for electrons can be classified through topological
invariants, determined by externally induced fields or internally through interactions
between the particles, and by the structural symmetries in the medium. The first con-
nection between conductance and topology was in the integer quantum Hall effect
(IQH) [7]. In the IQH, a magnetic field applied to a 2D electron gas caused its Hall
conductance to have integer values. It was then realized that the integer values of the
conductance are related to the topology of the allowed states for electrons [6,8,9], and
that the classification of the different bands of states is related to robust edge states
and a topological invariant called the Chern number [10]. In the following years, it
was found that topological insulators can occur even without a net magnetic flux [11]
and, even more surprisingly, without any external fields and without even breaking
time-reversal symmetry. This happens due to the spin of the electrons themselves (the
quantum spin-Hall effect) or via the spin—orbit coupling [4,12,13]. This notion was
considered a major breakthrough some 15 years ago since it meant that the properties
of topological insulators that were thought to be extrinsic can actually be intrinsic in
certain materials. In these intrinsic topological insulators, pairs of edge states related
to different spins propagate in opposite directions, but still each one of them is chiral.
Moreover, these topological edge states do not couple to each other as long as the
time-reversal symmetry is maintained and the gap remains open. In such cases, the
topological protection is dependent, in principle, not only on the gap remaining open
but also on the existence of a symmetry of the system, in this case: time-reversal
symmetry.

These breakthroughs have opened the door for finding many materials with different
topological phases of matter with exotic properties. Due to their unique properties,
topological materials can potentially be utilized in quantum computing [14], spin-
tronics [15], and more. The relation between topological materials and applications
in quantum computing involves additional notions such as fractional Hall states or
Majorana fermions that usually require fermionic interactions and, hence, are beyond
the scope of this review—which deals mostly with photonics. We are now almost four
decades after the discovery of the first topological insulator (the IQH). To understand
the underlying principles, it is instructive to briefly review the basics of topological
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insulators. We will do it on an intuitive basis and attempt to view these principles
through the physically observable quantities. In a single sentence, topological insula-
tors are materials that are insulators in the bulk but are perfect conductors on their
edges. The robust conduction on the edge is manifested in the fact that the current
there is lossless even in the presence of disorder or defects, and it does not depend on
the shape of the edge. That is, the current continues to flow without being scattered
into the bulk or being backscattered by local defects, by disorder in the lattice, or by
sharp edges. Due to the lack of backscattering, such a topological edge current is often
viewed as chiral. This property is often called “topologically protected transport,”
and it is illustrated in Fig. 1(a). It is this property that made topological insulators so
important because—apart from the fundamental physics involved—having a mecha-
nism that can bring lossless flow of energy, charges, or information is extremely
important for many applications. The important parameter determining this unique
robustness is the strength of the variations of the potential that would have normally
caused scattering, not the shape nor the position of a particular defect or disorder in
the lattice.

To understand the essence of topological transport, it is instructive to recall the IQH
effect [7]. This phenomenon occurs in semiconductors under low temperature and a
strong magnetic field [Fig. 1(b)]. The Lorentz force opens a bandgap in the dispersion
curve, and the edge states are characterized by a single line crossing the gap in diago-
nal. This oversimplified picture of the quantum Hall effect is sketched in Fig. 1(c),
where the red line marks the dispersion curve of the edge states (in reality, the allowed
states form discrete Landau levels separated by bandgaps), and « is the lattice con-
stant. Notice that there is only one line crossing the gap, without any line crossing
the gap in the opposite direction. The slope of this line provides the group velocity of
any edge excitation (superposition of states on the red line), and it cannot be zero in
any topological insulator. The direction of the magnetic field sets the sign of the slope
(which determines the direction of the edge current), and the strength of the magnetic
field sets the size of the bandgap. Now, if disorder is introduced into this structure, the
bands will be slightly modified, and the slope of the red line will be slightly altered.
But, as long as the strength of the disorder (random variation in the potential) is
smaller than some value, scattering will not couple the edge states to bulk states. The
implication is that disorder weaker than (approximately) the width of the bandgap
will not cause any scattering into the bulk or backscattering [16]. This is the origin of
topologically protected transport in the IQH effect, and its key ingredient is the size
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Topological insulators in a nut shell. (a) Topological insulator in two dimensions: a
2D material that is insulating in the bulk but exhibits perfect conduction on the edge.
(b) Simplified sketch of the integer quantum Hall effect, which was the first topologi-
cal insulator. The arrows indicate the cyclotronic movement of electrons induced by
a magnetic field perpendicular to the plane. (c) Simplified dispersion relation for the
quantum Hall effect, with the red line marking the topological edge states.
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of the topological bandgap, which determines the degree of topological protection of
transport. More details about the calculation of basic topological invariants are pro-
vided in Section 5. Modern topological insulators rely on the same principles, but the
effects can be caused by a variety of other sources, among them fermionic spin—orbit
coupling, external modulation, and crystal symmetries. These different mechanisms
that can give rise to topological insulators may affect the level and type of protection
of the edge states, making some more limited than others. The full description of all
the different kinds is beyond the scope of this review; therefore, we will mostly use
the simplest kind of topological phases to explain the concepts of topological photon-
ics in synthetic dimensions. However, these concepts apply to all types of topological
insulators. For a thorough derivation on topological insulators, we direct the reader to
one of many reviews that focus on topological insulators and topological phases [17].

1.2 Photonic Topological Insulators

After the discovery of topological insulators, it became evident that topological
phases are not unique to electronic materials. In fact, the topological structure of the
allowed states for electrons giving rise to the robust edge conductance can occur also
for bosonic particles, i.e., photons, phonons, and atoms.

Effectively, the only requirement from a system to present topologically protected
transport is to have a dispersion curve resembling Fig. 1(c), with the edge states
crossing the gap diagonally. Fulfilling this requirement in bosonic systems implies
that topological physics is not unique to fermions and is not in itself a quantum phe-
nomenon. It is a wave phenomenon (because interference is at its heart) that can,
in principle, occur in any wave system—classical or quantum—with a judiciously
engineered potential landscape [18]. The first suggestion for a bosonic topological
insulator was an electromagnetic (EM) system that required breaking time-reversal
symmetry to avoid backscattering [19]. Shortly thereafter, a more concrete idea was
proposed [20]—based on gyro-optics materials where the application of a magnetic
field indeed breaks time-reversal symmetry. This effect is fundamentally weak at
all frequencies above THz; hence, the resultant topological bandgap would be very
small, providing essentially no protection of transport. However, at microwave
frequencies, the effect is strong and opens a large bandgap, and indeed, within a
year, the EM analogue of the IQH effect was demonstrated [21]. At that point, the
challenge was to find a new avenue to bring the concepts of topological insulators
into photonics (optical and near infrared frequencies), without relying on the weak
gyro-optic effects. Several ideas were proposed—ranging from using polarization as
spin in photonic crystals [22] and aperiodic coupled resonators [23] to bianisotropic
metamaterials [24]. Eventually, in 2013, the first photonic topological insulators were
demonstrated [25], and they indeed displayed topological protection of transport
(of light) against defects and disorder. Around the same time, the aperiodic coupled
resonator system was also realized in experiment [26] and a year later demonstrated
topological protection against disorder in the lattice [27]. Within a few years, numer-
ous other EM topological systems were proposed and demonstrated, among them the
topological bianisotropic metamaterials system [28], the so-called “network model”
of strongly coupled resonators [29-31], the crystalline topological insulator [32—-36],
and the valley-Hall scheme [37-39]. A contemporary review on photonic topological
insulators can be found in [40,41].

1.3 Role of Dimensionality and Connectivity in Topological Physics

All the topological photonics work described above was on 2D topological systems,
but this is more than a mere coincidence [42—44]. Although a large number of fun-
damentally different topological phases and topological insulators do exist also for
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three dimensions [2—4,12,17] or more than three dimensions [45—49], these phases
are very hard to realize in photonic systems. This means that, in all our efforts so far
with traditional photonic lattices and structures, we were always only examining the
tip of the iceberg, in terms of the diversity of topological phases with different proper-
ties. The reason is twofold: First, photons propagate at the speed of light; thus, in the
direction of their propagation, it is hard to induce the complex dynamics necessary
for topological phases in high dimensions. The second reason is the complexity of
fabricating 3D topological structures, such as the 3D structures that were recently
used for demonstrating Weyl points [50—52] and the 3D topological insulator in the
microwave regime using magneto-optic effects [53]. 3D fabrication becomes much
more complicated for higher frequencies in the optical regime, where the length
scales are much smaller (implying that higher resolution in fabrication is crucial) and
magneto-optic effects are very weak. Of course, systems of dimensions higher than
three cannot be fabricated directly and require special approaches.

