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Abstract

The twin �elds of superconducting circuits and circuit quantum electrodynamics

now form the basis for a major part of the effort towards building a quantum com-

puter. Yet many fundamental problems remain. These may range from very practi-

cal considerations, such as how to construct a qubit with a suf�ciently long coher-

ence time, to questions of how best to understand and model the complex nonlinear

dynamics arising in superconducting circuits. In this thesis we take a broad look at

these �elds and explore many questions within them. We begin by studying criti-

cal slowing down in a dissipative phase transition of a coupled qubit-cavity system,

before examining the underlying dynamics of switching between metastable states

which causes this slowdown. We then examine an unexplained phenomenon of res-

onance narrowing in another qubit-cavity system and suggest it may also be related

to metastable states. Finally, we examine a circuit which harnesses long range in-

teractions, and present it as a promising candidate for building a qubit with a long

coherence time.
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Impact Statement

The work described in this thesis is directly relevant to the development of quantum

computation, which we hope will become an extremely useful toolset in the near

future for a wide variety of tasks including the simulation of quantum systems, drug

discovery and machine learning. This �eld is rapidly in the process of expanding

out of academia so it is hoped that successful application of the knowledge derived

in this thesis will also lead to commercial opportunities.

In particular, the �rst half of the thesis focuses on nonlinear dynamics in cou-

pled qubit-cavity systems. Understanding such dynamics has previously been cru-

cial in the development of various readout and control techniques which are crucial

to the operation of a future quantum computer. We hope our contributions will �nd

application in a similar way in the future.

The second half of this thesis focuses on a design which we consider to be

a good candidate for a long-lived qubit. One of the key obstacles to the develop-

ment of a quantum computer is the preservation of quantum coherence and there is

enormous demand for solutions to this problem.
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Chapter 1

Introduction

1.1 Superconducting qubits

Superconducting qubits are currently one of the leading platforms for the design and

construction of quantum computers. These qubits can take many different forms,

but typically they share some common features: they consist of lithographically

fabricated superconducting circuits patterned onto a substrate and contain at least

one nonlinear circuit element. This last point is crucial. In the absence of non-

linearity the degrees of freedom of the circuit would form a set of noninteracting

harmonic oscillators and it would be impossible to selectively address the transition

between a speci�c pair of eigenmodes of the circuit. Hence we would be unable to

perform operations on any information encoded in its state. Josephson junctions are

chosen for this purpose and offer the distinct advantage of being dissipation free,

which helps us to preserve the quantum state of the circuit for suf�cient time that

computations can be carried out.

The resulting circuits are multi level quantum devices whose parameters can

be engineered during the design process and this gives the experimentalist a high

degree of control over properties such as their transition frequencies and couplings

to other components and to electromagnetic �eld modes. For this reason they are

often termed arti�cial atoms and have come to replace natural atoms in many exper-

iments in cavity quantum electrodynamics, thus fueling the rise of circuit quantum

electrodynamics [1].
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The ability to tailor superconducting circuits has been an enormous advantage

during their development and they now form the core of many of the leading efforts

to build a quantum processor including [2]. Currently the most popular supercon-

ducting qubit for these efforts is the transmon [3], whose properties we will detail

below. However even the most advanced quantum processors are still limited by the

short coherence times of the current generation of qubits. One proposal to tackle

this problem is the implementation of quantum error correction algorithms [4, 5, 6]

which combine many individual short-lived physical qubits into a single collective

logical qubit whose lifetime can be extended by detecting and correcting errors in

the underlying qubits.

Unfortunately this approach faces many obstacles. In particular it is very chal-

lenging to carry out the necessary error detection and correction operators on a

large ensemble of qubits, and even if this problem is solved the number of physical

qubits required per logical qubit will be prohibitively large given the state of coher-

ence times. If many thousands of physical qubits are required then it will dif�cult to

even �t them onto a chip. For this reason some research focus has shifted towards

the study of what useful computations on noisy intermediate-scale quantum (NISQ)

devices [7].

However, whether one is interested in using quantum error correction to build

a fault-tolerant quantum computer or performing calculations on a imperfect com-

puter it will continue to be of fundamental importance that improvements are made

in the underlying hardware. Therefore it is interesting to consider what improve-

ments can be made to develop a new generation of superconducting qubits. Many

efforts are currently being explored in this direction throughout the world but be-

fore we can discuss such them we intend to �rst introduce the reader to the various

currently available classes of qubit [8, 9]. We will not be able to provide exhaus-

tive coverage, but we hope to provide some foundation in their operating principals,

beginning with the Hamiltonian and Lagrangian mechanics of circuits and an intro-

duction to the Josephson junction.
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1.2 Hamiltonian and Lagrangian circuits

In Lagrangian mechanics [10] we �rst construct the kineticT and potentialV ener-

gies in terms of some generalised coordinatesq j before constructing the Lagrangian

according toL = T � V. We can then obtain the equations of motion via the Euler-

Lagrange equations:

d
dt

�
¶L
¶ �x j

�
=

¶L
¶x j

: (1.1)

Alternatively we can move to a Hamiltonian formulation by de�ning canonical con-

jugate momentap j and performing a Legendre transformation:

p j =
¶L
¶ �x j

; H = å
j

p j �x j � L (1.2)

which produces equations of motion given by:

�x j =
¶H
¶ p j

; �p j = �
¶H
¶x j

: (1.3)

Time derivatives can also be calculated using the Poisson bracketf� ; �g. This oper-

ation is de�ned by:

f f ;gg = å
j

�
¶ f
¶x j

¶g
¶ p j

�
¶ f
¶ p j

¶g
¶x j

�
(1.4)

for two functionsf (x; p) andg(x; p) which are de�ned on the phase space coordi-

nates. Using this tool the time derivative of functionf can be calculated by taking

its Poisson bracket with the Hamiltonian:

d f
dt

= f f ;Hg: (1.5)

For the casesf = x j and f = p j this reduces directly to the equations of motion

displayed in eq. 1.3. Throughout our work we will be interested in the quantum me-

chanics describing the low lying excitations of superconducting circuits. To move

beyond the classical formalism described above we will use the technique of canon-
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ical quantization [11, 12]. This requires us to replace the system coordinates with

quantum mechanical operators and replace Poisson brackets with commutators:

x j ! x̂ j ; p j ! p̂ j ; f f ;gg !
1
i}

[ f̂ ; ĝ]: (1.6)

for which we de�ne[Â; B̂] = ÂB̂� B̂Â. Now the time derivative of a function of the

system coordinates will be given by a Heisenberg equation of motion:

d f̂
dt

=
1
i}

[ f̂ ; Ĥ]: (1.7)

Meanwhile the Poisson brackets of the system coordinates:

f xi ;x jg = 0; (1.8)

f pi ; p jg = 0; (1.9)

f xi ; p jg = di; j (1.10)

are replaced by the canonical commutation relations:

[x̂i ; x̂ j ] = 0; (1.11)

[p̂i ; p̂ j ] = 0; (1.12)

[x̂i ; p̂ j ] = i} di; j : (1.13)

In order to transfer these formulation to circuits we must �nd some quantities which

can ful�ll the role of generalised coordinates. We outline this process as follows

[13, 14, 8]. First consider a circuit element which connects nodes labelledj andk.

The voltage across this element can be labelled byVj ;k = Vj � Vk while the current

�owing through it from node j to k is labelledI j ;k. We are now in a position to

de�ne �uxes F j ;k and chargesQ j ;k for the elements of our circuit according to:

F j ;k(t) =
Z t

� ¥
Vj ;k(t

0)dt0 and Q j ;k(t) =
Z t

� ¥
I j ;k(t

0)dt0: (1.14)
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We can select our generalised coordinates from either of these sets but we must be

careful to take into account the constraints imposed by the conservation of charge

and the Maxwell-Faraday equation. We shall see that these variables do not form

an independent set of coordinates. Speci�cally, the conservation of charge tells us

that the currents entering a node should sum to zero and this can be used to relate

the charges of all elements connected to a given nodek according to:

å
j

I j ;k = 0 (1.15)

=) å
j

Q j ;k = Q̃ j (1.16)

for some constant̃Q j . Meanwhile the Maxwell-Faraday equation tells us that the

potential difference acquired around a loop in the circuit should be proportional to

the rate of change of the magnetic �ux threading through that loop. These allows

us to relate the �uxes in a loop according to:

å
j ;k2 loop l

Vj ;k = �
¶F̃ l

¶t
(1.17)

=) å
j ;k2 loop l

F j ;k = � F̃ l (t) (1.18)

whereF̃ l (t) is the loop �ux. In order to account for these constraints we �nd a

an acyclic connected graph which reaches all nodes of our circuit [14, 15]. Such a

graph is known as a tree and its edges are called branches. By including only those

charges or �uxes which refer to branches of our tree we ensure that our coordinates

are independent. The charges and �uxes of any circuit elements outside this tree

can be obtained via the constraints outlined above.

