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Multimode Incoherent Spatial Solitons in Logarithmically Saturable Nonlinear Media
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We show that multimode incoherent spatial solitons are possible in logarithmically saturable nonlinear
media. The mode-occupancy function associated with these soliton states is found to obey a Poisson
distribution. Our analysis indicates that two approaches, i.e., the dynamic coherent density description
as well as static self-consistent multimode method lead to exactly the same results. Closed form
solutions are obtained fors1 1 1dD as well as fors2 1 1dD circular and elliptical incoherent solitons.
[S0031-9007(98)05547-1]
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To date, the nonlinear process of optical beam se
focusing has been investigated by means of coherent
laser sources [1]. Only very recently has the first e
perimental observation of incoherent self-trapping bee
reported in literature [2]. In this experiment, a monochro
matic partially spatially incoherent light beam was foun
to self-trap in a biased photorefractive crystal. As in th
case of coherent photorefractive spatial solitons, this w
achieved via the saturable photorefractive drift nonlineari
[3,4]. More specifically, at a certain bias voltage the inco
herent beam was found to self-trap whereas above or be
this limit the beam underwent compression or expansi
(diffraction), respectively. Even more importantly, the ex
periment suggested that incoherent spatial solitons may
deed be feasible in biased photorefractives. These res
are by themselves of great significance since they shed n
light on the complex dynamics of incoherent optical beam
in a nonlinear environment. Shortly after, self-trapping o
incoherent white light was also observed in the same m
terial system [5].

In order to explain the results of Ref. [2], we have re
cently approached this problem by introducing a theo
based on the so-called coherent density [6]. In this d
scription, the underlying evolution model takes the form o
a nonlinear Schrödinger-like integro-differential equatio
provided that at the origin the coherent density is appr
priately scaled with respect to the angular power spectru
of the incoherent source. The results of this study we
found to be in good agreement with the experimental da
of Ref. [2]. Moreover, using this same approach it has al
been shown thats1 1 1dD incoherent spatial solitons are in
fact possible in saturable nonlinear media of the logarit
mic type [7]. It is important to note, however, that, in gen
eral, the coherent density model is by nature better suit
to describe dynamic evolution and thus it does not read
lend itself toward identifying stationary solutions such a
incoherent spatial solitons. With the exception of the sat
rable logarithmic model (perhaps the only exactly solub
model in the coherent density description), the question
0 0031-9007y98y80(11)y2310(4)$15.00
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whether incoherent spatial solitons also exist or not in oth
saturable nonlinear systems (such as in biased photoref
tives) cannot be easily addressed. In order to circumv
this problem, we have very recently developed an altern
tive theory which is essentially a self-consistent incohe
ent multimode approach [8]. In brief, in this procedur
an incoherent spatial soliton is sought, which intensitywi
is a superposition of all the modes self-consistently guid
in its nonlinearly induced waveguide [9]. By doing so, w
have obtaineds1 1 1dD photorefractive incoherent spatia
solitons, the conditions necessary for their existence,
well as their coherence characteristics [8]. At first sigh
the two theories [6,8] may seem to have very little
common. Thus it is important to ask whether the two a
proaches are mutually consistent or lead to the same
sults. Moreover, it is interesting to know whethers2 1

1dD incoherent spatial solitons are also possible in sa
rable nonlinear media.

In this Letter we show that multimode incoherent sp
tial solitons are possible in logarithmically saturable no
linear media. The mode-occupancy function of the
soliton states is found to obey a Poisson distribution. O
analysis demonstrates that, in this case, the two theor
i.e., the dynamic coherent density description and the sta
self-consistent multimode method, lead to identical resu
Two-dimensional circular and elliptical incoherent spati
solitons along with their characteristics are also obtain
in closed form. Even though the saturable logarithm
nonlinearity differs from the photorefractive, it provide
nevertheless a platform (perhaps the only platform) up
which the equivalence of the two previously mentione
approaches can be established in closed form. Finally
recently argued by Snyder and Mitchell [10] and by Sh
[11], simplifications of this sort in terms of “accessible
nonlinearities can provide valuable insight and still mai
tain the characteristic features of the underlying physic
process.

