ND'O11MIIN
17'N" 12

DEPARTMENT OF PHYSICS

THESIS FOR M.SC DEGREE

Detecting tiny magnetic field by a tunable
SNAIL

J11007 9210 570 DY YT VI 7TW NN

August 13, 2022

Student: Supervisor:
Zeyu WANG (EG4547209) Dr. Michael STERN



Abstract

The detection and characterization of tiny magnetic fields is nowadays an essential tool in biology, chem-
istry and material science. Recently, there has been an intense experimental effort to improve various
techniques in order to detect and measure the magnetic field produced by a small number of nanoparticles.
The objective of this research is to develop a new experimental technique that will allow the dispersive
detection of magnetic field with unprecedented signal to noise ratio. This technique relies on a nonlinear
3 element called SNAIL which is made tunable by introducing a symmetric SQUID in replacement of

its a junction.
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1 Background

1.1 Challenge for detecting a single spin

The detection and characterization of small magnetic fields is nowadays an essential tool used in biology,
chemistry and material science. Recently, there has been an intense experimental effort to improve various
techniques in order to detect and measure the magnetic field generated by a small number of magnetic
nanoparticles. A well-known technique consists of measuring the flux generated by these nanomagnets
across a superconducting circuit. In order to understand the limitations of this experimental technique,
we will first calculate the magnetic flux created by a magnetic dipole M through the superconducting
loop shown in Fig.1(a). The vector potential created by such a dipole is given by A= Z—f{]\] X TL; . Itis
possible to calculate the flux of the magnetic dipole ®,4 through the circuit by Stokes’ theorem:
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Assuming that the wire forming the loop are thin enough , we obtain:

d = - ~
4md 2 2 2 2md d
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where L is the diameter of the superconducting loop and d its distance to the nanomagnet. For a
single electron spin (M = pupg) situated at a distance d=20 nm we get 4 ~ 50 n®q. In the following, we
will show that this value is much smaller than the typical noise (= 1 u®q at 1 Hz) of superconducting

loops which explains why the detection of a single electron spin is so hard.
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Figure 1: (a) Schematic picture showing a magnetic dipole M positioned at a distance d below a SQUID.
(b) The equivalent electrical circuit of a DC-SQUID.

1.2 The DC SQUID

One of the most popular and established way to measure weak magnetic fields is to use a device called
DC SQUIDIL, 2]. This device (shown in Fig.1(b)) is formed by two Josephson junctions in parallel with
a resistor R. During the measurement, a bias current I which value is set above the critical current of
the junctions (I.;+ I.2) is applied on the circuit. The external magnetic field threading the SQUID loop
d.,: is measured by the voltage difference V at the terminals of the resistor R. In the following, we will

briefly explain the functioning of this device and its limitations.



1.2.1 Functioning of a DC SQUID

In order to understand the functioning of the circuit, we write the conservation of current at node A (see
in Fig.1(b))

. . Vv
Iy = Iy sin [p1] 4 o sin [po] + =

In this equation, ¢1 (resp.ps) is the superconducting phase difference across the Josephson junction
with critical current Iy (resp. I.2) and V is the voltage difference across the resistor. Using Maxwell-
Faraday equation P = I %—? dS = — $ E-dl , integrating over time and taking into account the second
Josephson relation V= ¢y, we obtain a relation between the phases 1, @2 and the external magnetic

flux ®.p4:

_ q)ewt
$1— P2 =
%o
where ¢y = % is the reduced magnetic flux quantum. In a balanced SQUID where the two junctions

have identical critical currents I.; = I.o = I, the bias current I, can therefore be rewritten as:

(I)EI . V
I, = 21, cos [2905} sin [901 ;_@2} + =

By introducing § = (1 + @2) /2, we get :

Iy = I.(®eyy) sind + ‘%5

where I.(®eyt) = 21, cos {%] . By integrating this differential equation over a period, we get:

0

T 27
¥0
dt :/ - do
/0 o R(Ip—I.(Peyt)sing)

2mpo
R Ig — I2(Dpypy)

The period T of the current flowing in the Josephson junction being related to the DC voltage at its
terminals by V/po = 27 /T, we obtain:

P
V =R\[I} — I2(Peyr) = R\/Ig — 212 (1 + cos (;Zt)

This equation shows that the DC voltage on the SQUID is a periodic function of the external flux

eyt of period 27mpg. In the vicinity of @eri/po = § and when bias current is slightly above the critical
current of the junctions (I, > 21.), the behavior of the DC SQUID voltage is almost linear as a function

of the external flux. The value of the flux-to-voltage coefficient is simply given by

v LR

Vo = ~
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1.2.2 Noise limitations

Thermal noise One of the limiting factors of DC SQUID for detecting tiny magnetic flux are thermal
fluctuations of the charge carriers inside the resistor R. Such noise -known as Johnson Nyquist noise- has

an almost white spectral density and depends linearly on temperature

Sv(f)=4ksTR

By using the flux to voltage transfer coefficient Vg, we get the flux noise’s spectral density due to

thermal fluctuations:
SkBT(p%

IZR
For the typical values R=162, I. =1 pA and T = 4 K, we obtain a standard deviation of 3.35 u®q

when averaging over a bandwidth of 1 Hz. To increase further the signal to noise ratio (50n®/3.35u®Pq ~

1

Sa(f) = Sv(f)/Va

0.015) of this measurement, one can try to reduce the temperature. Yet, this method cannot hold all
the way to T = 0 due to quantum corrections, which hinder the increase of sensitivity with temperature.
The temperature dependence of S¢(f) was studied by Wellstood and coworkers in the 1990s [3, 4] by
cooling SQUID to mK temperatures. It was found that the thermal noise falls linearly with temperature
down to T' ~ 150 mK . Beyond this point, the power spectrum S¢(f) was found to be limited by another

source of noise.