Next we consider how to write down the Lagrangian of the circuit. This re-

quires us to choose which set of variables to use as generalised coordinates and

then write down kinetic and potential energies of the circuit elements. Kinetic ener-

gies will depend on the rates of change of our coordinates, while potential energies

will depend on the coordinates themselves. We shall see below that the roles of ki-
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netic and potential energies can be played by either capacitive or inductive elements

of the circuit depending on whether we choose branch �uxes or branch charges as

our coordinates. To outline this, we �rst classify the elements of our circuit as ei-

ther inductive or capacitive. Inductive and capacitive elements can be described by

a constitutive relations of the form [14]:

I = g(F ) and V = f (Q) (1.19)

respectively. For example, in the case of linear circuit elements these relations taken

the familiar forms:

I = F =L and V = Q=C (1.20)

with capacitanceC and inductanceL. Given that the power �owing into a circuit

element isP = IV , we can calculate the energy stored in a circuit element according

to E =
Rt

� ¥ I (t0)V(t0)dt0. The resulting energies for our two element types are:

EI (F ) =
Z F

0
g(F 0)dF 0 and EC(Q) =

Z Q

0
f (Q0)dQ0: (1.21)

For linear circuit elements these energies are given by

EI (F ) =
F 2

2L
and EC(Q) =

Q2

2C
: (1.22)

If we choose the branch �uxes as our coordinates then we can useVk;l = �F k;l along

with the second relation in eq. 1.20 in order to write:

EC(Q( �F )) =
C �F 2

2
(1.23)

We can write the kinetic and potential energies of our circuit as

T = å
k;l2 capacitive elements

EC(Qk;l ( �F k;l )) and V = å
k;l2 inductive elements

EI (F k;l ): (1.24)
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However if we had chosen to use branch charges as our coordinates then we would

continue to represent the capacitive energy as in eq. 1.22 and we would useIk;l =

�Qk;l and the �rst relation in eq. 1.20 to write the inductive energy as:

EI (F ( �Q)) =
L �Q2

2
: (1.25)

We could therefore exchange the roles of capacitive and inductive elements in the

representation of kinetic and potential energies. However we will now proceed

using branch �uxes as our coordinates.

At this point we could calculate the LagrangianL = T � V and produce equa-

tions of motion according to the Euler-Lagrange equations in eq. 1.1. Or if we wish

to move to the Hamiltonian formalism we could �nd the canonical momenta, which

now take the form of charges, and perform a Legendre transformation:

qk;l =
¶L

¶ �F k;l
; H = å

k;l2 branches

�F k;l qk;l � L: (1.26)

This results in a HamiltonianH which produces equations of motion in the form:

�F k;l =
¶H
¶qk;l

; �qk;l = �
¶H

¶F k;l
: (1.27)

For a simple circuit consisting of an inductorL and a capacitorC connected in

parallel there is only one branch in the spanning tree. We easily obtain Lagrangian:

L =
C �F 2

2
�

F 2

2L
(1.28)

from which we obtain the conjugate charge:

q =
¶L
¶ �F

= C �F (1.29)

and the Hamiltonian:

H =
q2

2C
+

F 2

2L
(1.30)
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which describes a simple harmonic oscillator with a natural frequency ofw0 = 1p
LC

.

If we apply the canonical quantization procedure described above then we replace

our coordinates by quantum operators which obey the commutation relation:

[F ;q] = i} : (1.31)

For our convenience we will no longer denote quantum operators using hatsÔ ! O.

For this quantized simple harmonic oscillator we can de�ne ladder operatorsa and

a† according to:

a =

r
Cw0

2}

�
F +

iq
Cw0

�
(1.32)

which obey:

[a;a†] = 1; (1.33)

[a;a†a] = a; (1.34)

[a†;a†a] = � a†: (1.35)

In terms of these ladder operators the Hamiltonian can be rewritten as:

H = } w0

�
a†a+

1
2

�
: (1.36)

We write the eigenstates and eigenvalues ofa†a as:

a†ajni = njni : (1.37)

The commutation relations above indicate to us that applying the operatorsa anda†

to jni will produce new eigenstates ofa†a with eigenvalues which are either lowered
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or raised by 1:

a†aajni = ( aa†a� a) jni

= ( n� 1)ajni ; (1.38)

a†aa† jni = ( a†a†a+ a†) jni

= ( n+ 1)a† jni : (1.39)

So we see that these operators can be used to add or remove quanta of energy} w0

from the system. Furthermore the commutation relations can be used to show:

hnj a†ajni = n (1.40)

=) ajni =
p

njn� 1i ; (1.41)

hnj aa† jni = n+ 1; (1.42)

=) a† jni =
p

n+ 1jn+ 1i : (1.43)

Since we expect our system to have a well de�ned ground state it must be the case

that repeated application of the lowering operator will eventually cease to produce

lower energy states. This can only be the case if the indexn is restricted to integer

values and the statej0i is the ground state. Rather than producing a lower energy

state, application ofa annihilates this state entirelyaj0i = 0.

We now see that the action of these appropriately named ladder operators is to

move the system through a discrete ladder of statesjni with energiesEn = } w0(n+
1
2). Because of the linearity of this system, the states are all equally spaced. As

mentioned above, this presents a challenge if we wish to encode information in a

particular subspace of states since their transitions cannot be uniquely addressed.

For this reason we introduce nonlinearity via the Josephson junction as described

below.
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1.3 The Cooper Pair Box and the Transmon

Josephson junctions are the primary tool for introducing nonlinearity into supercon-

ducting circuits. A Josephson junction consists of two superconductors intersected

by a weak link, which could be either an insulator, a normal conductor or a region

of weakened superconductivity. Despite the presence this barrier, it is still possible

for a supercurrent to �ow through the junction via the tunneling of Cooper pairs. In

this case the current and voltage across the junction are described by the Josesphson

equations [16, 17]:

I = Icsin
�

F
j 0

�
; V =

dF
dt

(1.44)

in which Ic is known as the critical current of the junction,F is the �ux as de�ned

above in eq. 1.14 andj 0 = }
2e is the reduced �ux quantum. The �rst Josephson

equation displayed above indicates that the junction is an element of inductive type.

Using eq. 1.21 we can calculate the potential energy stored by the junction:

EI (F ) = � Icj 0

 

cos
�

F
j 0

�
� 1

!

(1.45)

This energy has a term dependent on the �uxF as well as a constant offset, which

we will neglect in future.

We can now create an anharmonic oscillator by replacing the linear conductor

in our harmonic oscillator circuit by a Josephson junction. Such as device is known

as a Cooper Pair Box and (CPB) [18, 19, 20] it can be constructed simply by con-

necting a small superconducting charge island to ground via Josephson junction.

The close proximity between the two interfaces of the junction provides the neces-

sary capacitive couplingC. Furthermore we can capacitively coupleCg the charge

island to a gate electrode at potentialVg in order to tune an offset chargeqg = CgVg.

The Hamiltonian can be written as:

H =
(q� qg)2

2C
� Icj 0cos

�
F
j 0

�
: (1.46)
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When dealing with Josephson junctions it is often convenient to use angular co-

ordinates and to measure charge in units of Cooper pair charge 2e. Therefore we

de�ne the variablesf = F =j 0 andN = q=2e which obey the commutation relation

[f ;N] = i. We also de�ne the Josephson energyEJ = Icj 0, the charging energy

EC = e2=2C and the reduced gate chargeNg = qg=2e. The Hamiltonian can be

written in a standard form in terms of these quantities:

H = 4EC(N � Ng)2 � EJ cos(f ): (1.47)

In theEJ=EC . 1 regime the eigenstates will not be well localised in the minimum

of the junction potential and will therefore be signi�cantly affected by its anhar-

monicity. The energy levels no longer form an evenly spaced ladder and we can

address a speci�c transition such as between the ground and �rst excited states.

However, one of the drawbacks of this system is its sensitivity to charge noise.

Close toNg = 1=2 we can write an effective Hamiltonian in terms of theNj0i = 0

andNj1i = j1i charge states:

H � 2EC
�
1� 2Ng

�
s z �

EJ

2
s x (1.48)

wheres z = j1ih1j � j 0ih0j ands x = j0ih1j + j1ih0j. The energy gap between the

two qubit states is given byE =
q

E2
J + 4E2

C(2Ng � 1)2.