Another aspect in which most photonic topological structures are limited is their
connectivity. Designing a photonic structure that corresponds to a topological phase
usually requires the construction of a lattice, which is a periodic arrangement of
optical elements in space [54—57]. Generally, lattices play an important role in many
topological insulators, as the symmetries and the parameters of the lattice dictate the
topological behavior directly. Since our world has only three spatial dimensions, and
the coupling between sites is mostly by proximity, this limits the number of possible
topological geometries and consequently possible topological phases [11,58], as
much as it does for the topological insulators found in condensed matter. That is, the
possibility of coupling two sites (or elements) that are far apart from one another is
limited in traditional photonic structures, which typically rely on evanescent coupling.
We stress that this problem of connectivity is not limited to high-dimensional systems
nor to photonics; it is a limitation common to all physical systems in real space and
in any dimension. Thus, a possible way to conclude the discussion so far could have
been that the major limiting factor in experimentally realizing lattice models in high
dimensions and with long-range connectivity is the traditional approach in which
lattice sites are identified by their location in space. Luckily, it turns out that this does
not have to be the case: it is possible to utilize non-spatial degrees of freedom such
as spin, momentum, energy, and time as “lattice degrees of freedom” [59-63]. These
non-spatial degrees of freedom are called “synthetic dimensions,” and they are not
restricted by spatial proximity; therefore, they offer new possibilities in experimen-
tally realizing topological phases that have thus far never been observed. Indeed,
recent years have witnessed the use of synthetic dimensions as a means to realize
novel topological phenomena in photonics, and even promising avenues to utilize this
concept for future applications. In this paper, we review the latest advancements on
topological photonics utilizing synthetic dimensions. We explain the fundamental
science underlying the ideas of synthetic dimensions in photonics, and we describe
the current three leading techniques for realizing synthetic dimensions and the recent
experimental efforts. Finally, based on the current state of the research, we map future
directions and possible applications for synthetic dimensions in photonics, and we
suggest some visionary ideas that may open new avenues in untraditional paths.

1.4 Historic Development of Synthetic Dimensions in Photonics

Using non-spatial degrees of freedom as an auxiliary avenue to observe phenomena
that are usually studied in spatial degrees of freedom can be traced back to works
on Anderson localization and quantum chaos from the early 1980s in the theory of
kicked rotors [64—66]. This approach was suggested later on as a means for exper-
iments in cold atoms [67—70] and also for observing high-dimensional topological



m’” Vol. 13, No. 2 / June 2021 / Advances in Optics and Photonics 431

phases [71]. In photonics, however, modulating effectively the dielectric properties
of a medium at frequencies comparable to that of the EM field passing through it (as
in the kicked rotor approach) is very challenging for frequencies of THz and higher.
As a consequence, using synthetic dimensions in photonics has evolved in different
avenues, initially relying on a big advantage that photonic systems have on most
other areas: the ability to fabricate and engineer large photonic systems with elaborate
architectures. However, as the technology evolved, temporal modulation has also
been incorporated in implementing synthetic dimensions in photonics. In light of
the many different experimental approaches known today, it would seem that using
synthetic dimensions to study high-dimensional or more complex topological phases
than what the spatial dimensions allow is a multifaced challenge. However, as we
show in Section 5 below, there is a uniting underlying logic behind all the approaches
for synthetic space topological photonics.

As mentioned earlier, the non-spatial degrees of freedom can take several forms in
photonics. Currently, the implementation of synthetic dimensions in photonics can
be cast into three main classes. The first class, which may be called “parametric
synthetic dimensions,” is using a parameter of the Hamiltonian, which, when var-
ied (either continuously or in discrete steps), can constitute a “parametric synthetic
dimension.” However, if the parameter is constant or is varied adiabatically—it lacks
a kinetic term. The absence of a kinetic term means that there is no transport in this
parametric synthetic dimension. Such systems are simpler to implement compared
to other approaches, and they do allow for observing higher dimensional physics in
lower dimensional systems, which made them a useful tool. For example, by mapping
a 1D lattice to a slice in a 2D model, topological Thouless pumping was demonstrated
in photonics experiments [61], and more recently higher dimensional topological
pumps were demonstrated in both optics and cold atoms [72,73]. In fact, a recent
theoretical proposal suggested systems simulating 6D topological pumps [74]. Other
aspects related to topology, such as Fermi arcs and Weyl points, were also demon-
strated by exploiting parameter space [75]. Using parameters as synthetic dimensions
in topological photonics is explained in Section 2 below.

The second class of non-spatial degrees of freedom may be called “eigenstates lad-
der.” It does have a kinetic term in the Hamiltonian that results in propagation along
the synthetic dimension; hence, it is considerably richer because it facilitates transport
in the synthetic dimensions (which the “parametric synthetic dimensions” simply
do not have). In this “eigenstates ladder” class, the synthetic dimensions can be a
series of states such as spin states, momentum states, or a train of frequencies, which
in principle is a ladder of states. The ladder is an uncoupled lattice, and initially the
degree of freedom associated with the ladder does not have a kinetic term, but—with
an additional resonant external modulation—the states become coupled; thus, the
system becomes endowed with an additional kinetic term in the Hamiltonian [60].
Although modulation for photons can be more complex, and certainly adds complex-
ity (compared to the approach that uses a static parameter as a synthetic dimension),
the fact that the modulation is resonant relaxes the conditions for the strength of
the modulation. What makes this approach very appealing for realizing topological
phases is that a spatially dependent modulation phase is equivalent to imprinting an
effective gauge field, which can act on the waves evolving in the system [62]. This
artificial gauge field can be engineered by choosing the modulations scheme. Indeed,
this approach was used in demonstrating the first topological edge states in cold
atoms. There, the synthetic dimensions were spin states, and the coupling between the
states was implemented with an external laser [76,77]. Soon thereafter, similar ideas
of coupling other degrees of freedom in cold atoms, such as optical lattice clocks [78]
and atomic momentum states [79,80], were used in exploring topological phenomena.
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The downside of all of these is that the number of spin states and momentum states
is small, and generally excited states have a short lifetime, which altogether limit the
actual size of the synthetic dimension. But a more recent suggestion—of using modes
of a periodically shaken harmonic trap [81]—could, in principle, overcome those
limitations.

Slightly after the suggestion for implementing topological physics by utilizing syn-
thetic dimensions with cold atom systems [51], several groups proposed using this
concept in photonics. These groups suggested the use of a ladder of resonator modes
[82—84], coupled by external modulation, for inducing photonic artificial gauge
fields. And, more recently, photonic waveguide modes coupled by spatial modula-
tion with a spatially varying phase were employed to demonstrate the first photonic
topological insulator utilizing synthetic dimensions [85]. In a similar vein, magnetic
fields in synthetic dimensions were experimentally demonstrated in microwaves [86]
and on a single resonator with two independent mode ladders in optical wavelengths
[87,88]. These ideas, together with suggestions to exploit synthetic dimensions for
generating higher dimensional topological phases [83,89,90] and high-order topo-
logical phases [91], have recently become promising avenues for future research,
together with novel applications employing topologically protected edge transport for
robust unidirectional frequency conversion [92] and mode-locking an array of laser
emitters [93]. We discuss this approach in Section 2 below. Another advantage in
coupling ladders of modes as synthetic dimensions is the ability to couple modes that
are not close to one another. In this way, using synthetic dimensions can be designed
to introduce long-range coupling, which offers a means not only to enrich the topo-
logical phases [94] but also to increase their fundamental dimensionality [95]. In fact,
using long-range connectivity can be a type of synthetic dimension of its own, as was
proposed already in 2013 [63] in the context of demonstrating high-dimensional opti-
cal solitons, and it was recently used to demonstrate experimentally 4D topological
phases in a circuit implementation [96]. Furthermore, coupling synthetic degrees of
freedom does not necessarily require active modulation. A static geometry can also
induce a topological model utilizing synthetic dimensions by transforming not to an
eigenstate basis but to a non-diagonal basis [97-99].