1/f noise Many experiments on SQUIDs [5, 4] have shown that an extra- flux noise which does not

depend on temperature below 150 mK is always present and has a spectral density:

SEiere(f) = A%/ f

One possible origin of this noise are random fluctuations of spins in the vicinity or at the surface
of the SQUID loop [5]. These spins may be located in the thin oxide formed at the surface of the
superconductor or inside the Josephson junctions themselves. In the following, we will try to explain
briefly this phenomenon. Let’s consider a large ensemble of spins situated in the close vicinity of the
SQUID loop. Each spin can flip between its ground and excited state with a rate v, and modify the flux
threading the SQUID loop by §®,,. Assuming that the spin flips are independent, the total flux power
spectrum created by these spin flips is given byl[6, 7]:

279007

Sgll‘CTO(f) — EnSn = Z 74772]02 T 72

n
When the number of spins is large enough, one can introduce a density of spins with a given flipping
rate and consider in a first approximation that this density is uniformly distributed between ~; and s

with probability p(v), the spectral density could be written as the integral:

1

spere(n) = [

Y2

2yp(7) 02(N)I°
AT f2 4 42

1
Assuming that integrating coefficient A% = Z'yp(v) [6@(7)]2 is independent of flipping rate v and
7/ << ,y/f > 1, we get



siero(f) = 27:;2 {arctan <’?> — arctan <’}1>} R~ f;

The amplitude of A is found empirically and depends on the SQUID geometry [5]. It is typically in
the range of 2—3u®g[8, 9, 10]. and therefore much higher than the signal of a single spin in the condition
described herein above. In order to reduce the effect of the 1/f noise and detect the spin signal, one
can modulate it at frequency f,, and use lock in demodulation techniques to remove efficiently the noise.

With such a technique, the bare SNR of a single spin is then given by:

fm+1/7— (I)
SNR = 50 ndp/ S(f)df = 502 O/ fmt ~ 0.5
fm

Assuming f,, = 1K Hz and the measurement time 7 = 1s.
In practice, the SNR of such a measurement is often reduced by the white noise of the amplifiers used

to increase the amplitude of the signal and is given by:

SNR — 50%‘1)0~Vq> _ 5071‘1)0\/77'
V2 A? N 4kpTR, A2 8kpTRop}
T T fm I2R?

Assuming that one uses a cryogenic state of the art HEMT amplifier with a noise temperature of
T = 4 K and input impedance of Ry = 50 2, we get SNR ~ 0.002/v/ Hz which is far below our

requirements.

1.3 SQUID-embedded CPW Resonator

Moreover, the continuous dissipation in the shunt resistor will produce local heating and a backaction
that can potentially induce relaxation and decoherence of a nanoscale magnet. It is possible to eliminate
such dissipation by using an unshunted SQUID embedded into a coplanar waveguide (CPW) resonator
(see in Fig.2(a)) [11, 12, 13].

As for DC SQUID, our magnetometer consists of two elements: a flux to microwave signal transducer
and a subsequent amplifier. The transducer is a coplanar waveguide resonator intersected at its midpoint
by a SQUID. The SQUID acts as a flux dependent inductor. Thus an input signal threading the SQUID
loop will result in a variation of the resonance frequency of the resonator. In the following, we will

describe the functioning of this device and its limitations.

1.3.1 Functioning

As discussed in section 1.2.1, the SQUID behaves as a single junction with tunable critical current
Io(Pegt) = I(Peyt) = 21, cos [%} When the current fluctuations of the resonator are low compared
to the critical current of the SQUID , the SQUID behaves as a flux-tunable inductor with an inductance

$0
(I)e:rt

2¢0

LJ((I)eact) =
COS

21,
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Figure 2: (a) Schematic picture showing SQUID-embedded CPW magnetometer detecting the modulated
flux signal at frequency ws. The applied magnetic flux (blue arrows) modulate the frequency of CPW
resonator and the amplitude of the modulation is detected as a certain shift in the frequency of a
microwave drive signal (red arrows) reflected from the device. (b) Equivalent circuits of SQUID-embedded
CPW resonator.

In practice, a SQUID has always a small level of asymmetry between the two junctions (I.; =
(1+d)I., I =(1—d)I.de (0,1)), therefore the inductance will be described as:

%0
2IC\/1+d2+(17d2;(305[¢'czt/900]

LJ((I)ert) =

Inserting this inductor in the middle of a I = A\/2 CPW resonator changes its resonance frequency
from wy (without SQUID) to w;(Peyt). To determine the frequency shift, we can split the SQUID into two
series inductors L ;/2(shown in Fig.2(b)), the voltage at the middle point in-between the two inductors
should be zero due to symmetry. Thus, the resonance frequency w,(®..:) is equal to that of a \/4
resonator shortcut to ground by an impedance Zj, = iL j(®p)w/2. Now the input impedance seen from

the coupling capacitor is given by:

Z1, +iZy tan [Bl/2)

Zin = 7
0z +iZy, tan [BL)2]

where 8 = w,/+/L;C; is the propagation constant in the CPW. Taking into account that when
tan [81/2] = —1/tan [r(w, — w1)/2w1], the resonance frequency is a pole of this input impedance and is

therefore given by the equation

ﬂ-(wr(q)e:rt) - W1) + LJ((I)emt)wr(@emt)

=0
2w1 2

Zp tan

Expanding to the first order the tangent terms, we can obtain the expression of resonance frequency
(Shown in Fig.3(a) with I. = 15 A, Zy = 50Q and f; = 3.75 GHz).

2o /w1 _ bil
! 7TZO/WI + LJ<(bewt) 1 + 6((I)ewt)

fr(q)emt) ~ f
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Figure 3: Using a SQUID-embedded CPW to detect magnetic field. (a) Frequency of the CPW resonator
vs the DC magnetic flux threading the SQUID loop. The SQUID asymmetry is chosen to be d = 0 (in
blue) or d = 0.02 (in red). (b) Quality factor of CPW resonator vs the magnetic field threading the loop
of the SQUID. (c) Sensitivity of the resonance frequency (Aw,./k) to a flux of 50 n®q. (d) Signal to noise
ratio (SNR) for a single photon in the resonator (ii=1) in presence of a cold HEMT amplifier with a noise
temperature of 4K (in red) or in presence of a parametric Josephson amplifier with a noise temperature

of 150 mK (in green).