We begin our analysis by considering a saturable no
linear medium of the logarithmic type, similar to tha
© 1998 The American Physical Society
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previously considered by Snyder and Mitchell in the
study of “mighty morphing” spatial solitons and bullet
[12], i.e.,

n2sId  n2
0 1 n2 lnsIyItd , (1)

wheren0 is the linear refractive index of the material,n2
is a positive dimensionless coefficient associated with t
strength of the nonlinearity, andIt is a threshold inten-
sity. To avoid any logarithmic singularities we assum
that the lnsIyItd nonlinearity results from the more realis
tic lns1 1 IyItd model in the limitI ¿ It. Let the opti-
cal beam propagate in thez direction. We also make the
important assumption that the nonlinearity responds mu
slower than the characteristic phase fluctuation time acr
the incoherent beam so as to avoid speckle-induced fi
mentation instabilities [13]. Thus, in this regime the mat
rial will experience only the time-averaged beam intensi
as in the case of photorefractives. Furthermore, let t
electric component of the optical field be written in term
of a slowly varying envelopeU, i.e., E  U expsikzd,
where k  k0n0 and k0  2pyl0. In that case, it can
readily be shown that the envelopeU in this nonlinearly
induced waveguide evolves according to

i
≠U
≠j

1
1
2

µ
≠2U
≠s2

1
≠2U
≠h2

∂
1

a2

2
lnsIN dU  0 , (2)

whereIN  IyIt is a normalized intensity and in Eq. (2)
we have used normalized coordinates and quantities; t
is, s  xyw0, h  yyw0, j  zykw2

0 , a2  n2sk0w0d2,
wherew0 is an arbitrary spatial scale or spot size.

We first employ the self-consistent incoherent mult
mode description in the case when the incoherent be
is one dimensional or planar. For the time being, let
assume that an incoherent spatial soliton of a Gaussian
tensity profile exists, i.e.,IN  r exps2s2d, wherer is an
intensity ratio with respect toIt. From these last assump
tions, Eq. (2) takes the form

i
≠U
≠j

1
1
2

≠2U
≠s2

1
a2

2
flnsrd 2 s2gU  0 . (3)

The allowed modes in this parabolic waveguide can th
be easily obtained in terms of Gauss-Hermite functio
[14] and thus the optical field can be expressed throu
superposition, i.e.,U 

P`
m0 cmum, where

um  Hmsa1y2sd exps2as2y2d expsibmjd (4)

and cm are the mode-occupancy coefficients that va
randomly in time. In Eq. (4),Hmsxd are Hermite poly-
nomials, bm  s1y2d fa2 lnsrd 2 s2m 1 1dag and m 
0, 1, 2, . . . . The time-averaged intensity of this beam ca
then be obtained from

IN  kjUj2l 
X̀

m0

kjcmj2l jumj2, (5)

where we made use of the fact that the time average
the cross-interference terms is zero (kcic

p
j l ~ dij) under
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incoherent excitation [8,15]. Yet, at this point, we still
do not know the mode-occupancy functionkjcmj2l that
self-consistently leads to the incoherent Gaussian solito
IN  r exps2s2d assumed in the very beginning of this
analysis. Let the mode occupancy, as in the case of qua
tum mechanical coherent or Glauber states [14,16], b
described by a Poisson distribution [17]; that is,

kjcmj2l  r̂ exps2py2d
spy2dm

m!
, (6)

wherep is the Poisson parameter andr̂ is a constant to
be determined. From Eqs. (4)–(6) and with the aid o
Mehler’s formula [18],X̀

m0

spy2dm

m!
HmsxdHms yd


1p

1 2 p2
exp

∑
2pxy 2 p2sx2 1 y2d

1 2 p2

∏
, (7)

one can then obtain the following result:

IN 
r̂ exps2py2dp

1 2 p2
exp

∑
2as2

µ
1 2 p
1 1 p

∂∏
. (8)

Thus the assumed Poisson distribution self-consistent
leads to the incoherent spatial solitonIN  r exps2s2d
provided that̂r  r

p
1 2 p2 expspy2d and

p 
a 2 1
a 1 1

. (9)

From Eq. (7) it is evident that, in this case, the positive
Poisson parameterp must be below unitysp , 1d for this
incoherent soliton to exist. Or alternatively, from Eq. (9)
a . 1 which implies that at a given wavelengthl0, the
quantity n

1y2
2 w0 has a cutoff, below which no incoherent

spatial solitons are allowed.
To establish the equivalence between this resu

[Eqs. (8) and (9)] with that previously obtained using
the coherent density approach [7] one must resort
diffraction data. More specifically, during linear diffrac-
tion sn2  0d, the intensity of each Gauss-Hermite mode
evolves according to [14]

jumss, jdj2 
1p

1 1 a2j2
exp

µ
2

as2

1 1 a2j2

∂
3 H2

m

∑
a1y2sp

1 1 a2j2

∏
. (10)