Finally, the third approach for introducing a synthetic dimension has to do with dis-
crete dynamics in a synthetic space of “time-bins.” This approach employs laser
pulses propagating in a periodic cycle. At each period, each pulse splits into sev-
eral consecutive pulses, such that they arrive to the measurement device at different
times—due to different delay for each pulse. Each time slot of arrival (“time-bin”) is
analogous to a location in space. In this approach, the light changes its location (which
is the time-bin) constantly; therefore, this approach is endowed with a kinetic term
and displays transport in the synthetic dimension. Unlike the first two approaches,
here the propagation is only sampled at discrete times, associated with the steps of a
discrete time quantum walk (DTQW). Quantum walks have been known for almost
three decades to be a useful tool for studying a plethora of quantum and wave phe-
nomena [100-104]. In photonics, DTQWs were experimentally realized with short
pulses in fiber loops [105] and allowed the experimental realization of phenom-
ena such as parity—time (PT)-symmetric lattice [59], Kapitza light guiding [106],
time-reversed light [107], optical diametric drive [108], and more [109—112].

A decade ago, along with the growing interest in topological phases of matter, it
was realized that DTQW can exhibit topological phases, not only in 1D but also
in higher dimensions [113]. At first, 1D topological phases and topological edge
states in DTQW were experimentally demonstrated in photonics in several platforms
[114-118]. The 1D topological phases in DTQW are now being extended to include
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exotic phenomena such as non-Hermitian topological edge states [119] and obser-
vation of the topological funneling of light in a non-Hermitian topological DTQW
[120]. In parallel, experimental efforts to realize 2D (or higher dimensional) synthetic
lattice models that can exhibit topological phases are ongoing. Since the basic time-
multiplexing system is zero-dimensional, the basic addition of time-bins converts it
to 1D only. Topological systems with higher dimensions can take several forms: they
can either be further extension of time-bins [121,122], or in combination with other
degrees of freedom such as orbital angular momentum [123].

More recently, time-bins were employed to demonstrate unidirectional topological
edge states in two dimensions. This was done both by extending the dimensionality
of the time-bins to the synthetic dimension [123,124] and by using an additional
synthetic dimension of angular momentum modes [125]. This platform is a promising
tool to combine synthetic gauge fields [124], non-Hermitian physics [59], and other
effects for photons to demonstrate exotic photonic topological phases. We focus on
this method and its topological aspects in Section 2 of this review.

2. BASIC PHYSICS OF TOPOLOGY IN SYNTHETIC DIMENSIONS

2.1 Topological Phases and Topological Invariants

The basic notion underlying a phase transition is that physical systems have discon-
tinuous transitions in their properties—upon changing continuously some parameter
of the system. The transition between different phases is traditionally described
in the Landau framework, where an order parameter of the system changes due to
spontaneous symmetry breaking. In recent years, it became evident that a wide class
of materials undergo phase transitions called “topological phase transitions” that
follow a completely different mechanism. In a topological phase transition, the fun-
damental property that changes abruptly is the topology of the eigenfunction space
of the Hamiltonian. The eigenfunctions are directly deduced from the Hamiltonian,
so accordingly the topology is encoded in the Hamiltonian. Topology deals with
continuous deformations of abstract structures, and consequently their classification
should be according to subspaces in which the structures can deform (transform)
from one class of structures into one another without a discontinuity. For example, a
sphere cannot deform continuously to a torus since at a certain point the sphere will
have to go through a discontinuous transition, which punches a hole into it. Thus,
a Hamiltonian with non-trivial topology (such as the toplogy of the torus) cannot
deform continuously to a Hamiltonian with a trivial topology, without its subspace
of eigenfunctions undergoing some discontinuous transition (example, closing of the
bandgap).

When a material (or a system) with non-trivial topology borders a material with differ-
ent topology (which may be either trivial topology or a different non-trivial topology),
the edge between the materials will host edge states with properties different than
those of either of the two bulks. Since the two materials (one of which can be vacuum)
cannot deform into one another continuously, the deformation occurs only on the
edge, which implies that the edge wave functions must be exponentially localized.
The properties of the edge states are unique to the edge and depend on the dimension-
ality, symmetries, and other attributes of the topological system. For concreteness, let
us study a Hamiltonian A (%) describing a spinless boson on a n#-dimensional lattice
material, where £ is the momentum quantum number, which depends on the space
dimensionality, i.e., % is an z#-dimensional vector. The Hamiltonian A associates a
wave function (%) to each £ in the Brillouin zone in each band. Thus, the band in a
given Brillouin zone, together with the wave function, forms a topological structure.
If two materials are in different topological phases, then we cannot continuously
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deform the Hamiltonian A (%) from one to the other, without closing the gap—which
manifests a discontinuous change in the topological structure. For example, if our
Hamiltonian describes a 1D dimer (diatomic) lattice, i.e., a 1D lattice that has bonds
with strengths alternating between two values (say, # and v, where « is the bond inside
the unit cell and v is the bond between unit cells), then there can be two possible topol-
ogies (Z,) [126], where Z, symbolizes a set of two integers{0,1}. These two possible
topologies are either a trivial topology (# > v), which maps to the topological struc-
ture in Fig. 2(a), or a non-trivial topology (# < v), which is isomorphic to Fig. 2(b). In
Figs. 2(a) and 2(b), the loop maps to the 1D Brillouin zone of the 1D dimer, and the
phase of the eigenstates maps to the arrow that winds around the loop. In Fig. 2(a), the
arrow does not wind around the loop (trivial), and, in Fig. 2(b), it winds once (non-
trivial). The two structures cannot continuously deform to one another and, therefore,
are topologically distinct (a structure that winds twice can continuously deform to
a structure that does not wind). Mathematically, what classifies the two topological
regimes is a topological invariant calculated on the 1D band. In a 1D dimer lattice, the
invariant is called the Zak phase, given by

) d
y=i /k<w</e> ‘E‘ w</e>>d/e, ()

where the integration is carried out on a 1D band in the Brillouin zone and the Zak
phase is equal to 0 or m (indicating the two possible topological phases). As can
be seen in Eq. (1), the Zak phase is more general than the dimer case and can be
calculated for any 1D lattice. The physical meaning is that, if two 1D lattices with dif-
ferent integer Zak phases border each other, this interface will host an exponentially
localized edge state in the gap. From Figs. 2(a) and 2(b) and Eq. (1), we can actually
understand that the Zak phase calculates the geometric phase acquired by the wave
function when it continuously slides along the Brillouin zone.

Interestingly, the picture looks completely different if we look at different dimensions
or different symmetries. For example, for a 2D square lattice with a perpendicular
magnetic field (the IQH) [10] or other lattices such as the extended Haldane model
[11,58], the topology can potentially be classified not to two subclasses (as in the
1D dimer case) but to infinitely many subclasses identified by integers Z. The topo-
logical structures map to structures of 2D vectors on a torus (band in the Brillouin
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(a) and (b) Trivial and topological structures of a dimer lattice, respectively, com-
posed of a 1D loop with a vector on each point. The structures are mappings of the
topology of a band in a 1D dimer lattice. There are only two distinct topological
structures (adapted from [127]). (c) Topological structure of a 2D torus with vector
on each point (the projections of the vectors on the plane is presented). This structure
is a mapping of the topology of a band in a 2D Chern insulator. (d) “Periodic table”
of possible topological phases for quadratic Hamiltonians (see description of the
different symmetry classes in [45]).
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zone) [Fig. 1(c)]. If we integrate along a loop that encircles the center, we can see that
the vector can wind and accumulate a geometric phase when completing the loop.
The geometric phase accumulated can only come in integer multiples of 27, and it
is clear from the image why these cannot deform to one another without a disconti-
nuity. Mathematically and more generally, this is calculated by the Chern number.
The Chern number calculation is also an integral on the band, but—since this is a 2D
band—the integral is carried out over a closed path encircling the Brillouin zone,

C=y§ (W (B)| Ve | (B)) db. ()
L

where L is a closed path in the 2D Brillouin zone. The possible topologies can be any
integer Z depending on the Hamiltonian, and this maps to different discontinuities
with different windings around them in Fig. 2(c). We note that the Chern number is
not the only topological invariant used to characterize a 2D topological structure;
rather, we give it here only because it is a commonly used one. The choice of topo-
logical invariants depends on the symmetries and dimensionality of the system, and
the Chern number commonly describes the topological structure in models such as
the IQH or the Haldane model, where the non-trivial topology arises from broken
time-reversal symmetry (driven by the magnetic field, in these cases). Of course, one
can go on and describe topological phases in higher dimensions that are described by
other structures.

2.2 Richness of Topological Realm

The fact that different dimensionality and different symmetries can lead to completely
different topologies raises an important question. What are the possible topological
phases for different dimensionalities and Hamiltonian symmetries?