If noise sources are weakly coupled to the qubit and have short correlation

times relative to the qubit dynamics then we can apply the Born-Markov approxi-

mation and quantify decoherence in terms of two rates [21, 22]: the relaxation rate

G1 and the dephasing rateGf . These are combined to produce the decoherence time

G2 = Gf + G1=2. In terms of these rates the evolution of the qubit density matrix is

given by [8]:

r (t) =

0

@
jb j2e� G1t a � beiEt} � G2t

ab � e� iEt} � G2t 1+ ( ja j2 � 1)e� G1t

1

A (1.49)

where the initial state isjy i = a j0i + b j1i .
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We can see that the transition frequency is dependent on the gate charge so any

random �uctuations in this parameter will cause us the phase between the two qubit

states to evolve in an unpredictable way. Over time this causes us to lose track of the

phase coherence of our qubit at rateGf . Combined with energy relaxation this leads

to an overall decoherence rateG2. This problem can be alleviated to some extent

by tuning the gate charge to the optimum pointNg = 1=2 at which the transition

frequency is only sensitive to charge noise at second order. However this remains

a limiting source of noise and the requirement to maintain the gate charge at the

optimum point adds extra complexity to the system.

In order to solve this problem a new design was formulated: the transmon [3].

The transmon is almost identical to the CPB except for the addition of a large shunt-

ing capacitor in parallel with the junction. This reduces both the anharmonicity of

the charge qubit and its sensitivity to charge noise, however whereas the anhar-

monicity decays only as a power law with respect toEJ=EC, the charge sensitivity

decays exponentially. This allows the fabrication of a charge qubit which is essen-

tially immune to charge noise while still retaining the anharmonicity necessary for

operation as a qubit.

Using a tight binding model it has been shown that energy of themth level of

the transmonEm is well approximated by [3]:

Em(Ng) � Em(Ng = 1=4) �
em

2
cos(2pNg) (1.50)

where:

em = Em(Ng = 1=2) � Em(Ng = 0): (1.51)

Furthermore, the value ofem has been studied by examining theEJ=EC � 1 asymp-

totics of the exact solutions of the charge qubit Hamiltonian eq. 1.47, which are
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given by the Mathieu functions. The resulting approximation forem is given by:

em � (� 1)mEC
24m+ 5

m!

r
2
p

�
EJ

2EC

� m
2 + 3

4

exp
�

�
p

8EJ=EC

�
: (1.52)

The exponential suppression ofem for large values ofEJ=EC is the key result under-

lying the protection of the transmon against charge noise. Meanwhile, after a fourth

order expansion of the junction potential the eigenenergies can be approximated by:

Em � � EJ +
p

8ECEJ

�
m+

1
2

�
�

EC

12
(6m2 + 6m+ 3): (1.53)

We denote the energy gap between statesi and j by Ei; j = E j � Ei . From this

expression we see that the energy gap between the ground and �rst excited states

is E0;1 =
p

8ECEJ � EC while the anharmonicity isa = E1;2 � E0;1 = � EC. The

relative anharmonicity is thereforea r = a =E0;1 � � (8EJ=EC)� 1=2. Therefore we

can see that protecting the transmon against charge noise only leads to a modest

reduction in anharmonicity.

The development of this design has allowed the construction of qubits with

a coherence time in the 10s or even 100s of microseconds [9]. Yet despite their

favourable coherence times, ease of fabrication and ease of operation, the weak an-

harmonicity of the transmon qubit can pose an issue during gate operations. High

power control pulses are liable to scramble the transmon by populating higher en-

ergy states. In order to prevent this, weaker drives must be used, but this lengthens

the time of gate operations. In the next section we shall consider �ux qubits, which

have much larger anharmonicities.

1.4 Flux qubits

In basic terms a �ux qubit is a superconducting loop whose eigenstates are quantized

circulating currents which can be used to encode information [23, 24]. This loop

is typically intersected by a multiple Josephson junctions which are necessary for

two reasons. First, by providing weak links in the loop they allow the tunneling of

�ux quanta in and out of the loop, which allows transitions between the persistent
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current states. Second, as mentioned previously, the nonlinearity of these junctions

is needed to produce an anharmonic ladder of states.

Figure 1.1: The most simple �ux qubit design consists of a superconducting ring intersected
by three junctions, two of which are identical with Josephson energyEJ while the third has
energya EJ. In the design above we have also included gatesA andB which are capacitively
coupled to nodes 1 and 2 of the circuit. An externally applied �uxF ext is linked through
the loop.

The most simple �ux qubit design [24, 23] (Fig. 1.1) contains three junctions:

two of which have energyEJ while the third has energya EJ. The potential energy

of these junctions is given by:

V = � EJ

�
cos

�
F 1

j 0

�
+ cos

�
F 2

j 0

�
+ a cos

�
F ext+ F 1 � F 2

j 0

��
(1.54)

whereF ext is the externally applied magnetic �ux. Fora > 1=2 andF ext close

to pj 0 this will produce a double well potential whose minima correspond to two

states with oppositely circulating currents. Meanwhile the kinetic energy is given
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by:

T =
1
2
Cj å

j

�F 2
j � QgA �F A � QgB �F B (1.55)

where the sum is taken over the �ve capacitive elements of the circuit and the volt-

age across the gate capacitors is given by�F gA = VA � �F 1 and �F gB = VB � �F 2. The

induced gate charges are denoted byQgA andQgB. If we write these capacitances as

C1 = C2 = C, C3 = aC andCgA = CgB = gC and treatF 1 andF 2 as the coordinates

of our system then the conjugate charges take the form:

~q =
¶L

¶ �~F
(1.56)

= CCC �~F � CCCggg~Vg (1.57)

for which we de�ne

CCC = C

0

@
1+ a + g � a

� a 1+ a + g

1

A ; CCCggg = gC

0

@
1 0

0 1

1

A (1.58)

and

~Vg =

0

@
VgA

VgB

1

A ; ~q =

0

@
q1

q2

1

A : (1.59)

The resulting Hamiltonian is:

H =
1
2

(~q+ CCCggg~Vg)TCCC� 1(~q+ CCCggg~Vg)T + V: (1.60)

After quantization an effective model can be produced in terms of the two circulat-

ing current states localized in the minima of the double well potential, denoted by

j� i andj	 i , whose persistent current is labelledIp The Hamiltonian can then be
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written as:

H(F ext) =
D
2

s x + Ip

�
F ext �

F 0

2

�
s z (1.61)

whereDis the tunnel coupling through the potential barrier ands x ands z are Pauli

operators which acting according to:

s x = j	 ih� j + j� ih	 j and s z = j	 ih	 j � j � ih� j : (1.62)

The gap between the eigenstates of this Hamiltonian is given by:

E0;1 =
q

D2 + I2
p(2F ext � F 0)2: (1.63)

Typically �ux qubits are operated at the optimal pointF ext = F 0=2 at which this

energy gap is sensitive to external �ux variations only at second order.

Further improvements can be made by moving to the Fluxonium qubit [25].

The Fluxonium design is reached by dramatically increasing the number of junc-

tions intersecting the loop. Suppose we include an array ofn junctions then for

suf�ciently largen the Hamiltonian can be approximated by:

H � 4ECN2 � EJ cos
�

F ext+ F
j 0

�
+

ELF 2

2j 2
0

(1.64)

whereEL is the effective inductive energy of the junction array. Such qubits are

well protected against dephasing due to �ux noise and as well as energy relaxation

due to charge defects and can achieve excellent coherence times [26, 27], extending

even into the range of milliseconds [28].

1.5 Circuit quantum electrodynamics

So far we have introduced the basic types of superconducting qubit but we have

not mentioned how to perform readout or control. These are essential operations

for quantum information processing and they can be performed using the toolset of

circuit quantum electrodynamics (cQED) [1]. In general quantum electrodynamics
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is the study of the interactions of light and matter. Circuit quantum electrodynam-

ics is the study of such interactions speci�cally in the context of superconducting

circuits e.g. photons in transmission line or lumped element resonators interacting

with systems such as atoms, quantum dots and superconducting qubits.

A simple example of a lumped element resonator is the harmonic oscillator cir-

cuit described above in eq. 1.30. It has a single resonance frequency atw = 1=
p

LC.