1.3.2 Limitations

Quality factor In the vicinity of ®4/2 the effective critical current I.(®.,:) becomes very small, thus
the non-linear component of L; (shown in Fig.2(b)) cannot be neglected and induces Kerr non linearity.
When I.(®e.t) becomes the same order small as the fluctuations of the current inside of the resonator,
these fluctuations will induce a inhomogeneous broadening of the resonance dw;(®.,+) which can be

represented by the equivalent inhomogeneous quality factor Q;pp:

_ B §w,,(<1>em) _ 2Wr((bezt) ? %0 -
anlh(@) B wr((beact) T (WZO[l + 2€(¢)ext)]) 8I§(¢)ext)5E

where the standard deviation of the resonator energy §E is given by



OF = dnhw, = vVnhw,

where 7 is the average number of photons in the resonator. This yields the total quality factor (shown
in Fig.3(b)):

Q((I)ext) = [Q;l + Qi_nlh(q)ext)]il

Therefore, the number of photons in the resonator should always be small if one wishes to avoid
inhomogeneous effect linked to Kerr non linearity. Typically, the coupling quality factor Q. is chosen
to be high (10*) to improve the magnetic flux detection. The sensitivity of the resonance frequency in
response to the external flux shift (50 n®q) is approaching maximum when the external flux is close
to 0.495 @y (shown in Fig.3(c)). The measured reflected signal amplitude is given by Input Output
Theory[14, 15].

Ke — Kinh + QZ(UJ - wr)

out = Ke + Kinh — 2i(w — wy) in
. Aoyt 2 16Aw? k2 16 Aw? K2
Signal = ’ Gin Py, = [4Aw2 + H;]RQ in~ P =Pip

In order to decrease the influence of the SQUID’s Kerr non-linearity, the input power P;,, = ith K27/ ke
is always limited to a very low value. The signal to noise ratio with a HEMT amplifier can only approach
0.2/ VHz when the average photon number in the resonator is typically chosen to be 1. Even using a
parametric Josephson amplifier to decrease the thermal noise, one can improve the SNR by a factor of 4

but still be far away from the requirements of detecting few spins.

Bifurcation In addition, the Kerr non linearity gives rise to a phenomenon of bistability of the SQUID-
embedded CPW Resonator. In the following, we will briefly analyze the appearance of the bifurcation
phenomena in our circuit by using an equivalent RLC model (shown in Fig.4(a)) which is formed by
a capacitor Cy = g% in parallel with a resistor R, = %QZO and with a flux dependent inductor
Li=L.,+Lj;= gf—;’ + %, driven by a current source I(t) = I,,, cos(wmt). The equation of motion

of this circuit can be written as[16]

I 5 1.
1% cos(wpt) = ] + mcS + sind

where § now represents the phase across SQUID and the renormalized resonance frequency of the

circuit is given by w, = /1/L;C, = ﬁ
Give an ansatz that §(t) = A cos(wm,t + ¢), we obtain:

Q
—AQ? cos(wmt + @) — éA sin(wpt + ) + sin[A cos(wmt + ¢)] = ncos(wmt)

where reduced driving amplitude n = I,,, /Iy and reduced frequency Q = w,, /wo.
Using Bessel expansion sin(z cos(y)) = =2, (—1)"Jan—1(x) cos[(2n — 1)y], we get:



—AQ? cos(p) — %A sin(p) 4 2J1(A) cos(p) =1

AQ?sin(p) — %A cos(p) — 2J1(A)sin(p) =0

Thus, the stationary solution should obey:

= (21(A) — A0%)° + (8)2A2 = ((1 —Q2) - Az>2 + (Q)2A2

8 Q
-3
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Figure 4: (a) Equivalent RLC circuits of SQUID-embedded CPW resonator. (b) Steady-state solutions
of motion equation as a function of the drive n? = I2,/I2 for different reduced frequency Q = w,y,/wo
while @ is typically chosen to be 10000. (¢) The maximal number of photons 7 stored at bifurcation
versus external magnetic flux.

The resonator’s quality factor Q is typically chosen to be 10000. Depending on the (7, 2) parameter
range, the above equation has 1 or 3 solutions. The bifurcation point happens when dn?/dA? = 0 and

d*(n?)/d(A%)? = 0. At this point, the number of photons 7 stored inside the resonator is limited at

2
Pin

o,

2Vk

"= Kk —2i(w1 — wy)

where Py, = I2,Zy = 0?12 Zy.

10



2 Methodology

In order to improve the signal to noise ratio of detecting an essemble of few spins, one can pump the
resonator strongly to increase the number of photons stored inside. However, as mentioned earlier this
will affect the quality factor via the Kerr non-linearity (¢*). Here we propose to replace the SQUID by a
tunable Superconducting Nonlinear Asymmetric Inductive eLement (SNAIL)[17] which can be considered

as a pure ¢> nonlinear element.

2.1 Description of the SNAIL

The ’standard’ non-tunable SNAIL [17, 18] consists of a superconducting loop threaded by an external
magnetic flux ®.,; and intersected by four Josephson junctions (shown in Fig.5(a)). Among these junc-
tions, one is smaller than the others by a factor . The proposed circuit has an inductive energy which

is similar to the one of superconducting flux qubit[19, 20, 9, 10] :

3
UsNatL = — Z Ejcos(pi) — aEjcos(pa)
=1

0.5
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Figure 5: (a) Circuit diagram of a Superconducting Nonlinear Asymmetric Inductive eLement (SNAIL).
The SNAIL is a superconducting loop threaded by a magnetic flux ®.,,;and intersected by four Josephson
junctions, one of which being smaller than the others by a factor . (b) Third order non linearity cs
versus « and ®.,;. The red line represents the points where the fourth order non linearity ¢4 is equal
to zero. (c) Cross-section representing cz vs @, at @ = 0.29. (d) Cross section representing c3 vs « at
P.r = 0.41.
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where F; = I.po is unitary junction’s Josephson energy andy; the phase difference across each
junction. The loop condition Z§=1 Vi + Yo — Yezt = 0 and the fact that Ejy > % and Cy < C; (where
C'y is the capacitance of the junction and Cj is the capacitance to the ground) makes it possible to reduce

the number of degrees of freedom and write Usyary, as :