An answer to this question was given in the form of a periodic table for the different
possible topological insulating phases. First, for quadratic Hamiltonians, the pos-
sible phases were organized according to dimensionality (up to eight dimensions)
and non-spatial symmetries, as shown in Fig. 2(d) [45,128]. The different classes
(CL) in Fig. 2(d) are composed of different combinations of time-reversal sym-
metry (®), particle-hole symmetry (Z), and chiral symmetry (IT), and the symbols
(Z,, Z., 27, 0) refer to the possible classification for each symmetry class at a certain
dimensionality—for example, the IQH model just described is in two dimensions in
class A (it is defined with no symmetries), so its topological structures can be classi-
fied to an infinite number of topologically distinct phases (for each integer Z). Later
on, this table was extended to include also spatial symmetries [129-132]. Current
theoretical and experimental efforts are dedicated toward finding topological phases
in non-Hermitian systems [133—141] and extending the periodic table [46,142] to
include them, likewise with systems of interacting particles [143—145] and nonlinear
optics [146,147].

Interesting topological phases in high dimensions also occur not only for insulators
but also for semimetals, such as the 5D generalization of the topological Weyl semi-
metal and more [49]. Of course, dimensionality changes dramatically the properties of
the edge states. Just as plain examples, 3D topological insulators include 2D surface
currents as edge states [12], while 4D topological insulators can obtain 3D volume
edge states [96]. These are of course just examples of the many differences that come
about to the different symmetries and topological structures that are made possible by
different dimensions.

Since we live in a 3D world, most systems are naturally limited to two or three spa-
tial dimensions. Hence, it became evident that, in order to experimentally study and



436 Vol. 13, No. 2 / June 2021 / Advances in Optics and Photonics “lm

fully understand high-dimensional topological phases or complex topological phases
that cannot be realized in simple lattices, new experimental approaches should be
developed. This was the reason underlying the very large progress on topological
physics in synthetic dimensions.

3. DESCRIPTION AND DEFINITION OF NON-SPATIAL DIMENSIONS

An avenue for realizing physical systems with high dimensionality and new forms of
lattice connectivity is to use non-spatial degrees of freedom as additional dimensions
to the physical system, thus extending the reach of experimental platforms. Examples
of non-spatial dimensions are sequences (either discrete or continuous) such as time,
energy, spatial frequency, spin, or simply some parameter of the system. Thus, if « is
anon-spatial variable associated with the wave function, it has a quantum momentum
k, attached to it, and this pair (« and £,) can serve as a non-spatial dimension. If the
non-spatial dimension « describes a periodic structures, 4, is a quasi-momentum. It is
customary to refer to this non-spatial degree of freedom as “synthetic.” We note that
even if « is a constant parameter, we can still use a notion of an auxiliary Hamiltonian
in which « is a variable, and the real Hamiltonian will be a subspace of this auxiliary
Hamiltonian. As mentioned, the topology is usually defined on the Brillouin zone, so
defining a coordinate £, is a notion that exists in almost all approaches of topology in
synthetic dimensions. An example of an exception to this, which we will not discuss
in detail in this review, is the family of topological phases defined in non-periodic
systems and is not calculated on the bands in Brillouin zone—for example, quasicrys-
tal, amorphous, or fractal topological systems [56,57,148]. In this case, the synthetic
dimensions will only be «, and there is no need for a notion of £,. In such systems,
the Chern number is defined on the real-space structure of the system [rather than the
momentum space definition of Eq. (1)], in the thermodynamic limit of a very large
system (see discussion in [57]).

The idea is to choose the non-spatial dimension wisely, such that the Hamiltonian
H(k, k,) will describe an extended “Brillouin zone” on the extended momentum
space with » + 1 dimensions (or more generally z + 7 dimensions, with 7 being the
number of synthetic dimensions). Thus, the eigenstates of H(k, k,) and the extended
Brillouin zone can have topological phases associated with more than » dimensions,
which consequently extends the ability of experiments to reach uncharted territories,
some predicted by theory and some that were not even theorized.

One might ask at this point, where can this extra dimensionality come from? The
answer to this question differs from approach to approach, and even sometimes for
different techniques within the same approach. In the case of a synthetic dimension,
which is a true internal degree of freedom, such as the polarization of a photon, the
answer is straightforward—and it is that the extra dimensionality comes from the con-
version of an internal degree of freedom to a spatial degree of freedom. Furthermore,
we need to remember that £ represents a Bloch lattice momentum—for example, if
we have a lattice of ring resonators, then the momentum # only represents a discrete
lattice of the position of each ring, but the ring itself has inner spatial complexity (and,
therefore, frequency modes) that can be converted (as we will see in Section 3.2) into
a ladder of discrete states acting as a spatial axis. This discussion is intended to make
clear the obvious reasoning that a synthetic dimension is never “added” to a physical
system. That is why, if a constant parameter is used as a synthetic dimension, it will
only give access to a small part of the synthetic system, at a given time.

After formulating the Hamiltonian as H(k, k), with one or more quantum momen-
tum variables that are synthetic (not a momentum of a real spatial axis), the
topological classification and topological invariants are calculated based on this
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extended Brillouin zone. For example, the Chern number [Eq. (2)] in a system with
one real spatial dimension 4, and a synthetic space dimension k, is calculated in the
following way:

c= % (9 (B[ Vv (o)), 3)
L

where L is a loop on the extended Brillouin zone of b= (ky, ky). Since the implica-
tions of a non-trivial Chern number in the Brillouin zone are edge states in the space
coordinate reciprocal to &, when using a synthetic space k., the edge states reside on
the edge of the synthetic parameter &, which may yield very interesting dynamics
when viewed in the complete real-space experimental setup. These special dynamics
will be discussed in Section 3.2.

In the next sections, we describe the three leading approaches in constructing syn-
thetic dimensions in topological photonics. As it turns out, while achieving higher
dimensionality was the main motivation to use synthetic dimensions at first, it is now
clear that the use of non-spatial dimensions is much more than “just” adding dimen-
sionality. Rather, using synthetic dimensions had led to exploring new phenomena
such as robust unidirectional transport in non-spatial dimensions, non-local inter-
actions, long-range connectivity, and more. Some of these new ideas were shown to
be promising tools not only for basic science but actually also for future technology.

3.1 Topological Photonics in Parameter Space

We begin by describing a synthetic dimension in the form of a static parameter, i.e., a
parameter that does not add a kinetic term to the Hamiltonian. In this approach, we
treat a static parameter as an additional quantum momentum £,, and with it we obtain
an extended Brillouin zone and higher dimensional topological phases. This method
allows for observing phenomena in dimensions higher than the physical dimension of
the system they are constructed in, but the lack of kinetic term implies that there is no
transport along the synthetic dimensions.

A very elegant example of the idea of synthetic dimensions in parameter space is
the use of the 1D Andre—Aubry (AA) model [149]. This is an aperiodic 1D lattice
model with non-interacting particles, but it represents a 2D lattice if one of its param-
eters is treated as the momentum quantum number. As such, the AA model allows
for experimentally observing a phenomenon related to 2D topological effects in a
1D lattice—namely, the quantum Hall topological pumping [61]. Extending this
approach to a 2D lattice, which is the vector product of two 1D AA lattices, has facili-
tated observing experimentally 4D topological phenomena in both photonics and cold
atoms [72,73], and suggestions for observing 6D topological phenomena are now
awaiting to be realized in the lab [74,150]. We will use these examples to explain the
ideas underlying synthetic dimensions in parameter space.

The AA model is given by the Hamiltonian,
Hn) = Z )chcn cos(mbn + ¢) + [ffzf;m + h.c], (4)

where ¢, (¢!) is the annihilation (creation) operator related to site 7, h.c. is the
Hermitian conjugate, and A, ¢, ¢, & are all parameters of the Hamiltonian setting the
strength of the coupling and on-site energy in each site in the 1D lattice. Physically,
the parameter ¢ relates to the spatial variation of the coupling in some prescribed
fashion—it is a parameter of the Hamiltonian. If we treat the parameter ¢ as a quan-
tum number representing the momentum in some auxiliary second dimension 7z, that
is, if ¢ =£,,, then H(k,, k,,) becomes the Hamiltonian of a 2D lattice (7, m) with
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constant magnetic flux &, where one of its dimensions 2 has been Fourier transformed
to the momentum coordinate £,,. Substituting instead of ¢, £,, gives

Hn, k,) = Z Aele, cosQmbn + k,) + [tczcnﬂ + h.c]. (5)

Next, we Fourier transform £,, in our synthetic space Hamiltonian of Eq. (5) and
obtain the 2D Harper model, describing a square lattice with perpendicular magnetic
flux 4,

27 b,
H(n, m)= Zn re'™ nfz7mcn,m+l + tci,mfn+l,m- (6)

The Brillouin zone of our fictitious 2D lattice is a surface in the coordinates (£,, £,,),
and due to the magnetic flux & it has a topological invariant—the Chern number

[Eq. (2)].