On the other hand, a transmission line resonator [29], such as a coplanar waveguide,

is more complicated since it can have many interacting modes. A coplanar waveg-

uide consists of a strip of superconducting metal in close proximity to a ground

plane. If we denote the inductance and capacitance per unit length byl andc re-

spectively then the speed of light in the resonator is given byv = 1=
p

lc while its

characteristic impedance is given byZ0 =
p

l=c.

An in�nitely long transmission line will support a continuum of modes, but if

boundary conditions are imposed then the modes will become quantized. A typical

setup is a resonator of lengthL terminated either at one of both ends by weak

capacitive couplings to other transmission lines which can be used to probe and

measure the resonator. The resonator will then support modes with wavevectors

k = mp=L for m2 f 1;2;3; :::g. The Hamiltonian describing the resonator is given

by:

H =
¥

å
m= 1

m} w1a†
mam (1.65)

wherew1 is the frequency of the �rst harmonic andam is annihilation operator

acting on modem. Furthermore the current operator at positionx is given by [29]:

I (x) = Izpf;1

¥

å
m= 1

i
p

msin(pmx=L)(a†
m � am) (1.66)

whereIzpf;1 = w1

q
}

pZ0
is the zero point �uctuation of the current in the �rst mode.
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Similarly the voltage operator at positionx is given by [29]:

V(x) = Vzpf;1

¥

å
m= 1

p
mcos(pmx=L)(am+ a†

m) (1.67)

whereVzpf;1 = w1

q
} Z0
p is the zero point �uctuation of the voltage in the �rst mode.

These currents and voltages can be used to couple the resonator to other com-

ponents in a circuit such as various kinds of superconducting qubit. Typically a

charge qubit can be capacitively coupled to the voltage on the resonator [30] while

a �ux qubit can be inductively coupled to its current. In either case it is possible to

engineer a coupling described by the Jaynes-Cummings Hamiltonian [31, 32]:

HJC = } wc

�
a†a+

1
2

�
+

1
2

wqs z+ } g(a†s � + as+ ) (1.68)

which models a two level system exchanging quanta of energy with a harmonic

oscillator. This model can be exactly digaonalized in terms of the states [33]:

j+ ;ni = cos(qn) j#;ni + sin(qn) j" ;n+ 1i ; (1.69)

j� ;ni = � sin(qn) j#;ni + cos(qn) j" ;n+ 1i (1.70)

and the ground statej" ;0i wheres z j"i = � j"i , s z j#i = j#i , D = wq � wc and

tan(2qn) = 2g
p

n+ 1=D. The corresponding energies are:

E� ;n = ( n+ 1)} wc �
}
2

q
4g2(n+ 1)+ D2; (1.71)

E" ;0 = �
} D
2

: (1.72)

This model has proven to be extremely useful in many aspects of quantum

information processing and particularly and readout. If we label the detuningD=

wq � wc then we can de�ne the dispersive regime of the Jaynes-Cummings model
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by g=jDj � 1. In this regime we can apply the transformation [1]:

U = exp
�

g
D

(as + � a†s � )
�

(1.73)

to obtain the approximate Hamiltonian:

UHU† � }
�

wc +
g2

D
s z

�
a†a+

}
2

�
wq +

g2

D

�
s z (1.74)

which shows the resonance frequency of the cavity being shifted by� g2 Delta

depending on the state of the qubit. This is the basis for dispersive readout. If

g2=D> k wherek is the linewidth of the cavity resonance then it will be possible

to infer the qubit state from a signal transmitted through the cavity [30, 34].



Chapter 2

Critical slowing down and dissipative

phase transitions in circuit quantum

electrodynamics

2.1 Introduction

The study of dissipative phase transitions has a long and interesting history not

only due to their technological applications, such as in the construction of the laser

[35, 36, 37], quantum limited ampli�ers [38, 39] and optical switches [40, 41, 42],

but also due to their theoretical interest since these phase transitions cannot be de-

scribed by standard techniques such as mean-�eld theory [43]. A key characteristic

of �rst order dissipative phase transitions is bistability [44, 45, 46, 47]: close to the

transition the two phases are metastable [48] and the dynamics of the system are

highly sensitive to both its parameters and its initial state [49, 50, 51, 52].

This sensitivity has previously been harnessed in the construction of the

Josephson Bifurcation Ampli�er (JBA) which has been used in a variety of con-

texts including qubit readout and magnetometry [39]. In the context of readout,

the qubit circuit is coupled to a separate readout circuit consisting of a nonlinear

resonator which is driven close to a bifurcation. A small change in the state of the

qubit is capable of producing a large change in the �eld on the nonlinear resonator

by altering which metastable state the nonlinear prefers to occupy. This technique
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has been applied to readout of transmon [53], �ux [54] and quantronium [55] qubits,

even reaching single shot readout in the case of the transmon.

Furthermore, subsequent work has shown that it is possible to harness the non-

linearity inherent to a coupled qubit-resonator system to perform single shot qubit

readout [49, 56]. In the bistable regime we expect the system to make a sharp

transition from a dim state to a bright state as the drive power is increased and the

threshold at which this transition occurs was observed to depend sensitively on the

initial state of the qubit. In the strongly driven regime the constrast between these

bistable states allowed the experimentalists to perform single shot readout.

In the current work we will be examining a coupled-transmon resonator system

close to the onset of the bistable regime. Instead of studying qubit readout we will

examine the rate at which the system approaches steady state in this regime in order

to learn about the dynamics which govern the metastable states. The steady state

is reached via rare switching events during which the system transitions from one

phase to the other [57, 58]. This can be modelled using the theory of quantum

activation in the case of dispersive optical bistability [59]. Since the metastable

states may be very long lived, this leads to critical slowing down in the equilibration

time of the system. Critical slowing down has already been observed in a circuit-

QED lattice [60] and in an ensemble of NV centers coupled to a superconducting

cavity [61], and has been modelled in the context of the Bose-Hubbard lattice [62].

Here, we observe critical slowing down in a circuit-QED system with only two

degrees of freedom: a transmon qubit [3] coupled to a 3D microwave cavity [63].

The nonlinearity introduced by the qubit causes the cavity to display bistability

when a suf�ciently strong microwave drive is applied. Within the bistable regime

the system divides its time between two metastable states which are known as the

bright and dim states according to number of photons occupying the cavity. While

the inherent nonlinearity of such a system has been exploited in [49] to achieve high

�delity readout of the qubit state using high drive powers, here we are interested in

exploring and understanding the rich quantum dynamics happening at intermediate

powers, close to the onset of bistability. We show that, at such powers, the cavity
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exhibits critical slowing down, reaching its steady state in a time much longer than

the lifetimes of both the qubit and the cavity. We characterize the timescale of

this slowdown as a function of driving frequency and power. We discover a new

regime of quantum activation in which the slowdown displays a saturation, which

can only be explained by taking into account the full quantum description of the

transmon. We demonstrate that even a simple superconducting circuit, consisting

of only a qubit and a cavity, can be used to explore the rich physics of quantum

phase transitions.

The device consists of a transmon qubit embedded in a superconducting alu-

minium 3D microwave cavity. Measurements of the transmitted signal through the

cavity are performed using a standard cQED microwave setup described in Ma-

terials and Methods. This system can be described by the generalized Jaynes-

Cummings model (GJC) and its Hamiltonian can be written as

H = } å
n

wn jnihnj + } wca†a+ } å
m;n

gm;n jmihnj (a+ a†)

+ } e(a†e� iwdt + aeiwdt) : (2.1)

a cavity mode of frequencywc is coupled with strengthgm;n to a transmon qubit

whose unperturbed eigenstates can be written in terms of Mathieu functions [3].