UsnaL = —ak; cos(p) — 3E cos (SDEHS_SO)

The main difference between a SNAIL and a flux qubit is the choice of the parameter a.In a flux
qubit, « is chosen such that the potential has two degenerated minima while in a SNAIL, one chooses «
such that there is always one single minimum in the potential energy. The position of the minimum is

given by solving the partial differential equations:

Pext — (pmzn) -0

0oUsN ATL(Ymin) = s sin(@min) — Ejsin ( 3

The Taylor expansions of SNAIL’s potential close to this point is given by:

= 1 8mUS A min m
Usnarr = Usnarn(@min) + Z oo N&;:@(SO )(90 ~ Pmin)
m=1 ’

Introducing ¢ = ¢ — @min, we get the effective potential:

Uet(3)/Ey = c28° + c30° + ca@” + -+

And
1 Pext — Pmin
ca = | acos(omin) + - cos | —————— | | /2
3 3
1 ext — ¥min
ey = (—a sin(@min) + g sin (W)) /6

1 ext — ¥Fmin
c4 = (a cos(Pmin) — 37 cos (W)) /24

One can then choose a set of parameters o and ®¢,¢, where c3 # 0 and thus without Kerr effect up

to sixth order.

2.2 Tunable SNAIL

In this work, we replace the small junction of the SNAIL with a symmetric SQUID which functions as
a flux dependent Josephson junction. The external magnetic flux @zt snqir and Pegt, squia are threading
through the loops of SNAIL and SQUID respectively (shown in Fig.6). The potential energy of the
system is given by:

Pext,snail — P
3

Usnatt, = —E squid,1 €08(9) — EJ squid,2 0S(@ + Pext,squid) — 3E 1 snait COS (

12
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EJ,snail,l EJ,snail,2

E .

J,snail

X Xt X
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}

Figure 6: Circuit diagram for a tunable SNAIL consists of 3 unitary Josephson junctions and a SQUID.

As discussed in section 1.3.1, a SQUID always has a small level of asymmetry between the two

junctions, therefore the potential will be described as:

1 + d2 + (1 B d2> COS(SDe:Et,squid)
2

UsnatL = _QEJ,squid\/ 3

cos (¢ + 8) = 3E 1 snail O (gpm’mil —~ w)
_ Pext,squid Pext,squid * .
where § = ————— + arctan ( dtan —s )) Note ¢* = ¢ + J, we can see that the potential has

the form as above:

1+ d? + (1 — d?) cos(@eat,squid)
2

UsnatL = 2EJ,squid\/

Y St
cos (¢*) — 3E  snai1 COS <<pezt’5"“” to-® )

3

2.3 SNAIL-embedded CPW Resonators

2.3.1 Lagrangian formulation and linearization

Figure 7 represents the equivalent circuit diagram of A/2 CPW resonator with a SNAIL inserted at
position x5/ = 0.166 of the center conductor. We note C; and L; capacitance and inductance per unit

length respectively. The current I(x,t) and voltage V (z,t) inside CPW are given by:

V (z,t) = 0,P(x,t)

I(z,t)= Lilaxé(gc,t)

where ®(z,t) is the generalized flux at the position x of the CPW.

13
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Figure 7: Discretized representation of a one port CPW resonator and with a SNAIL interrupting the
center conductor at position z; .

The Lagrangian of the system can be written as::

1/ 1/ 1
L= 5/ (CiV? = LiI?) dx — Usnarn = 5/ (Cl(at‘P(l‘,t))Q I (837‘1’(%15))2) dr —UsnarL
0 0

where the potential of the SNAIL is

UsnarL = E; Y Coug™

m>2

The phase difference across the SNAIL is given by

¢ =[o(x],t) — (7, 1)] /0

It’s useful to extract the SNAIL’s quadratic energy term functioning as a linear inductance Ly threaded

with flux ¢g¢ while other higher order terms treated as a nonlinear potential[21]:

L:LCP SDO(P E Zcmga LL*UNL(QD)

m>3

2.3.2 Normal modes decomposition

In order to analyze the normal modes stored in such linearized resonator, we first derive the Euler-

Lagrange equation of motions

> 0 { a@xt)}}_a@a(it):

v=x,t

Away from the SNAIL and the resonator ports, the motion equation obeys the standard wave equation

‘i;(x, t) = 120, ®(x, 1)

where v = 1/4/L;C} is the light speed through the CPW. It’s effective to decompose the flux ®(z,t)

into an infinite number of stationary wave modes with ®,,(¢) oscillating at the mode frequency wyy,.

14



And the mode basis function u,,(z) obeys general trigonometric form with wave vector kyy,:

STy

Ay cos(bmx + ;)

@ °s
Um (x) =
By, cos [k (x — ) + 5] xF

r<T
<z </

The phases of the CPW’s ends are determined by the boundary current condition 9,%®(x,t)/L;
0 (x = 0,1). And the two capacitors on both ends can be viewed to a first approximation as perfect

mirrors for the voltage waves while the CPW now forms as a cavity. Thus

i =0 py=mm

Moreover, the current among the SNAIL still requires a continuum, which leads to

_ pop

+
t
x7,t) I.

1 1
7 Yz sHt)= 78‘1:@

Hence, the ratio between A,, and B, meets the first equality of above equation

B _ sin(k,,xs)
A sin [k, (s — £) + m7]

The eigenvalue equation for the wave vectork,, is numerically derived by inserting the second equality

'VYLLS
kL = cot(kmaxs) — cot [kn (x5 — £) + mm]
!

Un()/V/2

0.7 0.8 0.9

0.2 0.3 0.4 0.6
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x/l

Figure 8: Typical diagram of the first three normal modes of a CPW resonator with a SNAIL at x5 = /2.
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Figure 8 typically presents the distribution of first three modes in the CPW with a SNAIL inserted in
the middle. The odd modes’ phases behave saltations at SNAIL’s position while the even modes maintain
continuum due to symmetry. It’s possible for us to reach the proposed coupling for particular modes by
modulating the position of the SNAIL.