As mentioned earlier, it is clear that 2D photonic systems are easier to fabricate and
to control experimentally than 3D ones, but this is not the only reason why using
synthetic dimensions increases the experimental possibilities. For example, in the AA
model just described, the magnetic field is now included in the parameter &, which
represents part of the prescribed spatial variation in the coupling constant. Thus, while
effective magnetic gauge fields are very hard to implement for photons in the physical
world because photons are non-interacting particles (and, thus, are not affected by
free-space EM fields), this model allows us to effectively do this simply by changing
the distances between lattice sites.

In the AA model, it is possible to calculate the Chern number in synthetic dimensions
with the following expression:

C= f (W) |Vl ())dR, (7)
L

where & = (ky, k) = (v,, ®), and L isaclosed path encircling the extended Brillouin
zone in synthetic space.

Importantly, the reason to use synthetic dimensions is to observe physical phenomena
that are hard or impossible to realize in a real-space lattice. One such phenomenon,
relevant to the Harper model, is called quantum pumping, and it is deeply related to
the Chern number and edge states. Quantum pumps are the quantized transformation
of wave packets (quantum particles) through an adiabatic process [151,152]. For
photons, the process results in the transformation of all the light from one edge to the
other if the process is adiabatic, but disorder can cause some backscattering [153].

Due to the fact that this approach allows for demonstrating 2D physics with a mag-
netic field on a 1D lattice with just changing distances between sites, it was possible to
experimentally observe, for the first time in photonics, topological pumping of edge
states [55,01]. We will now explain how this was demonstrated experimentally in
more detail. The experiment was done in a transparent dielectric medium with index
of refraction 7y + An(7), where An(r) represents small variations in the refractive
index: |An(r)| < no. In this system, the light is propagating in the medium along
the optical axis z, with the linearly polarized field E(7) = ¥ (¥)e~"*%¢"* (where
ko= “ng). We assume the paraxial approximation, which means that light only

deviates by small angles from the optical axis: |%—’/Z’22| < 2k0|%|. Substituting these
expressions into the Helmholtz equation yields the following propagation equation,
known as the paraxial wave equation:
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a‘i =2—,€0Viw+j—zm(7)w/f. 8)
This equation is equivalent to the Schrodinger equation with two spatial dimensions,
where the optical axis z plays the role of time, %An(?) acts as the potential V(7),
and ﬁVi is the kinetic term. To observe topological effects in this optical system,
one can use a lattice potential Az(7), which is formed by an array of evanescently
coupled waveguides. Thus, by fabricating a lattice with distances that correspond
to the coupling in Eq. (4) [Fig. 3(a)], the wave dynamics is the same as the temporal
evolution of a single electron in an AA lattice. Scanning ¢ (which is equivalent to the
momentum in the synthetic space) is translated to scanning the 2D Brillouin zone with
a 1D line. This scanning reveals the unidirectional evolution of edge states associated
with the 2D Harper model system [Fig. 3(b)]. Thus, by adiabatically changing (in
z) the coupling along the propagation axis (equivalent to adiabatically varying the
hopping parameter in time), the photons are transferred (“pumped”) between different
regions of the topological band structure [Fig. 3(b)] and, consequently, move from
one edge of the lattice to the other edge, through the bulk of the lattice [Fig. 3(¢)].

The topological pumping (also known as Thouless pumping) is a phenomena that is
not restricted to one type of topological lattice and also not to a single dimension. In
fact, by extending this idea to a 2D physical lattice, which is the vector product of two
1D AA spatial lattices, one can obtain a representation of 4D quantum Hall physics,
described by the Hamiltonian:

+
H= Z” N txcn’mcn+1,m + l'},L‘Z’an’m_H + h.C, (9)

where #;, =t + A; cos(2m b;i + ¢;), with i ={x, y}. In Eq. (9), each AA model is
written in the off diagonal form [not in the diagonal form of Eq. (5)], but both of
these representations map to the Harper model [55,61]. Here, ¢, represents two syn-
thetic momenta in two different independent axes {£,, £, }, ; represents the synthetic
magnetic fields in two planes x — z and y — w, and %, A; are constant parameters.
Thus, the Hamiltonian has four quantum momentums—two real (., #,) and two
synthetic—and it maps to four dimensions. Figure 4 shows a cross section scan of
the 4D Brillion zone along the line ¢, = ¢,, which is equivalent to 4, = k,,. The 4D
Hamiltonian has a first-order Chern number in each 2D plane, which accounts for the

Figure 3
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(a)—(c) 1D Andre—Aubry lattice exhibiting the physics of 2D integer quantum Hall
effect [61]. (a) Illustration of the 1D waveguide array with adiabatically varying
coupling along the propagation axis. Light is transferred (“pumped”) from one edge
to the other through the bulk of the lattice. (b) Band structure in parameter space, with
¢ being the index that changes adiabatically in the propagation axis z [61]. (c) Light
transferred from edge to edge in the system described in (a) and (b).



440 Vol. 13, No. 2 / June 2021 / Advances in Optics and Photonics \ \ ‘ m

multiple edge states in Fig. 4, but also a second-order Chern number in the 4D space,
which corresponds to corner states. The explicit calculation of the 4D Chern number
in the synthetic dimension is

1 9P, 0P, 0P, 3P,
Cim ST | 2 O 0T 0T ey 10
/8“5” r[ T ok, ks Ok, a/eg} (10)

where P;(k) is the projector onto the subspace below gap j spanned by the extended
Brillouin zone & = {%,, ,,, k:, k,}. The second Chern number (as the first Chern num-
ber) is related to quantized pumping and edge states.

In this fashion, even though the system describes a plane in the 4D hyper-volume
at each moment, 4D topological pumping can be observed experimentally with a
2D paraxial photonic waveguide array [72,73] at each “instant” of the propagation
along the propagation axis. The light has a 2D band structure, which is a 2D plane in
the 4D band structure in parameter space. Consequently, by changing the coupling
distances, it is possible to topologically pump light along a line in this 4D parameter
space (Fig. 4).

This example is just one out of several experiments relying on synthetic dimensions
in parameter space. In this vein, treating a static parameter as the quantum momentum
was also used to experimentally demonstrate type-1II Weyl semimetal [154], and
other parameters (such as magnetic field) were used to show photonic Weyl points
due to broken time-reversal symmetry [51] and exceptional surfaces [155]. While
the experiment described above is based on a space that is a hybrid real-synthetic
space, it is also possible to have a full synthetic parameter space. For example, it was
demonstrated that specific inner layer parameters, p and ¢ of a 1D photonic crystal,
can form a 3D parameter space together with the wavenumber 4. This parameter space
has experimentally measurable Weyl points and edge states [75]. A similar approach
was also used to observe exceptional cones in 4D parameter space [156].

To summarize, parametric synthetic dimensions represent a useful tool for demon-
strating topological phases in high dimensions, with the main advantage being that,
unlike other methods, here the complexity does not scale up with the dimensionality
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2D lattice exhibiting the physics of 4D integer quantum Hall effect [72]: eigen-
energies of the system for ¢, = ¢,. The orange and red wedges in the dispersion curve
are edge states (there are several due to different momentum in £, — k,). The black

curves are corner states, which are not wedges in the dispersion curve.
I —
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of the topological phenomena as much as it does in other approaches. When a param-
eter represents a dimension, the additional experimental complexity is much smaller
in this parametric method than when using the other methods for adding dimensional-
ity [157]. On the other hand, a synthetic dimension lacking a kinetic term means that
transport is fundamentally restricted to a lower dimensional subspace of the synthetic
space. In the next section, we describe a different method for synthetic dimensions,
in which all the dynamics is available at each instant and support transport in all
dimensions, spatial and synthetic alike.

3.2 Synthetic Space Relying on Modal Ladders

In the previous method described above, the extension of dimensionality was based on
a parameter that played the role of a synthetic dimension. Using a parameter p as the
quantum momentum 4 implies that the Fourier transform space of p is the kinetic term
a%s’ where p is the “spatial” coordinate of the momentum p. However, static parame-
ters stay constant under Fourier transform, which means that the Hamiltonian in syn-
thetic space usually maps to a slice of a higher dimensional Hamiltonian.