Here, we simply denote them byjni and their eigenenergies by} wn. The cavity

is represented using the annihilation(creation) operatora(a†) and is driven by a

monochromatic �eld of strengthe and frequencywd. To model environmental noise

we use the Lindblad master equation [64]

¶tr = � (i=} )[H; r ] + ( nc + 1)k D(a)r + nck D(a†)r

+ gf D(b†b)r + ( nt + 1)gD(b)r + ntgD(b†)r ; (2.2)

where b is the ladder operator acting on the transmon and is de�ned byb =

å ¥
n= 0

p
n+ 1jnihn+ 1j. The thermal occupations of the transmon and cavity baths
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Figure 2.1: Introducing a phase transition in a system with 2 degrees of freedom. A:
Transmission spectroscopy of the cavity for a range of drive powers and frequencies. At
low drive powers we observe a resonance atwd=2p = 10:4960 GHz. The nonlinearity of
the system causes the resonance to shift to lower frequencies as the drive power is increased.
The boundaries of the bistable regime are modelled using the mean-�eld equations of mo-
tion of the Duf�ng oscillator and are displayed in red. Within the bistable regime the cavity
displays a sharp transition from a low transmission (dim) to a high transmission (bright)
state as the drive power is increased.B: Transmitted signal as a function of drive power at
wd=2p = GHz, indicated by the vertical dashed line in panelA. The experimentally mea-
sured transmission is indicated by dashed black line and is compared with the results of a
Duf�ng model in green, for which we plot the cavity amplitude divided by the root of the
photon saturation number (jhaij =

p
nsat). This model accurately models the transition. The

three insets, labelled I, II and III, show the Wigner function of the steady state of the cavity
according to the Duf�ng model at the marked powers. This con�rms that the transition from
low to high transmission is associated with a transfer of probability between two distinct re-
gions in phase space: the bright and dim states of the cavity. The cavity transmission is also
modelled for a range of saturation photon numbers and show that the transition becomes
sharper as thensat increases towards the thermodynamic limit.C: Asymptotic decay rate
as a function of driving power for different saturation photon numbers. The rate at which
system approaches the steady state drops orders of magnitude below its natural relaxation
time ek , showing that the bistable regime is associated with critical slowing down. The inset
shows that this slowdown increases exponentially as we approach the thermodynamic limit.



2.1. Introduction 33

are denoted bynt andnc respectively, whileg andk are the intrinsic transmon and

cavity relaxation rates, andgf is the intrinsic transmon dephasing rate.

At suf�ciently low drive powers the transmon is con�ned to its ground state.

The system can be treated as a single Duf�ng oscillator with a Kerr nonlinearity

[65] whose Hamiltonian and master equation can be written as (Appendix 2.A):

eH = } ewca†a+
1
2

} Ka†a†aa+ } ee(a†e� iwdt + aeiwdt); (2.3)

¶tr = � (i=} )[ eH;r ] + ( enc + 1)ek D(a)r + encek D(a†)r + ekf D(a†a)r : (2.4)

In this simpli�ed model, the dispersive coupling with the transmon shifts the cavity

frequency toewc, and introduces a Kerr nonlinearityK. The thermal occupation of

the cavity bath is denoted byenc and the cavity relaxation and dephasing rates are

represented byek andekf respectively.

A further simpli�cation can be made with the mean-�eld approximation i.e.

we assume the cavity to be in a coherent stater = ja iha j and substitute this into

¶ta = Tr(a¶tr ). We obtain the classical equation of motion in a frame rotating with

the drive:

¶ta = � (ek + i( ewc � wd) + iK ja j2)a � iee; (2.5)

and �nd the steady state cavity amplitude

a = �
iee

ek + i(Kja j2 + fwc � wd)
: (2.6)

At weak drive powers the occupation of the cavity is low, so the nonlinear term

Kja j2 in Eq. 2.6 vanishes and the standard Lorentzian response is obtained. How-

ever, when the number of photons in the cavity approaches the saturation number

nsat= jwc � wdj=K � j a j2, the nonlinearity becomes signi�cant and the equation of

motion may admit two stable steady state solutions. The system enters the bistable

regime.

In the mean-�eld approximation the lifetimes of these states are in�nitely long,
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but if �uctuations are taken into account these states become metastable and the sys-

tem may undergo rare escape events, switching from one state to the other. Both

metastable states may coexist with each other over a range of drive amplitudes and

the time taken for the system to reach a steady state will be determined by their

lifetimes. These lifetimes can be much greater than the lifetime of the cavity and

this gives rise to the phenomenon of critical slowing down. If an appropriate ther-

modynamic limit is taken, this time diverges and the model produces a �rst order

dissipative phase transition in which the two phases may coexist only at a single

drive amplitude [47, 48, 66].

2.2 Results

2.2.1 Cavity response in the bistable regime

We now show evidence of such a �rst order phase transition in our system, con-

taining only two degrees of freedom. We measure the signal transmitted through

the cavity as a function of driving frequency (wd) and power (Prf) as shown in

Fig. 2.1A. We �nd that at low power the cavity line is dispersively shifted to

wr=2p = 10:4960 GHz and has the Lorentzian shape which is typical of linear

response. As the driving power increases, the lineshape shifts to lower frequencies

and nonlinear features appear. The effective Kerr nonlinearity of the cavity is found

to be K = � 0:4221 MHz and its relaxation rate isek=2p = 1:040 MHz. Above

Prf = � 29 dBm a dip in the transmitted signal is observed. This indicates the pres-

ence of the bistable regime and is due to destructive interference between the two

metastable states of the cavity [45, 46]. The boundaries of this regime are modelled

using the mean-�eld equations of motion derived from the Duf�ng approximation

and are shown by the red lines. The bistable regime emerges just below the res-

onance frequency at a drive power ofPrf = � 35 dBm and opens up over a wider

range of frequencies as the drive power increases.

Fig. 2.1B shows the signal transmitted through the cavity (black crosses) as a

function of the drive power atwd=2p = 10:4925 GHz. At this drive frequency we

calculate a saturation photon number ofnsat = 8:4. We observe a sudden change in
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Figure 2.2: Averaged transient response of the cavity outside and inside the bistable
regime during the 1st cooldown.The inset in panel A shows transmission spectroscopy
of the cavity for a range of drive powers and frequencies. The mean-�eld Duf�ng limits
of the bistable regime are displayed in red and the locations at which the data in panels
A and B were taken are indicated by the white dots. (A): The cavity is driven at the low
power resonancewd=2p = 10:4960 GHz andPrf = � 40 dBm. The signal in blue (brown)
is the transient response measured with the qubit initialized in its ground (�rst excited)
state. The transient response is governed by the timescale 2Tk = 0:29 ms if the transmon
is in the ground state, whereas it is governed byT1 = 2:89 ms if the transmon is in the �rst
excited state. (B): Transient responses for different initial qubit states in the bistable regime
at Prf = � 21 dBm. The inset shows spectroscopy of the cavity at this drive power with the
drive frequencywd=2p = 10:4898 GHz indicated by the dashed line. The transient response
is divided into two parts. There is an initial fast response with a time scale ranging fromTk

to T1 depending on the initial transmon state, followed by a slow decay towards steady state
over a timescaleTs = 73:2 ms, obtained from an exponential �t, which is much longer than
both the transmon and cavity lifetimes. This critical slowing down allows us to distinguish
the transients for different transmon states for over 100ms.
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transmission at Prf = � 25 dBm in which the cavity switches from a low amplitude

(dim) state to a high amplitude (bright) state. This transition is accurately modelled

by the Duf�ng master equation (Eq. 3.2), the results of which are displayed by the

green line.

We can make a connection between this behaviour and the theory of phase tran-

sitions by de�ning the thermodynamic limit in which the saturation photon number

nsat goes to in�nity. This is achieved by rescaling the drive and nonlinearity ac-

cording toe !
p

le andK ! K=l , which in turn givesnsat ! l nsat [43, 67, 47].

The simulated cavity amplitude is displayed for a range of values ofnsatand, as ex-

pected, we observe that the transition becomes sharper as the system moves towards

the thermodynamic limit, which is typical of �rst order phase transitions.

We are interested in exploring the system dynamics within this bistable regime,

where the steady state consists of a mixture of bright and dim states. We can form

an effective master equation by writing the state of the system as

r (t) = pb(t)r b + pd(t)r d (2.7)

wherer b andr d are the bright and dim states, andpb and pd are their occupation

probabilities. We can then write a simple rate equation for evolution of the state

0

@
¶t pb

¶t pd

1

A =

0

@
� Gb! d Gd! b

Gb! d � Gd! b

1

A

0

@
pb

pd

1

A ; (2.8)

in which occasional �uctuations allow the system to switch between states at the

ratesGb! d andGd! b [46, 58]. The system reaches a steady state when the occu-

pation probabilities have reached equilibrium. The approach to this steady state is

governed by 0

@
pb

pd

1

A =
1

Gad

0

@
Gd! b

Gb! d

1

A + Ae� Gadt

0

@
1

� 1

1

A ; (2.9)

where the coef�cientA is determined by the initial system conditions.Gad is referred
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to as the asymptotic decay rate and it is given by

Gad = Gd! b + Gb! d: (2.10)

Gad is calculated by extracting the gap in the Liouvillian superoperator [48, 60],

derived from the Duf�ng master equation (Eq. 3.2). Fig. 2.1C shows the asymptotic

decay rate as a function of drive powers for different photon saturation numbers.