Finally, the normalization parameter A,, is set by introducing the inner product of orthogonal mode

l
(U = Up) = / Crtim () up (z)dz = Cidmn
0

and Cy = fé Cidx is the total capacitance. Similarly, we could define the inner product of modes’

derivatives as they are required to obey orthogonality conditions:

l
B Ozl () Oyt () At Aty Omn
(Ortim - Otn) _/ L do + L, Ly,

where Aty = Uy, (z]) — up(x]) relates to the mode amplitude difference across the SNAIL. Thus
we define the effective inductance of the resonator’s mth mode as well as take into account the SNAIL

inductance effect. The full expression of the linearized Lagrangian is given by

Cp., @2
Lp=S 212 - —m
L ;2 m oL

2.3.3 Quantization of the Hamiltonian

Following the last section, we yield the system’s Hamiltonian through Legendre transformation

H= Z@ ——L Z?Ct (%)

m

And in terms of the decomposed mode, the nonlinear potential takes the form

UNL EJZC ( ) :EJZ%<Z(PI€AUI€>
0 k

m>3 m>3

To deal with the term Awu # 0, it’s convenient to introduce the rescaled conjugate variables ¢,, =

D, Auy, and g, = Qun/Atyy,. In this expression, the new Hamiltonian could be written as

2
i = Z(z()/ 2L'>+UNLZ¢’"

while L/, = L, AuZ, and C/ = C;/Au?, which obeys the same mode frequency. Quantize the

Hamiltonian by introducing the creation and annihilation operators (a} , ,,) in mth mode:

R I R R R hC! wm, .
Gm = m(am + ain) Gm =1 2L (ain — Qm)

Thus, we can rewrite the linearized Hamiltonian in the form of harmonic oscillators:

X 1
HL = Zhwm (djn&m + 2)
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and the nonlinear potential with the term

m

Chm, ho, t
Unr =E; Z — [; 2o (ar +ay,)

m>3 %o

2.4 Simulation

Here, we compare the two different techniques described herein above i.e.SQUID-embedded CPW res-
onator versus tunable SNAIL-embedded CPW resonator. The dynamics of both systems can be well

described by using Langevin equation of motion:

G4 = —iwia — %a + VEalin(t)

where a is the intra-resonator mean field of the first mode, k, is the related loss rate and a;,(t) is

corresponding to the input power P, (t) = Pj,coswn,t. By substituting the ansatz a(t) = ae~*“n? into

our equation of motion , we get:

. . Ka
— Wy 0 = —1W1O — 704 + VKa

Pin
T,

This yields the amplitude of the intra-resonator mean field as:

2\/:‘@1 Pz

a“= Ko — 26(wm —w1) V Fuwp,

The output signal will approach the maximum when the drive frequency is tuned at the resonance
frequency w,, = wi. By introducing a time dependent flux inside the SNAIL, the resonance frequency
shifts to:

w1 = wi + f(A,wqg,t)

where w] is resonance frequency with the DC bias magnetic flux, A is the intensity of the AC flux
and wy is the oscillating frequency.

Thus, we can get the power spectrum of a from numerical simulation (codes shown in Appendix):

a = ap(wy) + 0a(A,wq)

And the signal to noise ratio is given by:

2|60 \/Fmawf 0al?
SNR={\| ———— ={\| ————+—
\/nThermal 8'ZCszj
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Figure 9: The blue curve shows the distribution of the the first mode of SQUID-embedded resonator
with versus frequency away from the resonance (7 = 1). And the red curve shows the distribution of the
the first mode of SNAIL-embedded resonator versus frequency away from the resonance (7 = 100). The
parameters are typically set as : wj =27 %3.391 GHz, wg =2+« 1 kHz, A =50n®, and ¢ = 10000.

As discussed in section 1.3.2; the bifurcation point will limit the number of photons stored inside
the resonator (7 < 100). Finally, we get the SNR of the SQUID-embedded resonator with respect to
the thermal noise of Josephson parametric amplifier (150 mK) around 0.85/v/Hz. The Tunable SNATL-
embedded resonator can theoretically improve by two orders of magnitude the SNR up to 63.31/ VHz
even if one uses an HEMT amplifier (4 K).
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3 Design and Fabrication

In this section, we will introduce the design of the Tunable SNAIL-embedded CPW resonator and its
fabrication process step by step. The designs of the CPW resonator and the SNAIL are shown in Fig.10(a)
and Fig.11(b) respectively. This CPW resonator is fabricated by evaporation of a superconducting
aluminum layer on a silicon substrate while the SNAIL is fabricated by 2-angle evaporation of aluminum
in the middle of the CPW.

3.1 Design of the CPW resonator

The coplanar waveguide is formed by a central conductor with ground planes on both sides and ended
by two open circuit terminations. Its designed parameters are chosen to be: f. =3.75 GHz, Zy = 50 Q

and ) ~ 40000, which fix the dimensions of each component as follows.

3.1.1 Characteristic Impedance

The usual impendance of the coaxial cables is usually chosen to be 50€2, which is a good trade-off bewteen
the maximum power transfer and minimum losses. We match the characteristic impedance of the CPW
to the incoming SMA cable impedance (Zy = 502) by properly designing the CPW ratio w/d = 2 (see in
Fig.10(b)) where w is the width of the central conductor and d is the gap between the central conductor

and the ground planes:

607
ff(;f) N K (V1-k?)

And the effective dielectric constant eqg of the electromagnetic field transferring along the CPW is

Zepw =

Eeff

given by:

Eoff (1 —|—Er)/2

where coefficients k = w/(w + 2d), ki = tanh (52) /tanh (T*32%) and K is the complete elliptic
integral of the first kind[22].

The thickness of our silicon substrate h is 0.3mm (h > w, d) and its dielectric constant is €, g; = 11.9.
Therefore, in order to get Zopw =50 2, the ratio w/d should be around 2. In our current design, the

width of the central conductor is chosen to be 10 um and the gap d is 5 ym(see in Fig.10(c)).