On the other hand, if p—the synthetic dimension—is not a fixed parameter of the
system but a quantity that can take different values depending on the wave function
such as frequency, spin polarization, and momentum, then it can fully map to a spa-
tial coordinate. The reason is that a wave can change these properties dynamically
just as if it changes its location in space. Naturally, a wave does not change such
quantities (as spin or energy) as it changes its location in space, so the technique
we are about to describe focuses on engineering systems that make these quantities
behave as spatial axes. For example, the quantity that we will now use to explain this
concept is the energy of the wave function and, specifically, the energy ladder of a
wave in a harmonic potential. We will now show how the dimensionality of an -
dimensional lattice of harmonic potentials can be increased by using the energy ladder
of each harmonic potential. Furthermore, we will show how, by properly modulat-
ing the Hamiltonian in the time-domain, topological edge states emerge and the full
dynamics of edge states in the high dimension can be observed.

For the sake of demonstration, we will use the Hamiltonian of a harmonic potential as
in [81], but the principles apply to any kind of bounded potential for any wave (cavity,
ring resonator, waveguide structure, etc.) [82—86,158,159]. Let us first look at a sin-
gle potential well. The Hamiltonian for a harmonic potential can be obtained for pho-
tons by using quadratures, for example, for photons in a cavity or in waveguides with
the paraxial equations, as will be shown in this review. The Hamiltonian for such har-
monic potential is

ﬁ)zc 1 2 A2 =
Hy= 1% + — M, = E AR (A 11
o 2M+2 wx wE:() [A) (AL, (11)

where p, is the momentum operator in x, A is a mass term, and w is a fixed param-
eter. |A) represents the equally spaced eigen-energies, which will be used for forming
the synthetic dimension. For H,, this ladder (1D lattice) of energies is completely
decoupled. In order to couple the energies, we need to add external modulation:

Hoo= Hy+ V() = Hy+ k% cos(wpt + ¢), (12)

where wp = w — A with A <« w and ¢ is a constant phase of the modulation. Now, the
state basis |A) is no longer an eigenbasis of H, since it is the eigenstate of the unper-
turbed Hamiltonian I:IO. However, we would still like to describe H,, in the basis of
|A). The reason is that |A) is our synthetic coordinate, and we deliberately couple the
ladder of energies so that it will not be a “good” quantum number, but rather a wave
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will travel along the A coordinate as it travels in space, i.e., we would like H, to have
a kinetic term. As in every basis change, the transition to the basis A can be done by
a unitary transformation. When transforming H, with U = exp(irwp)) and using

the rotating wave approximation, wp > k ﬁ, we obtain the following effective
Hamiltonian:
Hg=AY " MMGI+Y " Lk = Dle” +ho), (13)

where /, is the effective coupling between modes and is equal to /, =« ﬁ The
effective Hamiltonian obtained is that of a 1D lattice of modes [Fig. 5(a)] with an
effective electric field A in the direction of the synthetic axis, and a phase term in the
coupling: ¢. At this stage, the effective electric field, which can be tuned by changing
the size of A, affects the dynamics along the “modal dimension,” but the phase ¢ does
not since it can be gauged out. According to the gauge theory, a local phase degree
of freedom of the wave function is equivalent to gauge fields (electric and magnetic
fields) acting on the particles represented by the wave function—in our case, photons.
At this point, the phase ¢ represents a global phase of the wave function and, thus, has

no impact on the dynamics.

However, this will become completely different upon introducing more harmonic
traps to the system, with a phase difference between one another. Having a phase
¢ (7) that depends on the location in space (of the harmonic trap) introduces a local
gauge degree of freedom, which translates to gauge fields according the gauge theory.
Indeed, by choosing different ¢ (7), it is possible to induce effective EM fields in the
hybrid modal-spatial space. To see this in a simple form in our derivation, we couple
such resonators with each other via proximity, in a spatial lattice with » dimensions.
The coupling is resonant (hence, efficient) when phase matching is satisfied; that is,
each mode is coupled to the same mode in its neighboring sites.

The idea is then to have an » + 1 dimensional lattice, where the extra dimension is
the ladder of modes associated with each site in the spatial lattice. Formally, this is
achieved by a basis transformation of the Hamiltonian of the »-dimensional lattice
of harmonic oscillators H,p i with the unitary transformation, V' = ®, U, which

Figure 5
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Mode ladder of a harmonic potential. The coupling between modes is achieved by
modulation. (b) A 1D chain of equally spaced harmonic traps form a 2D synthetic
space with one spatial dimension and one modal dimension. The modulation in each
site couples the modal degree of freedom, and the phase difference results in magnetic
flux. (c) and (d) Examples of realizations of the concept of using a ladder of modes
as a synthetic dimension: (c) waveguide array structure with array modes coupled by
oscillations in the propagation direction, thereby forming a synthetic dimension [85];
(d) an optical resonator that forms a ladder of modes coupled by temporal modulation,
hence forming a synthetic dimension in frequency space.
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is the tensor product of U with itself over the spatial dimension s. The resulting
Hamiltonian is H,+1)p.er = VTI_]nD,tot V.

This recipe, which can be applied to any kind of arrangement of sites with inner
modes, results in the following Hamiltonian for an » + 1 dimensional lattice:

Husyper =85 ) A ) s|+ Ju(A = 1s)(h, sle™® +h.c)

+ (A, s = 1)(A, s| +ho), (14)

where /. ; is the spatial coupling between mode A in sites s and s — 1, and is depen-
dent on the geometry of the lattice, and ¢,, A, are the phase term ¢ and frequency bias
term A, which are dependent on the modulation phase and frequency at each site s.
Importantly ¢, A, form effective gauge fields (magnetic and electric) in the synthetic
dimension, which can be controlled by adjusting a different modulation in each site.
For example, a 1D system s = {1, ... m}, with ¢, =57 ¢ and A, =0, corresponds to
a 2D lattice with a perpendicular magnetic field with flux /2 in each unit cell, and 0
electric field since A, =0 [Fig. 5(b)]. With these parameters, Eq. (14) becomes the
Hamiltonian of the IQH, which is a 2D model that is now realized on a 1D spatial
lattice. This idea was demonstrated experimentally in two different platforms in pho-
tonics (spatial modes of an array of waveguides and frequency modes of a temporally
modulated ring resonator [85,88]), in microwaves [86] and also, before that, in cold
atoms with spin modes [76,77] and momentum modes [79].

We will now explain how this was realized in photonics and what the implications are
of such realizations on physical photonic systems. We go back to the physical system
of light propagating in a paraxial waveguide array (as discussed in Section 3.1). In
order to have synthetic dimensions in modal space, the first step is to have a confined
structure with a ladder of modes [examples in Figs. 5(c) and 5(d)]. This confined
structure plays the role of the harmonic trap as in the example above. In direct anal-
ogy to the harmonic trap example, it is possible to create a harmonic potential by
changing the index refraction Ae(7) in a dielectric material. Conveniently, instead of
encoding a continuous harmonic potential in the permeability Ag(7), it is possible to
have a potential made of discrete (single-mode) waveguides at varying distances, so
as to obtain the equally spaced modal structure of a harmonic potential. This lattice
is called a /. lattice, and in this lattice the distances between adjacent waveguides
increase as a function of their distance from the lattice center [Fig. 6(a)] [160]. As
a harmonic potential, the /, lattice has equally spaced modes that function as the
synthetic space. In order to couple the modes, an external perturbation is needed
[Eq. (12)]. The perturbation itself can take many forms. One option is to oscillate the
waveguide spatially at exactly the longitudinal spatial frequency that separates the
different modes [Fig. 6(b)]. Thus, this /. structure of a waveguide lattice functions
as a harmonic trap, and it can be placed near other identical /, lattices and obtain a
Hamiltonian as in Eq. (14). For example, placing the /, lattices near each other in
a row such that they are evanescently coupled [Fig. 6(c)] corresponds to a 2D syn-
thetic space with two dimensions: one spatial dimension (the location of the /, lattice
along x axis) and one synthetic dimension (the mode of each /, lattice). In the 1D
row of different /, lattices, each /, lattice oscillates at a different phase according to
¢, = s 3¢, where s counts the /, lattice along the x axis. A phase shift in ¢, that breaks
the z-reversal symmetry in the paraxial equation is equivalent to an effective magnetic
field [see Eq. (14)] and induces the formation of edge states in the synthetic space
lattice. Importantly, just as for the Harmonic traps, it is possible also to place the /,
photonic topological insulators in a geometry of a 2D lattice (for example, a diamond
lattice) and obtain lattices in three dimensions [85,161] with a 2D lattice geometry.
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To understand the dynamics of the propagation of light on the edge of a space with
one spatial dimension and one synthetic dimension, we describe a wave packet that
propagates along the edge state in synthetic dimension of the waveguide structure
described.