We �nd that, within the bistable regime, the asymptotic decay rate drops far below

the cavity decay rate [68]. This effect is known as critical slowing down and is

characteristic of the phase transition. Furthermore, the asymptotic decay rate is

exponentially suppressed asnsat increases, indicating that ever larger �uctuations

are required to cause switching between the states.

2.2.2 Critical slowing down

Measurements of critical slowing down are performed by recording the transient

response of the cavity when a step function drive pulse is applied. Fig. 2.2 shows the

average cavity response outside (A) and inside (B) the bistable regime. Fig. 2.2A

shows the response at the cavity resonance atPrf = � 40 dBm with the transmon

initialized in either the ground state (blue line) or the �rst excited state (brown line).

The timescale over which the cavity responds shows a clear dependence on the

transmon state. When the transmon starts in the ground state the cavity reaches

equilibrium over a timescale 2Tk = 2=k = 0:29 ms, set by the cavity relaxation

ratek , whereas when the transmon is initialized in the �rst excited state, the drive

is initially off resonant with the cavity and the transmon must relax over a timeT1

before the system can reach equilibrium.

Fig. 2.2B shows that the dynamics changes signi�cantly if the system is driven

at higher powers. The cavity is now driven atwd=2p = 10:4898 GHz andPrf =

� 21 dBm. The inset displays the spectrum at this drive power and the dashed

line indicates the drive frequency, which is chosen such that the system is in the

bistable regime as signalled by the dip in transmission. The cavity response is

now governed by multiple timescales. Initially, there is a fast rise in the cavity
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Figure 2.3: Measuring and modelling the critical slowing down time.(A): Critical slow-
ing down timeTs in the bistable regime as a function of driving frequency atPrf = � 17 dBm
during the 2nd cooldown, during which the qubit frequency had shifted to 8:7965 GHz and
the low power resonance of the cavity had shifted to 10:4761 GHz. The red points represent
the experimental data, which we compare with the results of master equation calculations
applied to the Duf�ng oscillator (blue line) and the GJC model with transmon dephasing
(green line) and without (purple line). We also display the results of previous analytical
theory of switching rates for the Duf�ng oscillator (orange line) [59]. At this power both
the master equation and the analytical calculations qualitatively reproduce the experimental
values ofTs. The horizontal dashed line in the inset shows the location of our measure-
ments within the overall cavity spectrum. (B): Maximum value ofTs for different drive
amplitudes (red points). These data were collected along the diagonal dashed line in the
inset of panel A. As the drive power increases beyond� 17 dBm,Ts reaches a saturation
at a value of 115ms, that is consistent with the simulations based on the GJC model with
transmon dephasing (green line). Removing the dephasing by settinggf = 0 (purple line)
does not change the power at which saturation occurs but it does raise the upper limit on
Ts. Meanwhile analytical (orange line) and master equation (blue line) calculations with the
Duf�ng approximation predict thatTs rises exponentially with drive amplitude, as can be
seen using the logarithmic scale of the inset.
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transmission over a time ranging fromTk to T1 depending on the initial state of the

qubit. However, after this fast response we observe critical slowing down: a gradual

decay towards equilibrium over a time much longer than both the cavity and qubit

lifetimes. We denote the time constant over which the system reaches equilibrium

by Ts = 1=Gad. By initializing the transmon in a range of initial states, we show that

the cavity retains a memory of the initial transmon state for over 100ms, indicating

our proximity to a phase transition.

Next, we characterize the dependence of the critical slowing downTs on both

driving frequency and power within the bistable regime and we model our �ndings

using a range of approaches. We can either exploit the analytical theory of quantum

activation for a Duf�ng oscillator, as provided in [59] or we can use the master

equations for the Duf�ng and GJC models. In this latter approach we rewrite the

GJC master equation as¶tr = L r whereL is the Liouvillian superoperator. The

eigenbasis ofL can be used to express the state of the system as

r (t) = å
n

cne� (Gn+ iwn)tr n (2.11)

whereL r n = � (Gn + iwn)r n. At long times the state will be dominated by the

steady stater ssand the asymptotically decaying stater ad. In this limit we write the

state as:

r (t) = r ss+ cade
� Gadtr ad: (2.12)

While for the Duf�ng model it is possible to extractGad by diagonalizing the Li-

ouvillian, due to the larger Hilbert space size of the GJC model,Gad is extracted

by integrating the master equation (Eq. 2.2) for a suf�ciently long time. We are

hence able to compare the experimentally attained values of critical slowing down

time with simulated values. Fig. 2.3A shows the measured valued ofTs (red circles)

as a function of the drive frequencywd along the dashed line in the spectroscopy

inset, which is located at a drive power ofPrf = � 17 dBm. We �nd thatTs reaches

a maximum close to the dip in the cavity spectrum. This is expected, since the dip

is a key signature of the coexistence of the two phases in our transition.
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We compare our measurements with master equation simulations applied to

a Duf�ng oscillator model (blue line) and to the GJC model with (green line) and

without (purple line) transmon dephasing. We also compare our data to results

attained from the analytical theory of quantum activation for a Duf�ng oscillator

(orange line) [59]. At this drive power we �nd that all of our models give at least

qualitative agreement with the measured dependence of critical slowing down on

frequency, but only the GJC model is able to model this effect quantitatively.

However, if we plot how the maximum value ofTs varies with the amplitude

of the drive, as shown in Fig. 2.3B, we observe a signi�cant divergence between

our data and the values attained using the Duf�ng model. Whereas the theory of the

Duf�ng oscillator predicts thatTs should increase exponentially with the drive, we

instead observe that, at suf�ciently strong drive amplitudes,Ts saturates. To account

for this difference we require the full GJC model. We �nd that the master equation

predicts the same saturation inTs as found in experiment when we explicitly include

the transmon in the simulation.

Furthermore, we see that the level at which this saturation occurs is highly

sensitive to the pure dephasing rate of of the transmon. A peak ofTs = 158 ms is

obtained from the master equation when we don't include pure dephasing of the

transmon, however this falls toTs = 109 ms when we take a pure dephasing rate

of gf = 1 kHz. We might naively consider such a small rate to be insigni�cant

compared to the coherence time of the transmon, which was measured to beT2 =

2:37 ms, however the large change inTs suggests that the switching rates of the

metastable states are strongly in�uenced by the decoherence channels to which the

transmon is coupled.

2.3 Discussion

Clearly, the coupled transmon-resonator system is governed by essentially different

activation dynamics from the Duf�ng oscillator. In order to shed light on the dis-

similarity between the Duf�ng model and the GJC model we examine the switching

ratesGb! d andGd! b more closely. In order to obtain these rates it is necessary to
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�rst �nd the steady state and extract the occupation probabilitiespb(t ! ¥ ) and

pd(t ! ¥ ). We can then calculate the switching ratesGd! b andGb! d according to:

Gd(b)! b(d) = pd(b)(t ! ¥ )Gad: (2.13)

The occupation probabilities can be extracted using the asymptotically decaying

and steady states (Appendix 2.B). The resulting rates are displayed in Fig. 2.4B,

which showsGd! b andGb! d as a function of frequency at a driving power ofPrf =

� 14 dBm for both the Duf�ng and the GJC model. WhereasGd! b is in close

agreement between the two models,Gb! d is signi�cantly greater in the GJC model.

This limits the critical slowing down time according to Eq. (2.10) and leads to

the saturation seen in Fig. 2.3B. It also indicates that the bright state has a shorter

lifetime in the GJC model.

The Wigner function for three cavity steady states using the GJC model is

shown in Fig. 2.4A. We observe that, at low drive frequencies, the dim state is

the main contributor to the overall state of the system; this is consistent withGb! d

dominating overGd! b. At higher drive frequencies the reverse is true, while at

some intermediate drive frequency the two bistable states are equally occupied and

the switching rates are balanced.

Prior work suggests that the instability of the bright state increases with the

nonlinearity of the ladder of states in the vicinity of the wave-packet [51]. The in-

stability of the bright state in the GJC model may be due to extra nonlinearity which

is present when the transmon becomes excited. It may also be due to backaction of

the resonator on the transmon which occurs when the occupation of the resonator

increases. This can take the form of measurement dephasing [69, 70], whereby

�uctuations in the resonator occupation can cause loss of phase coherence of the

transmon via the AC Stark effect; or via dressed-dephasing [71], in which pure de-

phasing of the transmon exposes it to additional relaxation and heating from the

resonator. These phenomena have previously been explored in the nonlinear regime

[72] and future work could use this framework to explore how these additional de-

phasing mechanisms relate to the observed saturation.
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In summary, we have explored the rich quantum activation dynamics happen-

ing at an intermediate driving regime in cQED. We have observed a phase transition

in our system, which contains only two degrees of freedom: a transmon qubit cou-

pled to a microwave cavity. A key signature of this transition is critical slowing

down, in which the time taken for the system to reach a steady state can extend far

beyond the natural lifetime of the qubit or cavity. We have measured the slowdown

time for a wide range of powers and frequencies, and we have compared our results

with simulations. We found that the transition and its associated critical slowing

down is well modelled by the Duf�ng approximation at low drive powers. How-

ever, at higher drive powers, we observed a saturation in the critical slowing down

time, which can only be captured by the full GJC model.