3.1.2 Resonance frequency

The initial resonance frequency of the CPW resonator without SNAIL is aimed to be set at 3.75 GHz
which meets operating range of the circuit element (2-4 GHz). As a consequence from last paragraph, the
light velocity in the waveguide is ¢ = ¢/ /et & 1.17 x 103 m/s. We know that the resonator is defined as
a \/2 segment of a transmission line and the frequency of its first mode is f, = ¢/2L. Thus, the length

of the CPW between the two coupling capacities is given by L = ¢/2f, ~ 15.6 mm.
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Figure 10: (a) Design of the 3.75 GHz tunable SNAIL Resonator. A flux line allows the local application
of a flux in the SQUID loop. (b) Sectional view of a coplanar waveguide with ground planes. The
thickness of the substrate h is much larger than the width of the central conductor w and the gap d
between the central conductor and the ground. (c) Zoom on the coupling capacitor and on CPW line,
the geometry w/d is chosen to be 2. (d) Equivalent circuit used to calculate the quality factor of the
resonator.

3.1.3 Quality Factor

The quality factor of the resonator is determined by the transmission coefficient through the open cir-
cuit terminations. Consider an incoming wave traveling through this transmission line with a step in
impedance from Zjcfito Zrigne, a portion of the wave will be reflected back with a reflection cofficient
R. Due to the continuity of wave transition through termination, the amplitude of transmission wave is
therefore given by 1+ R. And the sum of the power in the reflected and transmitted waves should remain

unchanged:

1 R? +(1+R)2
Zleft Zleft Zright

The reflection coefficient of the wave is solved by:

1
_ Zright — Zleft _ Zo — (ZO + jwrCc) _ 1
Zright + Zleft ZO + (ZO + jwlc ) 2jCCwTZ0 +1

Since our resonator has a high quality factor, the transmission coefficient T = 1 — |R|* < 1 is:

1

Tele—
1 +4C2w222

~ 402w 72

The quality factor due to the capacitor on both sides are given by Q;/, = 7%—’; ,and the total quality
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Figure 11: (a) The amplitude of simulated signal asignqe versus the Josephson energy of the unitary
junctions Ej gnqa and of the SQUID’s junctions Ejsquid. (b) Ebeam lithography design of the SNAIL
with Ejsnea = 2000 GHz and Ejsquia = 300 GHz. The pink shaded area is proposed to be exposed
with less time which creates the undercut below the ebeam mask.

factor of the system is given by:

L1, 14k
Q Ql Qr m
while C.; = C., .The quality factor of the resonator is designed to be @ = 40000, therefore we obtain
a coupling capacitor C,
T 1

Ce=/1n
) 4Q WTZO

~ 3.8fF

The dimensions of the coupling capacitor have been calculated with by Sonnet (an electromagnetic
simulating software). According to Sonnet, two pads of 50 pmwidth separated by a 10 umgap (see in
Fig.10(c)) give rise to a coupling capacitor C. = 3.8 {F.

3.2 Design of the Tunable SNAIL

According to the simulation results shown in Fig.11(a), a good choice for the Josephson energies of the
SNAIL unitary junctions Ej snqea is 300 GHz (corresponding to a critical current of ~ 600 nA) and for
the symmetric SQUID’s junctions Ej squiq is 2000 GH z (corresponding to a critical current of ~ 4 uA).

Their resistance can be extracted by using Ambegaokar-Baratoff formula[23]:

_ A
“ 2R

where A =~ 210 peV is the superconducting gap of a thin layer of aluminum with thickness 30nm at
4K [24].
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The product of the resistance and the areas of the aluminum junction fabricated on the silicon is
typically given by R * Sjun = 250 * pm?. Thus, the area of the two kinds of junctions is extracted
by 0.0495 pum? and 0.3301 um?. These junctions will be fabricated by 2 angle evaporation and the
displacement is chosen to be 400 nm and results in a 200 nm width overlap, thus their length are given

by 0.248 ym and 1.65 um respectively.

3.3 Fabrication of the tunable SNAIL-embedded Resonator

In the following tables, we will present the different steps of the fabrication process of the tunable SNAIL-
embedded resonator.

3.3.1 Dicing - cut the wafer to square

For convenience, we first dice the 2 inch silicon wafer into coupons before further process. The coupon’s

size is chosen to be 1 inch square and each one will contain 14 samples with dimensions 10mm x 3mm.

’ Step # ‘ Process Name Process Content
Photo-resist AZ1512 500rpm 5s, 5000rpm 60s, 6000rpm 2s
1 Spin Coating Hot plate, 100°C 1min
Re-coat as before and bake at 100°C' 5mins
Dicing Front dicing in three steps, every step remove 140um
Cleaning Piranha acid 10mins, water, IPA, Ny Blow-dry

3.3.2 Alignment marks

The SNAIL is aimed to be inserted in the middle of the CPW, thus alignment marks are needed to help
align the SNAIL with the resonator. We choose Niobium marks due to their good visibility under electron

beam and their resistance to the Piranha acid cleaning.

’ Step # ‘ Process Name Process Content
1 Evaporation 130nm Nb layer evaporated on silicon substrate.
2 Prebake Hot plate, 180°C' 2mins
3 Spinning Resist Photo-resist AZ1512 500 rpm 5s, 5000 rpm 60s, 6000 rpm 2s
4 Soft Bake Hot plate, 100°C 1min
5 UV Lithography Dose 25, Defoc 0, CD -200 -200
6 Development AZ726 90s, water 30s+
7 Microscope See whether MLA is good, if not repeat
8 Hard bake Hot plate, 120°C' 5mins
Stick the sample in the middle of the wafer

9 Reactive Ion Etch Focus the laser on the Nb

Al BCI1_CI etch, stop before all the Nb be eaten
10 HF Etch HF acid 30mins, water, IPA, Ny Blow-dry
11 Cleaning Piranha acid 10mins, water, IPA; Ny Blow-dry

22



3.3.3 UV Lithography

After fabricating the aliment marks, we begin to fabricate the CPW resonator by UV lithography. The
fabrication of the resonator is done by using Al-etchant to remove an evaporated 150 nm layer of aluminum

according to a photoresist mask.