In practice, the direct meaning of this in photonics is that we can design pho-
tonic systems with a topologically protected transport that is not on the spatial
edge of the lattice. Rather, the protected transport can be in the bulk of the lattice
instead of the edge [85], in the frequency dimension [84,88], or in both dimensions
simultaneously—for example, in a spiral motion [89]. To understand what it means,
let us analyze the propagation of light in an edge state in the modal dimension, as
illustrated by Fig. 6(c).

A single edge state in the synthetic space of Fig. 6 encircles the perimeter of the 2D
synthetic structure shown in Fig. 6(c). Thus, a wave packet propagating along the
edge in this synthetic space comprises a superposition of edge states and takes the
following course. In Stage A in Fig. 6(c), the wave packet propagates to the left in
the lowest mode of each /. lattice; a snapshot of the propagating wave packet in real
space is given in Fig. 6(d). Note that the lowest mode is the edge in synthetic space,
but not the edge in real space, as seen in Fig. 6(d). In fact, at this point the synthetic
space edge state is extended on the entire real-space lattice. This, however, does not
change the fact that its transport is topologically protected [162], since the edge state
is still a state crossing the gap exactly as an edge state in the IQH [see Fig. 1(c)]. When
this state reaches the leftmost /, lattice of the array, it does not scatter backward but
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(a) /. waveguide array with equally spaced spatial modes. The modes are separated
by a longitudinal spatial frequency 2. (b) The same /, lattice as in (a), but here it
oscillates in z, at a frequency equal to 2. The oscillation couples the modes, thereby
creating a 1D lattice in synthetic space. A wavepacket initially populating the lowest
mode is efficiently transferred to the second mode by the modulation, then to the third
mode, etc. (¢) A row of /, lattices (columns) and above it the 2D picture in synthetic
dimensions, where the horizontal axis is the location of every /. lattice (column) and
the vertical axis is the mode in each /, lattice. The arrows indicate the directionality
of the topological edge state in the synthetic dimension. (d) and (e) The real-space
intensity of the light when propagating in the structure: (d) is on the bottom edge [see
A in (¢)], so the wavepacket populates a single lower mode (extended) on many /,
lattices. (e¢) The wavepacket at instant B in the propagation—on the leftmost edge.
In this case, the light is in a coherent superposition of modes on the leftmost /, lat-
tice (concentrated due to interference between the modes). The frame of the lattice
has a wave shape since the columns oscillate at a different phase along the vertical
real-space dimension (adapted from [85]).
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rather concentrates entirely on the leftmost /, and starts ascending in the modes unidi-
rectionally (Stage B). At this point, the wave packet is in a superposition of modes that
appears as a concentrated wave packet [Fig. 6(e)]. After ascending to the top mode,
the light propagates to the right, while remaining strictly in the top mode at Stage C.
Finally, the light descends to the lowest mode on the rightmost /, lattice. In doing
that, the wave packet has completed a full cycle of transport around the synthetic
space edge.

As mentioned earlier, robust topological propagation in non-spatial dimensions is
by itself interesting even before considering the dimensionality increase. In these
systems, the light performs a robust unidirectional ascent (or descent) on the modal
ladder, which can potentially be used in future applications. One example of a poten-
tial application of synthetic space systems relying on modal ladders is the recent
proposal for a mode-locked topological insulator laser [93]. In short, a topological
insulator laser is an array of emitters (typically semiconductor lasers) judiciously
positioned on a topological photonic platform, so as to force locking of all the emit-
ters associated with the topological mode, making them act as a single high-power
coherent laser source [41,93,139,140,163—-167].

The topological photonic platform can be any of the 2D platforms described above,
where each site is replaced by a laser emitter (e.g., a microring laser), with pumping
provided preferentially to the edge mode. What makes the emitters lock together
is two features of topological edge modes: (1) the non-zero velocity, implying that
the light in the edge mode must travel between all emitters associated with the edge
mode and (2) the topological robustness, which facilitates coupling between emitters
despite some inevitable level of imperfections or disorder. Thus far, however, all the
settings in which topological insulator lasers were demonstrated were real-space topo-
logical platforms, and they were geared toward coherent locking of many emitters to
a single frequency. But a recent proposal has targeted a different goal: locking many
emitters in a train of equally spaced frequencies for the purpose of generating mode-
locked laser pulses from a large array of semiconductor lasers [93]. The necessity of
locking a train of frequencies naturally suggested the use of synthetic dimensions,
with the frequency eigenmodes of the laser resonators acting as the modal dimension.

Let us describe that system in some detail. Considering a row of coupled ring res-
onators [83,84], we can treat each ring resonator in the same way we did with the
harmonic trap. The ring resonator also has a ladder of equally spaced resonance
frequencies that can be coupled by electro-optic phase modulation [Fig. 7(a)]. This
turns each ring resonator into a 1D lattice of modes. Then, as before, a row of ring
resonators represents a 2D lattice with one spatial dimension—the location of each
ring—and one synthetic dimension—the frequency mode of each ring. This princi-
ple was recently demonstrated on a single ring with two ladders (each frequency is
actually degenerate to two modes—clockwise and anticlockwise), and it was shown
experimentally that this structure can have synthetic magnetic fields [88] and even
exhibit non-Hermitian physics [168]. Each ring can be made to lase by adding satu-
rable gain, and together with the electro-optical modulation a ring laser can be made
to mode-lock and emit a train of mode-locked pulses. However, if we would like
several such rings to mode-lock together, it is virtually impossible to synchronize all
the ring resonators to lock on the same train of equally spaced frequencies. This is
simply because coupling just two rings causes the splitting of each mode, resulting
in two sets of equally spaced frequencies. In this vein, having /N rings creates /V sets
of frequencies, and it becomes virtually impossible to get all rings to synchronize on
the same set of frequencies, as required for coherent emission of mode-locked pulses.
In fact, the largest number of semiconductor emitters that was ever made to mutually
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mode-lock is 10 [169]. Here is where the concept of topology in synthetic dimensions
gets into play. If the lasing mode is an edge state engulfing several rings, it may force
them to mode-lock together without dephasing due to the topological protection. Such
structure was suggested in [93] and has an elaborated pattern for the gain in each ring

[Fig. 7(b)].

Another avenue where synthetic dimensions can have a large impact is in the world
of nonlinear optic systems [81,170,171]. Since experimentally studying interacting
systems in dimensions higher than three is physically impossible (at least for the time
being), facilitating the ability to do so in synthetic space photonics can have major
impact on fundamental issues. Nonlinear physics in high dimensions is one of those
fields [170,172]. As a pioneering example, in [170], it was proposed to have ring
resonators with x® nonlinearity and modulated group velocity dispersion (GVD)
[Fig. 7(c)]. In this case, the x® nonlinearity maps to local interactions in synthetic
space, allowing to simulate interacting quantum many-body systems resembling the
local interactions of electronic condensed matter systems.

The experimental demonstration of nonlinear frequency conversion to produce high-
dimensional physics with gauge fields in nonlinear waveguides is another promising
realization of the modal dimension experimental approach [173], and quantum inter-
actions of photons on nonlinear frequency combs were also suggested in the context
of four wave mixing [171].

Other suggestions for utilizing the modal dimension approach focus on extending
the dimensionality of topological systems. Some of these suggestions were never
demonstrated experimentally in any system. As mentioned, by using both the extra
lattice dimension [83] and the long-range coupling [174,175] in the modal dimension
approach in the linear and nonlinear regimes, it is possible to experimentally study
high-dimensional topological phases and topological phases that are hard to realize
in ordinary lattices. Several suggestions for models, such as 3D Weyl points [90], 3D
PT symmetric models [53], Haldane model [175]. Likewise, high-order topological
insulators [91], evolution invariant synthetic space topological insulators [98], and
more, are waiting to be realized experimentally with the modal dimensions approach.

3.3 Using Time-Bins as Synthetic Dimension

In the previous approaches, the synthetic dimension was either a parameter of the
Hamiltonian (such as the coupling strength) or a variable of the wave function such
as spin or frequency, which were exploited for generating a modal ladder acting as a

Figure 7
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(a) Edge state in the synthetic modal space of a row of phase modulated ring res-
onators. (b) A chain of modulated ring resonators with selective saturable gain that
forms an edge state. This causes a topological edge state to lase given robust proper-
ties to the lasing (adapted from [93]). (c) Temporally modulated ring resonator with
x> nonlinearity and spatially modulated GVD can support Hamiltonians with local
interactions in synthetic space (adapted from [170]).
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synthetic dimension. In the third approach, the synthetic dimension is a coordinate—
specifically, the only coordinate that is not spatial: time. However, time usually
already has a role in topological systems—it is the evolution parameter. Hence, if time
were to be used as a synthetic dimension, it would be necessary to somehow exchange
between time and space [176]. But how can this be used to increase dimensionality?