It is known that in this regime the transmon becomes highly excited and starts

to participate in the dynamics [73] so it is no longer valid to apply the Duf�ng ap-

proximation. An accurate model must include the quantum �uctuations of the qubit

and the resulting destabilisation of the bright state which this causes. Currently,

there exists no analytical theory for the switching rates in the bistable regime of a

cavity coupled to spins or multilevel systems and this suggests that one avenue of

future work could focus on extending the existing theory for the Duf�ng oscilla-

tor to these models. Moreover, we link the critical slowing down to the switching

rates between the two metastable states and show how these differ for the GJC and

Duf�ng models. This experiment is a powerful demonstration of the versatility of

superconducting circuits, showing that even with few degrees of freedom it is pos-

sible to explore rich nonlinear physics and phenomena such as dissipative phase

transitions.

2.4 Materials and Methods

A two-port Al microwave cavity holds a lithographically patterned Al transmon

qubit, that is fabricated on a sapphire substrate. The transmon qubit consists of two

Al pads of dimensions 350mm by 450mm connected by an Al/AlOx/Al Josephson

junction, that is patterned using standard e-beam lithography and double-shadow
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evaporation techniques. The cavity is thermally anchored to the 10 mK plate of a

dilution refrigerator. Input signals are heavily cryogenically attenuated to reduce

thermal noise, and measurements of the signal transmitted through the cavity are

made via cryogenic circulators and a low noise HEMT ampli�er, with the signal

�nally being recorded as a voltage with an analog-to-digital converter (ADC).

Measurements were collected during two successive cooldowns. During the

1st cooldown (C1), spectroscopy of the transmon reveals its lowest transition to

be w01=2p = 9:1932 GHz with anharmonicitya =2p = � 203:6 MHz. The bare

resonance frequency of the cavity iswc=2p = 10:4263 GHz and its quality factor is

found to beQ = 7900. The relaxation and dephasing times of the transmon areT1 =

2:89 ms andT2 = 2:37 ms respectively. During the 2nd cooldown (C2) the system

is described by a GJC model with the following parameters:wc=2p = 10:423 GHz,

g0=2p = 295 MHz,k = 1:432 MHz,g = 33 kHz,gf = 1 kHz, nc = 0:01 andnt =

0:02. The eigenstates of the transmon were produced using a Josephson energy

of EJ=2p = 46:7 GHz and a charging energy ofEC=2p = 221 MHz [3]. Applying

the Duf�ng approximation to this system we �ndewc=2p = 10:4761 GHz,K=2p =

� 0:152 MHz,ek=2p = 1:387 MHz,ekf =2p = 1:02 Hz andenc = 0:0100.
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Figure 2.4: Relating the steady state Wigner to the switching rates.(A): Steady state
cavity Wigner functions produced using the GJC model atPrf = � 14 dBm. Atwd=2p =
10:4709 GHz the steady state consists mainly of the dim state, which corresponds to the
peak near the origin. However, as we increase the drive frequency the occupation of the
bright state increases as well. Atwd=2p = 10:4720 GHz the occupations of the bistable
states are approximately equal and atwd=2p = 10:4723 GHz the bright state is dominant.
(B): Switching rates between metastable state as a function of driving frequency. Whereas
Gd! b is similar in both the Duf�ng and the GJC models,Gb! d is signi�cantly different. In
the GJC modelGb! d is much greater compared to the Duf�ng model. This explains the
saturation we observe inTs.



Appendix

2.A Performing the Duf�ng approximation

In the main text we approximate our system as a Duf�ng oscillator in order to obtain

a benchmark showing the dynamics of a single non-linear oscillator in the bistable

regime. This model is used to calculate how the critical slowing down time varies

with drive amplitude, as displayed in Fig. 2, and how the switching rates between

the bistable states vary drive frequency, shown in Fig. 3. To map our system to

a Duf�ng oscillator we project the GJC Hamiltonian onto a low-energy subspace

and identify a Kerr nonlinearity in the resulting spectrum. This subspace consists

of the eigenstates of the GJC Hamiltonian for which the transmon is close to the

ground state. The �rst step is to identify these states. We start by writing the the

Hamiltonian in the form:

H = H0 + Hint (2.14)

whereH0 describes the bare cavity and transmon, andHint describes the interaction

between them. These components are given by [3]:

H0 = } wca†a+ }
¥

å
n= 0

wn jnihnj (2.15)

Hint = }
¥

å
n= 0

gn
�
ajn+ 1ihnj + a† jnihn+ 1j

�
: (2.16)

If the interaction is turned off by settinggn = 0 then the eigenstates ofH are simply

products of the eigenstates of the bare cavity and transmon with eigenstates and
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eigenenergies given by:

H0 jmi j ni = Emnjmi j ni (2.17)

Emn = } (mwc + wn) (2.18)

wherem denotes the number of photons in the cavity andn denotes the number of

excitations in the transmon. For �nite strength interactions we enter the dispersive

regime, which is de�ned byjgn=Dnj � 1 where the detuning is given by

Dn = wn+ 1 � wn � wc: (2.19)

Provided that the interaction strength is suf�ciently weak we can continue to label

the eigenstates by the number of cavity and transmon excitations they carry and if

the system is weakly driven close to the cavity resonance then the only state which

will take part in the dynamics are those for which the transmon is in the dressed

ground state. These states form a ladder of dressed cavity states which de�ne the

low-energy subspace upon which we can project our model. We de�ne the projector

by:

P =
�

jy 0;0ihy 0;0j ; jy 1;0ihy 1;0j ; jy 2;0ihy 2;0j ; :::
�

(2.20)

wherejy mni represents the eigenstate ofH which can be smoothly transformed to

jmi j ni by turning offHint. Using this projector we obtain the low-energy model:

eH = P†HP (2.21)

= } ewca
†
0a0 +

1
2

} Ka†
0a†

0a0a0 + O
�
(gm=Dm)6�

: (2.22)

where the ladder operator in the projected subspace is de�ned by

a0 =
¥

å
n= 1

p
njy n� 1;0ihy n;0j : (2.23)

This Hamiltonian describes a Duf�ng oscillator with a frequencyewc and a Kerr

nonlinearityK [52]. If we use the GJC model parameters given in Table 1 of the
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main text then the Duf�ng model parameters we obtain are shown in Table S1 below.

This table also includes the rescaled drive amplitudeee which arises when we add a

driving term toH0 of the form:

Hd(t) = } e(a†e� iwdt + aeiwdt): (2.24)

We �nd that this transforms to a similar driving term in the Duf�ng Hamiltonian

given by

eHd(t) = } ee(a†
0e� iwdt + a0eiwdt): (2.25)

The drive amplitude in the projected spaceee is given byrae wherera is calculated

according to:

P†aP = raa0 + O
�
(gm=Dm)4�

(2.26)

Next we must consider the Lindblad operators which describe the effects of envi-

ronmental interactions. We have already considereda, but the remaining operators

can be projected into the low-energy subspace as follows:

P†bP = rba0 + O
�
(gm=Dm)2�

(2.27)

P†b†bP = rnba
†
0a0 + O

�
(gm=Dm)2�

: (2.28)

From Eqs. (2.26) and (2.27) we see that botha andb contribute to the annihilation

operator in the low-energy subspacea0. The implication is that in the basis of

dressed cavity states bothk andg contribute to relaxation, as expected from prior

work on the dressed state formalism in the Jaynes-Cummings model [33]. The

coef�cients of the Lindblad operators in the low-energy subspace are then given by

a0 :
q

(1+ enc)ek =
q

r2
a(1+ nc)k + r2

b(1+ nt)g (2.29)

a†
0 :

p
encek =

q
r2
anck + r2

bntg (2.30)

a†
0a0 :

q
ekf =

q
r2
nbgf (2.31)



2.B. Obtaining the occupation probabilities of the bright and dim states 48

We use these equations to calculate two sets of Duf�ng model parameters to de-

scribe our system during the two cooldowns of the experiment. For the �rst

cooldown we foundewc=2p = 10:4961 GHz,K=2p = � 0:422 MHz, ee = 0:971e,

ek=2p = 1:040 MHz,ekf =2p = 56:4 Hz andenc = 0:0293. For the second cooldown

we found ewc=2p = 10:4761 GHz,K=2p = � 0:152 MHz, ee = 0:984e, ek=2p =

1:387 MHz,ekf =2p = 31:9 Hz andenc = 0:0100.