By keeping in mind that the mode-occupancy function
kjcmj2l satisfies the Poisson distribution of Eq. (6) and
by employing again Eqs. (7) and (9), we find that upon
diffraction the normalized intensity profileID is given by

ID 
rp

1 1 a2j2
exp

µ
2

s2

1 1 a2j2

∂
. (11)

Equation (11) clearly shows that during diffraction this
incoherent beam remains Gaussian. Given the fact that t
2311
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initial modulation function [6] is Gaussian, i.e.,f0ssd 
exps2s2y2d, and that the diffraction behavior of this
statistically stationary beam obeys a convolution inte
gral [Eq. (3) of Ref. [6] ], it then becomes immediately
apparent that the angular power spectrumGN sud of the in-
coherent source must also be Gaussian. In this regard,
GN sud  sp1y2u0d21 exps2u2yu

2
0 d, whereu0 is the width

of the incoherent angular power spectrum. Thus, had w
treated the diffraction regime within the coherent densi
approach [6], we would have arrived at the following
result:

ID 
rp

1 1 s1 1 V 2dj2
exp

µ
2

s2

1 1 s1 1 V 2dj2

∂
,

(12)
whereV ; kw0u0. Since diffractionwise, the results of
Eqs. (11) and (12) are the same, we conclude thata2 
1 1 V 2 or that

w0 
1

k0

q
n2 2 n2

0u
2
0

. (13)

The result of Eq. (13) is exactly what has been prev
ously obtained [Eq. (9) of Ref. [7] ] using the coheren
density approach. At a more fundamental level, our anal
sis demonstrates that the two theories, i.e., the dynam
coherent density description as well as the self-consiste
multimode method, lead in this case to exactly the sam
results. In the coherent limitu0 ! 0 or a ! 1, the soli-
ton spot size reduces tow0  sk0n

1y2
2 d21 as previously

found by Snyder and Mitchell [12]. In this same limit,
Eq. (9) suggests that the Poisson parameterp ! 0 and
thus the beam itself is single moded or fully coheren
Moreover, the widthu0 of the angular power spectrum
of the incoherent source and the Poisson parameterp
are now related through the following expression:p 
fs1 1 V 2d1y2 2 1gyfs1 1 V 2d1y2 1 1g. Of course these
incoherent spatial soliton states exist as long asp , 1 or
a . 1 or equivalentlyu0 , n

1y2
2 yn0.

In the same vein, one may show that two-dimension
incoherent spatial solitons also exist in this nonlinea
system. To do so, let us assume in general an ellip
Gaussian incoherent beam

IN  r expf2ss2 1 s2h2dg , (14)
where the parameters is associated with its degree of
ellipticity. Substituting Eq. (14) in Eq. (2) we get

i
≠U
≠j

1
1
2

µ
≠2U
≠s2

1
≠2U
≠h2

∂
1

a2

2
flnsrd 2 s2 2 s2h2gU  0 . (15)

The optical fieldU in this elliptic paraboloid potential
can be obtained as a superposition of the allowed Gau
Hermite modes, i.e.,U 

P`
m0

P`
n0 cm,num,n, where

um,n  Hmsa1y2sdHnsa1y2s1y2hd
3 expf2say2d ss2 1 sh2dg expsibm,njd , (16)
2312
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wherebm,n  say2d fa lnsrd 2 s2m 1 1d 2 ss2n 1 1dg.
The overall intensity of this beam can then be found from

IN 
X̀

m0

X̀
n0

kjcm,nj2l jum,nj2, (17)

where we have assumed again that under incoherent ex
tation kcijcp

kll ~ dikdjl [15]. If we now allow the mode
occupancykjcm,nj2l to obey a double Poisson distribution

kjcm,nj2l  r̂ exp

∑
2

1
2

sp 1 qd
∏

spy2dmsqy2dn

m! n!
, (18)

then the two-dimensional incoherent spatial solitonIN 
r expf2ss2 1 s2h2dg can be self-consistently recovered
using Eqs. (7), (17), and (18) provided that the two Poisso
parametersp, q satisfy

p 
a 2 1
a 1 1

, (19)

q 
a 2 s

a 1 s
, (20)