’ Step # ‘ Process Name About the process

1 Evaporation 150nm Aluminum layer evaporation
2 Heating Hot plate, 180°C 2mins
3 Spinning resist Photo-resist AZ1505, 500rpm 2s, 5000rpm 60s, 6000rpm 2s
4 Soft bake Hot plate, 80°C' 5mins
5 UV lithography | MLA150, Dose=22 [m.J/cm?], inversion on, CD -600, Defocus -2
6 Development AZ726 45s, Water 45s, No Blow Dry 45s
7 Microscope See whether MLA is good, if not, repeat
8 Hard bake Hot plate, 120°C' 5mins

. Wait Al etching until see homogeneous by eyes, 1min more
9 Etching -

Water 90s, AZ726 1min, Water 90s, Ny Blow Dry 90s

10 Cleaning NMP, 85°C' over night, Water, IPA, N5 Blow Dry
11 Microscope Check the sample for unwanted shorts or resist particles remained

3.3.4 Tri-layer protocol

The fabrication of the SNAIL is made by a so-called Tri-layer protocol[25]. A germanium mask is created
by Ebeam lithography and subsequent SF6 etching. The advantage of this technique is that the mask is

rigid, evacuates efficiently the charges and is robust to cleaning by oxygen ashing.

’ Step # ‘ Process Name About the process

1 Heating Hot plate, 180°C, 5 ~ 10mins

MAA 8.5 EL7, use syringe filters, 500rpm 2s, 2000rpm 60s
2 Spin Coating Hot plate, 180°C 1 min

Re-coat as before and bake at 180°Cfor 15mins
3 Evaporation 60nm Ge layer
4 Spinning resist CSAR resist, use syringe filters, 500rpm 2s, 4500rpm 60s
5 Post bake Hot plate, 100°C' 5mins
6 Ebeam lithography | Dose=666[uC/cm?], 30pA for real design, 250pA for big pads
7 Development IPA:MIBK 4mins, IPA 1min
SF6 slow recipe, use a second sample for calibration
8 RIE Record the time of Etch
Wait more 80% of the time (up to 200%)

9 Development IPA:MIBK 90s, IPA 90s, N, Blow Dry
10 Plasma Etching O3 + N5 ashing 50% 3mins
11 AFM Measure the step height H (Ge+MAA), usually 660 + 20nm
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3.3.5 Cold Evaporation

Before the evaporation, we first need to calculate the evaporation angle +6 relative to the sample axis. As
mentioned earlier, the displacement between 2 evaporation layers is chosen to be 400nm, the evaporation
angle is therefore given by 6 = arctan(200nm/H). The Ion milling step removes the oxide layer from the
central conductor of the resonator in order to establish a good galvanic contact between the SNAIL and

the central conductor of the resonator.

’ Step # ‘ Process Name ‘ About the process
1 Ton milling 25° bs, —25° bs
2 Cool down Liquid N5, —50°C
3 1st Evaporation 20nm layer, —44°C, —6
4 Dynamic oxidation —10°C ~ 4°C, pressure around 0.02mbar
5 2nd Evaporation 20nm layer, 4° ~ 10°C, 6
6 Static oxidation 10mins, abovel0°C
7 Cleaning NMP, 85°C over night, Water, IPA, N2 Blow Dry

3.4 Room temperature characterization

At the end of the fabrication process, we observe the quality of our sample by using an Atomic Force
Microscope (AFM). The AFM scan has an ultra-high resolution and allows us to extract critical infor-
mation on the sample such as the shape of the SNAIL, the dimensions of the junctions, the presence of
remaining particles of resist on the surface of the sample... . Fig.12(a) presents an AFM micrograph of
one of the measured sample, the dimensions of each unitary junction are reproducible and the asymmetry
of the SQUID is close to 0.

The I-V characteristic of test junctions at room temperature should be performed before measuring
the resonator at low temperature inside the dilution refrigerator. The test junctions are fabricated
simultaneously with the tunable SNAIL and we assume that the resistance of these test junctions is
similar to the ones of the true device. The resistance measurement are performed by using a probe
station based on four-terminal sensing (see in Fig.12(b)).

In Fig.12(c), we present 2 histograms showing the resistance distribution of the test junctions. The
bin in these 2 different histograms represent 5 Q2 and 20 2 width respectively, and its height represents
the number of junctions tested inside this range. The statistics of the test junctions presented here were
taken from 100 test junctions where half of them are SQUID large junctions (blue) and the rest are
unitary SNAIL junctions (red).

The average resistance of the SQUID junctions and SNAIL junctions are 109.53 2 and 564.03 €2,
respectively with standard deviations 6.68% and 5.72%, which more or less meets our requirements. Using
Ambegaokar relation, we can extract the critical current of the junctions : I. ynitary = 2.80 £ 0.19 pA
and I; squiq = 0.54 £0.03 pA.

After these measurements, we dice our coupon into 14 samples (10mm x 3mm) and select the best
one for low temperature measurement. In order to protect the samples during dicing, we spin the front
side of the coupon with three layers of PMMA, that is removed in NMP after dicing. Then the sample
is glued and bonded to a PCB holder, which is embedded in an OHFC copper box.
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Figure 12: (a) An AFM micrograph of a tunable SNAIL. (b) Microscope picture of the probe station
measuring the resistance with the equivalent electrical scheme showing on the top left. (¢) Test junction
resistance histograms representing the resistance distribution of 50 test SQUID large junctions (blue) and
45 unitary SNAIL junctions (red).
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4 Experimental Setup

The measurements described herein below (see in Fig.13) have been performed in the lab of S. Rosenblum
at Weizmann Institute due to a major breakdown of our dilution fridge. This breakdown required sending
the fridge back to the supplier for repair.

As mentioned in last section, our sample is embedded in an OHFC copper box and now is placed inside
a superconducting coil, which is used to produce a homogeneous magnetic field, in the 20 mK stage of
the dilution refrigerator. In order to protect the SNAIL from environmental magnetic field fluctuations,
the superconducting coil is placed inside two layers of protecting shields: the first layer is made out of
Titanium and acts as a superconducting shield while the second layer is made out of Cryoperm, which is
a mu-metal working at low temperatures . Outside the fridge, the coil is connected to a BILT voltage DC

source that is connected in series with a 5k{2 resistor in order to provide a well controlled DC current.