A popular method to do just that is by time-bin encoding. To understand this concept,
consider an arbitrary wave function ¥, in /N dimensions that undergoes a periodic
modulation every time period 7. The evolution of v, after time 7 can be described by
the unitary operation U, which satisfies v,y = U" v, where 7 is the number of peri-
ods that the wave function went through. The operator U corresponds to an effective
Floquet Hamiltonian according to

U" = ¢~ T, (15)

where H.y is a static effective Hamiltonian. Notice that the full temporal dynamics
of H.g coincide with the dynamics 7 at the beginning of each period. The Floquet
Hamiltonian is known to exhibit topological phases in a variety of lattice systems
[25,29,177], but here we will not assume any underlying spatial lattice whatsoever.
Since analyzing the dynamics of this system requires sampling it every period 7,
the remaining time on the time axis remains unused. The idea then is to utilize the
“unused time” as a spatial degree of freedom. If each time-bin represents a different
location in space, adding a delay Az (—Ar) to the information expected to arrive at
time » 7" means that the information has moved one step to the right (or left).

On the basis of the time-bin lattice with an additional degree of freedom of the
Hamiltonian (such as polarization), it is possible to construct a system with a topologi-
cal band structure, where the Brillouin zone is the reciprocal space to the time-bins,
and the additional degree of freedom allows for the complexity required for the
non-trivial topology. To understand this, consider a typical system composed of two
coupled fiber loops with different length x = Ax, as shown in Fig. 8(a). A light pulse
is launched into the system and completes encircling each fiber in times 77 A7,
depending on which fiber it travels in. After completing # periods, the pulse can be
in one of the following times: t =n7 + pAT, p ={—n, —n+1, ..., n}. Thus, each
value of p is a time-bin, and it is a synthetic dimension that represents a location
in space. Each time A7 is regarded as one step in the motion in which the photon
can move left or right in this synthetic space [Fig. 8(b)]. In principle, additional
synthetic space dimensions can be obtained by using several time scales. That is,
adding another bin splitting to obtain two different paths with temporal difference
AT, which is larger than 2zA T, makes it possible to have another synthetic spatial
dimension. The pulses in the system have a spatial dimensionality of the number of
time scales added, but in order to have a sense of a geometric phase involved in topo-
logical phases, another degree of freedom is added to the spatial one. In the system
described in Fig. §, it is the polarization of the pulse. The polarization is described
by a 2D vector and can accumulate a phase and, thus, a geometric phase. In this set-
ting, topological edge states can be obtained by coupling the polarization degree of
freedom to the translation degree of freedom. This operation can be done simply by
using a polarization-dependent beam splitter, which can be described by the following
operator:

71=ZX lx + D{xIQ 1)1 [+ x = 1x) (I @ )L (16)

where |x) is the synthetic position degree of freedom and | 1) (] |)) is the spin up
(down). The polarization here is analogous to the geometric phase of the wave func-
tion, which is responsible for the topological effects described in previous sections.
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To obtain a topological phase in 1D, we split 7; to two operators, 71 (7} ), which move
the light one site right (left) if the spin is up (down). Then, by adding two rotations
between the two splitted parts of 7, we obtain

Uip= Ty R(02) T, R(0)), (17)

where R(0) is polarization rotation by angle 8. The DTQW related to this operator
[Fig. 8(c)] has a topological phase diagram with two possible topological phases
[Fig. 8(d)]. The topological phases are characterized by the Zak phase from Eq. (1)
of the effective Hamiltonian [178]. The implication of a boundary in the DTQW
between different regions with different 6, [Fig. 8(e)], and with different topologi-
cal phases, can be seen in the left panel [Fig. 8(f)]. Exciting the edge state causes
localization, where the wave remains concentrated on the edge without coupling to
neighboring sites. This is contrary to the right panel in which the two regions have the
same topological phase (but different 6,), and in this case no localization occurs. As
for the system described in previous sections, the studies on these synthetic dimen-
sions can be extended both in dimensionality and in fundamental properties such as
hermiticity and nonlinearity. Moreover, by considering an additional time scale—it
is possible to add the same spin dependence also in y: 7, and to consider the cyclic
process:
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(a) lustration of two coupled fiber loops of different lengths. Different output arrival
times correspond to different locations on a 1D lattice in space. (b) Steps of the
discrete time quantum walks (DTQWs) corresponding to the two-fiber setting in
(a) (adapted from [179]). (c) DTQW coupling of the polarization degree of freedom to
the spatial (time-bins) degree of freedom in a DTQW process [113]. (d) Topological
phase diagram corresponding to different rotation angles 8, and 6, of the process in
(c). Here, gray regions correspond to non-trivial topology with Rudner number 1
[113]. (e) A boundary with edge states forming by changing 6, [113]. (f) Edge propa-
gation of two regions in the DTQW. In the left panel, the two regions are in a different
topological phase inducing a localized state on the edge. In the right panel, the two
regions have distinct 8, but same topological phase, so no localization occurs [113].
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U=T,R(6:) T.R(6)). (18)

The process described by this equation also has topological phases, and, since it is
a 2D model, the topological properties are different from those of the 1D model. In
this Floquet system, the topological invariant is the Rudner number [180]. Just like
the Chern number, the Rudner number predicts the existence of unidirectional robust
edge states in the gap. As in the 1D case, one can have a phase diagram as of a function
of 6, and 6, [Fig. 9(a)]. The edge state at the boundary between different values of 6,
is illustrated in Fig. 9(b), and the band diagram. The reason that the Chern number is
not used here is because the Chern number gives for each band the difference between
the number of edge states bellow the band and above the band. Since in this type of
Floquet Hamiltonians the difference is zero (but edge states still exist) [see Figs. 9(c)
and 9(d)], the Rudner number, which takes into account the temporal dependence of
the Hamiltonian, is the proper quantity to use.

The propagation of light in this system is simulated in Fig. 9(e). The light bypasses
two corners along the edge, demonstrating the topological robustness of the
propagation [125].
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(a)—(e) 2D topology in DTQW [125]. (a) Topological phase diagram of the 2D
DTQW for different values of 6, and 6,. Each color corresponds to a different Rudner
number. (b) Illustration of the unidirectional edge state propagation in the spatial
synthetic space. (c) and (d) Band structure with edge states for different boundaries.
(e) Propagation around an edge with two corners at different stages in the evolution.
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(a) Non-Hermitian fiber loop setup. (b) PT-symmetric fiber loop setup. The purple
color on the fiber loops indicates that the gain and loss are alternating on every other
round trip [111].
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As in previous approaches discussed, beyond extending the dimensionality of the
models, it is also possible to study non-Hermitian Hamiltonians with the DTQW.
This can be done by adding gain and loss to the fibers [Fig. 10(a)], and, if added in
an alternating fashion, it can also simulate a PT-symmetric lattice [Fig. 10(b)] [59].
Furthermore, in recent works, even solitons [111] and synthetic gauge fields [124]
were studied, which shows the wide possibilities of these systems in studying novel
physics using synthetic dimensions.

4. FUTURE DIRECTIONS AND VISION

In this review, we explained the basic physics of topological phases in synthetic
dimensions and described the three different approaches for using synthetic dimen-
sions in photonics, supporting topological phases and topological edge states. All
of these approaches have already demonstrated the important experimental mile-
stone of having 2D topological phases and topological edge states. These efforts
are important for establishing this field experimentally, but we are now entering the
most exciting stage of this field: experimentally studying topological phases that
were never observed in any other experimental platform, whether if they are with
high dimensionality, non-linear or non-Hermitian. Naturally, this is the most exciting
stage, where synthetic dimensions can present opportunities where no one has gone
before. As has already happened with “ordinary” photonic topological insulators
based on spatial lattices, utilizing synthetic dimensions in experiments can lead to
new theoretical and technological ideas, which are already starting to appear. The
paradigm of robust control over the evolution of photons in synthetic dimensions
offers new possibilities, as the propagation is no longer confined to spatial edges of
the system. Another avenue where exciting research lies ahead is in simulating quan-
tum interacting many-body models. Such models in high dimensions, with or without
non-Hermiticity, are of fundamental value, and photonics presents an unprecedented
opportunity to study them in the lab.
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