and moreover r̂  rfs1 2 p2d s1 2 q2dg1y2 expfsp 1

qdy2g. These incoherent solitons can be ellipticalss fi 1d
or circular ss  1d depending on whether the angula
power spectrum of the incoherent source (exciting th
structure) is symmetric or not. Moreover, these stat
exist as long as0 , sp, qd , 1 or a . maxs1, sd. The
possibility of generatings2 1 1dD elliptical solitons in
isotropic nonlinear media seems to be unique to incohere
multimode solitons, since it has been shown that the
coherent counterparts change their widths periodica
during propagation [12]. Having found the modal com
position of these solitons, their coherence properties [1
can then be described by following procedures simila
to those employed in Refs. [15,19]. Using Eqs. (7) an
(16)–(20), one can show that the complex coheren
factorm12 of these solitons is given by

m12ss, h; s 1 d, h 1 ´d

 exp

Ω
2

∑
pd2

s1 2 pd2
1

qs2´2

s1 2 qd2

∏æ
. (21)

This latter result demonstrates that the coherence fun
tion m12 is independent of positionss, hd within the soli-
ton beam and instead it depends only on the deviati
distancesd and´. For a circular incoherent solitonsp 
q, s  1d, the actual correlation lengthlc (the distance
where m12 falls to its e21 value) can be obtained from
Eq. (21) and it is given bylc  w0s1 2 pdp21y2. Evi-
dently, lc ! ` whenp  0 (single mode case), whereas
lc ! 0 whenp ! 1. These results are in agreement with
our previous discussion. In fact, for one-dimensional so
tons, the complex coherence factorm12 is identical to the
statistical autocorrelation function of the sourceRsx1 2

x2d [Rsx1 2 x2d can be obtained fromGN sud via an inverse
Fourier transform [6] ] which is given byRsx1 2 x2d 
exps2d2V2y4d, wherex1 2 x2  w0d. This is true since,
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from Eqs. (13) and (19),ps1 2 pd22  V 2y4. In other
words, the correlation length of a logarithmic incoheren
soliton remains invariant during propagation and it is equ
to that of the exciting incoherent source. Moreover, as
the fully coherent case [12], the dynamics of these tw
dimensional solitons [during compression or expansio
i.e., whenp andq deviate from the prescribed values o
Eqs. (19) and (20)] can also be described in closed for
However, these solutions are rather involved and we w
report on them elsewhere. We emphasize that by its ve
nature the logarithmic nonlinearity leads to an infinite s
of modes which are in turn related through a Poisson d
tribution. Of course this is also true for the lns1 1 IN d
nonlinearity provided that the maximum intensity at th
center of the beam is much greater thanIt. In particular,
computer simulations show that intensitywise the lnsIN d
model nicely approximates the lns1 1 IN d nonlinearity as
long as the intensity ratio, maxsIN d . 100. However, for
relatively low intensity ratios the mode occupancy [in th
lns1 1 IN d model] is not exactly Poissonian and the cor
relation length (even though flat in the middle) tends t
increase at the low intensity boundaries of the beam. Th
is in full agreement with the results we have previous
obtained [8] for incoherent photorefractive spatial soliton
whereDn ~ s1 1 IN d21. Finally at very high intensity ra-
tios, the correlation length becomes again constant acr
the Gaussian beam as suggested by Eq. (21).

As an example, let us consider a logarithmically sat
rable nonlinear medium with a lns1 1 IN d nonlinearity,
n0  2 and n2  1024. The free space optical wave-
length is taken to bel0  0.5 mm and the width of the
angular power spectrum of the source isu0  0.258±.
Figure 1(a) shows stationary propagation of a 1D incohe
ent soliton whenr  103 andx0 . 18 mm (the intensity
FWHM is ,30 mm) as obtained numerically from the co-
herent density method [6]. Figure 1(b) on the other han
illustrates the intensity profile of the first four modes in
volved in this Gaussian soliton as obtained from bea
propagation methods. Evidently, these individual mod

FIG. 1. (a) Stationary propagation of an incoherent Gaussi
soliton in a lns1 1 IN d nonlinear medium up to a distance of
1 cm. (b) Evolution of the intensity profiles of the first four
modes associated with this soliton.
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remain invariant as a function of distance. As expecte
the sum of the individual modes provides the intens
profile of Fig. 1(a). These results are in excellent agre
ment with our theoretical analysis.

In conclusion we have shown that incoherent spat
solitons are possible in logarithmically saturable nonli
ear media. These solitons can exist as long as their mo
occupancy function obeys a Poisson distribution. We ha
found that two approaches, that is, the dynamic coh
ent density description as well as the self-consistent mu
mode method, lead in this case to exactly the same resu
Two-dimensional (circular and elliptical) multimode spa
tial solitons have also been obtained in closed form.
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