...............................................................................................................................
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Figure 13: A scheme of the experimental setup. (a) Sub-scheme of the VNA measurement. (b) Sub-

scheme of the Lock-in measurement.
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Figure 14: Pictures of the measuring system. (a) Picture of a He dilution refrigerator. (b) Picture of
a Keysight PNL Vector Network Analyzer (VNA). (c) Picture of a Lock-in amplifier. (d) Picture of a
directional coupler and a IQ mixer.

In a first experiment, the input microwave signal is generated from a Keysight PNL Vector Network
Analyzer (VNA) and attenuated by —60 dB at room temperature and —40 dB at various stages up to
20 mK. In order to get rid of the influence of remaining thermal incoming noise , a low temperature
attenuator of —20 dB is added and located at the 20 mK stage. At the output port of the resonator, we
use a circulator that passes the signal from the resonator but blocks by ~ 50 dB incoming thermal noise
from the amplifier. The transmission signal is then amplified by a HEMT amplifier and finally detected
by the second port of the VNA.

In the second experiment, the microwave signal is generated by an ESG Vector Signal Generator and
split by a directional coupler where 1% of the signal is transmitted to the input port of the resonator and
the rest is used as a LO reference port of an IQ mixer. An AC magnetic field is generated in the SQUID
loop by pushing an A.C current a flux line situated in the vicinity of the SQUID. This AC current is
generated by the AC internal voltage source of the Lock-in SRS830 amplifier at a frequency of 1019 Hz.
The signal passing through the sample is first demodulated by the IQ mixer. Then the I/Q signal is
inserted in the Lock-in amplifier and demodulated at the reference frequency of the lock-in.
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5 Preliminary Results

5.1 Transmission of the resonator

A first measurement of the resonator transmission is operated by a VNA when the DC current flowing
in the coil is zero. In Fig 15(b), we present the frequency scan (blue) and its fit (red) depending on a

transmission equation:

sl = (&) L
Q) 14407 (55)

The obtained parameters f, = 3.7345 GHz, Q; = 33570 in agreement with our fabrication design.

Then, we sweep the DC current flowing in the coil is comprised between —2.4 ~ 2.4 mA. When the
magnetic flux generated by the coil is at the vicinity of the optimal point of the SNAIL (®eyt snait =
k®o/3, got from the simulation shown in Appendix), the resonance frequency of the resonator w, will
shift downwards. As shown in Fig.15(a), the neighborhood of each dip is unclear due to the quality
factor decrease. We make a close-up scan of each dip with improved bandwidth (5 Hz) and resolution
(0.01 M Hz), which allows a better detection of the depth of the dips.

Fig.15(e) represents the transmission in response to the effect of power when the DC magnetic flux
is set close to the dip. The resonance frequency’s shifts to lower frequency when the driving power is
increased as one can expect from Kerr nonlinearity. A bifurcation point is occurred at P, = —121.2dBm,

where the photons stored inside the resonator is therefore given by n ~ 1000.

5.2 Lock-in measurement

Once we finished the DC scan of the magentic flux and accumulated the information of optimal point, we
begin to use Lock-in amplifier and generate a tiny AC magnetic flux in the SQUID. Such AC magnetic
flux will modulate the resonator’s resonance frequency and will be manifested by a small shift of the
output signal.

Here, we use an ESG Vector Signal Generator generate the microwave source and sweep frequencies
between 3.25 and 3.75 GHz (501 points). The amplitude of the Lock-in amplifier’s AC voltage is chosen
between 4 mV and 100 mV (where we could see heating effects on the fridge) and its frequency is chosen
to be 1019 Hz. As shown in Fig.13(b), the signal passing through the sample is first demodulated by the
IQ mixer, where the LO reference is locked in input microwave source. Then the I/Q signal is inserted
in the Lock-in amplifier, synchronized to a modulation at same frequency. When the frequency sweeps
approach the resonance frequency of the resonator, we will observe the peak of R.

Unfortunately, a ground loop in the fridge at Weizmann was discovered during our measuring session.
This technical problem can be solved easily in the future. We are currently waiting for the opening of

the refrigerator and will then try to fix this problem and remeasure our sample in a few weeks.
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Figure 15: (a) A 2D color plot of So; as a function of coil current and scanning frequency. (b) Sa; versus
scanning frequency (blue) and fitted function (red) with ®.,; = 0 and input power P;,, = —125dBm. (c)
Extracted resonance frequency of the resonator versus coil current. (d) Resonance frequency f, versus
magentic flux threading inside SNAIL ®¢gy snair (blue) and the theoretical simulation curve (red) with
asymmetry is set to d=0.01 (other parameters are set as same as expermental results). (e) 2D plot of Sa;
versus scanning frequency and driving power. The resonance frequency shifts upwards slowly in response
to the grow of driving power till bifurcation point, then the resonance frequency will jump immediately.
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6 Discussion and Conclusion

The DC SQUID is one of the most popular and established technique used for detection and charac-
terization of tiny weak magnetic fields. Yet, the resolution and bandwidth of this device is intrinsically
limited by the dissipation in the shunt resistor at subkelvin temperatures.

Siddiqi et al. have recently developed a dispersive nanoSQUID magnetometer by using a SQUID
embedded in the middle of the CPW resonator[13]. At low power, the system forms essentially a harmonic
oscillator with a flux dependent resonance frequency, which can be used to detect the low frequency AC
flux threaded inside the SQUID loop. The major problem of this technique is that if one pump too
strongly the resonator in order to improve he signal to noise ratio, the effect of Kerr non-linearity (p*)
and sensitivity loss can’t be neglected.

In this research, we replaced the SQUID by a tunable SNAIL, which can be considered as a pure (>
nonlinear element and thus prevent nonlinear effect up to sixth order. We design, fabricate, and measure
a new kind of SNAIL whose « junction is substituted by a symmetric SQUID. We believe that this new
technique based on tunable SNAIL will show a great advantage of SNR when compared with SQUID and
have shown interesting preliminary results towards this goal. More measurements are required in order
to conclude this research.

Due to problems with the dilution refrigerator, we failed in measuring the signal by Lock-in amplifier

until now.
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