2.B Obtaining the occupation probabilities of the

bright and dim states

By integrating the Duf�ng or GJC master equation for a timet we obtain the state

r (t). If t is much longer than both the caivty and transmon lifetimes then this state

can be written as

r (t) = r ss+ cade
� Gadtr ad (2.32)

where the steady state is an unknown mixture of bright and dim states which we

write as

r ss= pr b + ( 1� p)r d (2.33)

and the asymptotically decaying state is given by

r ad = r b � r d: (2.34)

This allows us to writer (t) as another unknown mixture of bright and dim states

r (t) = qr b + ( 1� q)r b: (2.35)
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Using the steady state and master equation solvers in the QuTiP package [74] we

can obtain bothr (t) andr ss. A mixture of these states is written as

t (A) = r ss� Ar (t) (2.36)

= ( p� Aq)r b + ( 1+ Aq� p� A)r d: (2.37)

Both r d and r b are positive semide�nite and we assume that they are orthogo-

nal, which is a good approximation provided that the cavity is suf�ciently strongly

driven so that they are well separated. Hence the mixture is positive semide�nite

if and only if both p� Aq � 0 and 1+ Aq� p � A � 0. The limits on this range

areAd = p=q andAb = ( 1� p)=(1� q), at which pointst consists of solely of the

dim state or the bright state respectively. Outside this range the coef�cient of at

least one of the bistable states will be negative. Hence we can obtainAd andAb by

checking the spectrum oft for negative eigenvalues at different values ofA. Finally

we obtain

p =
Ad(Ab � 1)

Ab � Ad
: (2.38)

This method provides a fast and accurate means of extracting the occupation

probabilities of the bright and dim states in the steady state. When the occupation

of the cavity is suf�ciently small it can also be benchmarked against quantum tra-

jectory methods in which the pure statejy (t)i is integrated over a time much longer

thanGad and K-means clustering is applied to the cavity amplitudehy (t)j ajy (t)i .

We shall expand on these methods in chapter 3.



Chapter 3

Switching rates and occupation

probabilities in the bistable regime

In this chapter we will describe how to calculate the rate of switching between

metastable states in the bistable regime of the Duf�ng oscillator using Keldysh �eld

theory. We then compare these rates with numerical results produced by studying

the spectrum of the Liouvillian.

3.1 Keldysh approach

In a frame rotating with the drive the Duf�ng oscillator Hamiltonian is given by

H = da†a+ ca†a†aa+ ie(a† � a) (3.1)

whered is the detuning between the oscillator and the drive frequency,c is the

nonlinearity of the oscillator,e is the drive amplitude and we have taken} = 1. The

rotating wave approximation has been applied in order to neglect counter rotating

terms. If the oscillator is weakly coupled to a Markovian bath, then its density

matrix will evolve according to the Lindblad master equation

¶tr = � i[H; r ] + 2kD[a]r (3.2)

whereD[L]r = Lr L† � 1
2(L†Lr + r L†L) andk is the relaxation rate. If we map

the dynamics of the master equation to that of Keldysh nonequilibrium functional
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integral [75, 76, 77], we get the corresponding action in the forward/backward-time-

�eld basisS=
R

L dt where

L = a�
+ i¶ta+ � a�

� i¶ta� � d(a�
+ a+ � a�

� a� ) � c (a� 2
+ a2

+ � a� 2
� a2

� )

� ik
�
2a+ a�

� � a�
+ a+ � a�

� a�
�

+ ie(a+ + a�
� � a�

+ � a� ): (3.3)

Here� denotes the �elds in the forward and backward time branches. It is con-

venient to introduce the classical and quantum �eld variables which are given by

ac = ( a+ + a� )=
p

2; aq = ( a+ � a� )=
p

2. In this basis the Lagrangian is given by

L = Llin + Lnl; (3.4)

Llin = a�
c(i¶t � d � ik )aq + a�

q(i¶t � d + ik )ac + 2ika�
qaq + i

p
2e(aq � a�

q) (3.5)

Lnl = � c
�
a�

cac + a�
qaq

� �
a�

caq + aca�
q
�

(3.6)

whereLlin andLnl denote the linear and nonlinear components of the Lagrangian

respectively. From this Lagrangian we can obtain the saddle point equations of

motion according to:

¶L
¶a�

q
= 0;

¶L
¶a�

c
= 0: (3.7)

The resulting equations of motion are given by

¶tac =
p

2e� idac � k (ac + 2aq) � ic
�

acjacj2 + 2acjaqj2 + a�
ca2

q

�
; (3.8)

¶taq = kaq � idaq � ic
�

aqjaqj2 + 2jacj2aq + a2
ca�

q

�
: (3.9)

These equations describe the evolution of the system in a 4-dimensional space

spanned by two complex �elds. To obtain the classical equations of motion we

can by settingaq = 0 and simplifying the equation for¶tac to give

¶tac =
p

2e� idac � kac � icacjacj2: (3.10)
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This is equivalent to the mean-�eld equation of motion we have discussed previ-

ously in eq. 2.5. We have now constrained our system to the classical plane and in

the bistable regime there will be three �xed points within this plane. Two of these

points are stable and they correspond to the bright and dim states whereas a third

unstable point lies on the separatrix which divides the plane into the two basins of

attraction of the stables states.

Although the bright and dim states are stable within the classical plane, quan-

tum �uctuations out of the plane can allow rare escape escape events. The trajecto-

ries of these escape events are described by the full equations of motion (3.8). In the

following we �nd it convenient to decompose the variables into real and imaginary

components according to:

ac =
xc + ipcp

2
; aq = �

xq + ipqp
2

:

The dynamics can then be mapped to the following Hamiltonian1:

H =
�

d +
c
2

�
x2

c + p2
c � x2

q � p2
q
�

�
( pcxq � xcpq) � k (xcxq + pcpq)

+ k (x2
q + p2

q) + 2exq: (3.11)

with the equations of motion given by:

�zzzc = ¶zzzqH; �zzzq = � ¶zzzcH (3.12)

wherezzzc = ( xc; pc) andzzzq = ( xq; pq). This process is explained in more detail in

Appendix 3.A. These two quantities can be grouped together intoZZZ = ( zzzc;zzzq).

At �rst we are interested in the steady-state solution of the classical equations

of motion, because this will indicate whether or not we are in the bistable regime.

Let us denote a steady-state solution by the co-ordinates(xc;ss; pc;ss), in terms of

which the cavity amplitude is given bya0 � (xc;ss+ ipc;ss)=
p

2. By rewriting our

parameters in the form̃d = d=k , c̃ = c=k andẽ2 = 2c̃e2=k 2 and absorbing the

1Derived by Changwoo Lee.
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Figure 3.1.1: Fixed points of the classical equations of motion.Within the bistable
regime the classical equations of motion have three �xed points, of which two are stable and
one is unstable. In panelA we plot the boundaries of this regime as a function of the drivee
and detuningd for c=k = � 0:5. We �nd that the bistable regime emerges abovee=k = 0:5
and expands over a wider range of detunings as the drive is increased. In panelsB andC we
plot the amplitude of the �xed points as a function �rst ofe atd=k = 3 and then as a function
of d at e=k = 1:8 i.e. along the dashed black lines indicated in panelA. We can now see
the three �xed points which emerge in the bistable regime. The dim, bright and unstable
states are indicated by the lower (orange), upper (blue) and middle (red) lines respectively.
In panelB we see that the resonator responds linearly to low drives before making a sudden
transition to a high amplitude state at higher drives. We see further evidence of nonlinear
behaviour when we plot the response as a function ofd in panelC. Instead of displaying a
Lorentzian response function typical of linear oscillators, we see a highly asymmetric peak
which has shifted from the natural resonance frequency of the oscillator (d = 0). Finally, in
panelD we plot the Wigner function obtained from the steady-state of the Lindblad master
equation atd=k = 3 ande=k = 1:8. There are two clear peaks, which correspond to the
bright and dim states, and we compare them with the classical �xed points, marked by
crosses. We see good agreement, indicating that the mean-�eld approximation is valid in
this regime.
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